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    choice { 
      0.25: return f(f(b)); 
      0.50: return true; 
      0.25: return false; 
    } 
  } else return false; 
}

f(true) returns true 
with probability 2 − 2

     Certificates for positive almost sure termination (PAST) 
         = empty stack is reached after finitely many steps on average
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Certifying Empty Stack Reachability

qZ

sε

qε

sZ

qZZ

sZZ

⋯

⋯

1/4

1/2

1/4

1/4

1/2 1/2

1/4 1/4

1 1 1

/64



Certifying Empty Stack Reachability
Assign a rank to each configuration:

qZ

sε

qε

sZ

qZZ

sZZ

⋯

⋯

1/4

1/2

1/4

1/4

1/2 1/2

1/4 1/4

1 1 1

/64



Certifying Empty Stack Reachability
Assign a rank to each configuration:

qZ

sε

qε

sZ

qZZ

sZZ

⋯

⋯

1/4

1/2

1/4

1/4

1/2 1/2

1/4 1/4

1 1 1

0

0 21

2 4 6

3

6

/64



Certifying Empty Stack Reachability
Assign a rank to each configuration:

qZ

sε

qε

sZ

qZZ

sZZ

⋯

⋯

1/4

1/2

1/4

1/4

1/2 1/2

1/4 1/4

1 1 1

0

0 21

2 4 6

3

6

Ranks decrease by  on average in one step      PAST≥ 1 ⟹
/64



  
1
2

⋅ 2 +
1
4

⋅ 6 +
1
4

⋅ 1 = 2.75 < 4

Certifying Empty Stack Reachability
Assign a rank to each configuration:

qZ

sε

qε

sZ

qZZ

sZZ

⋯

⋯

1/4

1/2

1/4

1/4

1/2 1/2

1/4 1/4

1 1 1

0

0 21

2 4 6

3

6

Ranks decrease by  on average in one step      PAST≥ 1 ⟹
/64



Finite Representation of -many Ranks?∞

/65



Finite Representation of -many Ranks?∞

We only need

• ranks for each configuration                  quadratically many

• the probabilities                        cubically many

to infer ranks for all ( -many) configurations.

qZ

ℙ(qZ * sε)

∞

/65



Finite Representation of -many Ranks?∞

We only need

• ranks for each configuration                  quadratically many

• the probabilities                        cubically many

to infer ranks for all ( -many) configurations.

qZ

ℙ(qZ * sε)

∞

This is due to the specific structure of the configuration graph generated by a PDA.

/65



Finite Representation of -many Ranks?∞

We only need

• ranks for each configuration                  quadratically many

• the probabilities                        cubically many

to infer ranks for all ( -many) configurations.

qZ

ℙ(qZ * sε)

∞ solution of 
polynomial equation 

system

This is due to the specific structure of the configuration graph generated by a PDA.
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Check poster for 
concrete example
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