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Probabilistic Model Checking in Practice
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The PRISM Modelling Language and Control-Flow Graphs

1 dtme

2

3 const int N = A}

3

5 ncdule coingans

B

7 X+ |6..N+1) init N/2;

g

3 f : bool init *alss;

12

11 [l By & xN & !f == 6.5 : (x'wx=1) » 0.5 : {(f'atruel;
12 [] Bsx & xN & * == €.5 : (x'=x-1) & |f'=foalsel + 0.5 ; (x'=x=2) & |¥'=false);
13 [l %=6 | x>=N -> true;

11

15 endmodule

1/2:f=true

x=0 | x>=N

< {

1:f=false

1/2:x——;
f=false

FIN>X>0

1/2:x==

1/2:x+=2;
f=false
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The PRISM Modelling Language and Control-Flow Graphs

1 dtme
2
3 const int N = A}
. 1/2:f=true 1/2:%==
5 mcdule coingans
b
7 x : 10..M+1] iniz N/3; x=0 | x>=N
g
3 f : hool 1nit *alse; QD E
U 1:f=false
11 [l By & xN & !T == 0.5 : (x'wx=1) » 0.5 : (f'atruel; 2
12 [] Bsx & xN & * == €.5 : (x'=x-1) & |f'=foalsel + 0.5 ; (x'=x=2) & |¥'=false); M
13 [l =6 | x>=N —> true; 1/2:i%x——; & J1/2:x+=2;
11 f=false =/ f=false
15 erdmodule ¥
Resulting Markov chain for N=6:
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State Elimination
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State Elimination
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State Elimination
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These Markov
chains are
equivalent writ.
reaching @ !
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State Elimination
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Can we (automatically) achieve such
simplifications by manipulating the program?
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Step 1: Unfold Variable into Control-flow Graph

1/2:f=true 1/2:x==
¥=0 | x>=N
<
1:f=false
)
M
1/2:i%——; & J1/2:x+=2;
f=false ® / f=false
¥

6 Out of Control: Reducing Probabilistic Models by Control-State Elimination — Tobias Winkler



Step 1: Unfold Variable into Control-flow Graph

1/2:f=true 1/2:1x==
¥=0 | x>=N
<
1:f=false
)
M
1/2:i%——; & J1/2:x+=2;
f=false ® / f=false
¥

6 Out of Control: Reducing Probabilistic Models by Control-State Elimination — Tobias Winkler



Step 1: Unfold Variable into Control-flow Graph

1/2:f=true : 1/2:1x==
¥
4
x=0 | x>=N
1 )=
1:f=false
o
°
1/2:%——; & J1/2:x+=2;
f=false ® / f=false
¥

Variables cannot always be unfolded so easily
* E.g. cannot unfold £ if assignment £ = x occurs
* x must be unfolded first
* Most real-world instances have some unfoldable variables
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Elimination Rule

In plain Markov chains:
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Elimination Rule

In plain Markov chains:

In the control-flow graph (eliminating a single transition):
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Location Elimination in general

r

Each location (without self-loops) can be eliminated by successively
applying the transition-elimination rule to all its incoming transitions.

.

. 0 ’/; \
™ \ e 411 |
R T pit \/
~ S u e
) PR - N
.\\_\ — o . IJ/ 7 —— \
y, s o~ ,,/‘ \ -~ o 12! (v is ".\‘n ,
_ , 1\ ha ' N 12)
4 N U} u) rd \(,t.l \— ! | l l |. l; l
l " " ll ) . N o P
N/ N Ay N \ il i)
’:‘.\ o 1 ) P P N Lt e L
&, N q‘-\_ N\ / "’D/u —— .‘—-’_-- —_—
v T I \I \‘/ - bty ) S~ p—
\? ~ - Dy —— '
p— e R i,
- o\ lxz ) N
L /

9 Out of Control: Reducing Probabilistic Models by Control-State Elimination — Tobias Winkler



Location Elimination in general

r

Each location (without self-loops) can be eliminated by successively
applying the transition-elimination rule to all its incoming transitions.
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Treat case /, = [, with extra care
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Complexity of Location Elimination

Definition (Transition Multiplicity): m incoming

transitions from
same command

>
S
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Complexity of Location Elimination

Definition (Transition Multiplicity):

m incoming
transitions from
same command
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Complexity of Location Elimination potedn)

.~
~ 4 E )
(1) 0 wy :"
Definition (Transition Multiplicity): _ _ T o)
m incoming J ISP
Py U transitions from B
same command
@ :
( )
Theorem:
Exponentially many (in m1) applications of transition elimination are sufficient
and necessary to eliminate location /,
\. J
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Automization

Heuristics: Unfold a bit, eliminate reasonably

start.
‘l : Unfolding : Elimination
Bulld Eliminate I € Loc
dependency . .
T with min. compl.
wrapn

Fi ¢ Loch {i.} s.t.
- loop-free
[ no pot. goal
—est. compl. < T

Unfold z & Var
with max.
score

done
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Automization

Heuristics: Unfold a bit, eliminate reasonably

start.

l . Unfolding : Eliminaticn

onild Eliminate I € Loc
dependency . .
T with min. compl.
wrapn
. Fi ¢ Loch {i.} s.t.
]’ .
dome Unfold = € Var ~ I loop-free

with max.
score

[ no pot. goal
—est. compl. < T

higher score = generates more self-loop free locations
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Automization

Heuristics: Unfold a bit, eliminate reasonably

don’t blow up the control flow graph

start.
‘l : Unfolding § Elimination
Gl Eliminate I € Loc
dependency . .
T with min. compl.
wrapn
( yes
. Fi ¢ Loch {i.} s.t.
]’ .
done Unfold z € Var ~ l loop-free

with max.
score

[ no pot. goal
—est. compl. < T

higher score = generates more self-loop free locations
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Implementation

Extension to the probabilistic model checker Storm @ o

Used as a simplification front end: wwwatormchecker.rg
Input
; _ ) property - — -
e Unfolding + Elimination
Input Program P » until too many control-flow
a |t oD locations

3H

. ..u. ln."... b o
Full state space " ;jl:j ;ﬂ!:iu !‘b ciilaedian RGN Reduced State Space
i e R KRR = =%

-

sl
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Experimental Results

Name Type I'rop. Red. Params States Transitions  Boild time  Check time Tatal tine
: ype tme T orig. red. erig. red. org. red. orig. red. orig.  Terd.
205 TROK -44% 106K -33W 261 3% 22 -38'%
2710 201X 4% 307k 33% 1,027 30% 101 46% . ,
B dme P13 Geiny 0w as% 159w 3% 3045 48% 462 4% oo 0%
2B a5 276M 467 JEM ST 9413 ATR 1187 -A7T%
COINGANMD deme P 35 o' 20k -6 40Kk -BOY 53 -24% 18,600 -TO% 18,653 -T&%
DICES mdp P 671 nje ST1K -84% 201 -R)% 1700 -82% 9538 -00% 11,247 -01%
10" 104x -28% 326K 1% 1,212 43% 220 -32% -
Bads mip R 223 100 oM -23% 233 1% 13106 6% 3,780 -31% 15097 -42%
0 30X -4TH 410K -3 1,082 -537% 17 -52% . )
~ q o d - s Y
A fms Ll OF aM -7 UM 3% 10430 53%  2ny -nig 106 B2
HOSPITAL mdp P 37 n/e 160X 667 390K 2TH 302 -30% 19 -56% 521 -39%
/4 AWK -TAW  ATAK -B2% ARS 5% N8 -75%
) 0,4 A B0% 629 51% 8,248 S30% 1854 LTV -
FRARE dtme T80 g2 0w -80% 1494 -50% 10701 -40% 4,685 -7 Sowvd0 -56%
60/4 18.AM -80% 2984 -B0% 40,168 -33% 10,703 -77%
o0/4 AKX -TA%  ATEXK -52% 618 6% 127 -Ta%
) a0,/4 aM -B0% 629 -51%  RI83 2% 2270 -TV
. » 96,956 -52°
eNAND midp PN i naw KO% 149 S0% 21702 AT%  sedg -Tsee Do06 -62%
60/1 IR.&M -80% 2084 -BO% 44400 6% 13,312 -TR%
T 10" 120K -30% 184K -26% 481 -J0% 22 -40%
wcongnon deme PO M8 e qo0e % 1eav 5% 4030 4% 1or aog 0 IR
e P 813X -26%  T90K 4% 1,405 AR% 26 425 . .
roLE dlme R 208 60 s1eM -46% TOM 4% 15,508 47% 406 -38% 1oiSl %
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Experimental Results

X 9 I'rop. Red. Params States Transitions  DBnoild time Check time Tatal tine
e ype ype tme Arams orig.  red. orig. red. org. ted.  orig. red. orig.  Terd.
216 TROK -44% 106K -3 261 -33% 22 -38'%
2710 201X 45% 307k 33% 1,027 30% 100 46% ) ,
nd dne P B guing 0w a6k 153 3% 3045 48R 402 4gn oo 46%
2B a5 276M 467 JEM ST 9413 ATR 1187 -A7T%
comwoanz  deme P a5 0 20%k -BO¥ 40Kk -BOY B3 -24% 15,500 -70% 18,653 -78%
DICES mdp P 671 nfe 871X -84% 2014 % 1,700 -82% 9538 -00% 11,247 -91%
10" 104x -28% 326K 1% 1,212 43% 220 -32% -
Bads mip R 223 100 oM -23% 233 1% 13106 6% 3,780 -31% 15097 -42%
0 30X -4TH 410K -3 1,082 -537% 17 -52% . )
~ q ~ - 0 Y
A fms Ll OF aM -7 UM 3% 10430 53%  2ny -nig 106 B2

HOSPITAL mdp P 37 n/e 160X 667 390K 2TH 302 -30% 19 -56% 521 -39%

20,4 178K -62%  ARO AB% 108 -7H%
_ | a0/4 629 -51%  R248 -50% 1859 TP .
FRARE dtme T80 ghn 1494 -50% 10701 49% 4,685 -7o% SO0 -58%
60,4 2080 -B0% 4068 -33% 10,703 77
/4 309K -TA% 4T6K 5B 618 -I6% 127 T4
) a0,/4 aM -B0% 629 -51%  RI83 2% 2270 -TV
. ' UG956 -52°
P NARND midp PN i naw KO% 149 S0% 21702 AT%  sedg -Tsee Do06 -62%
60/1 1R.aM -80% 2084 -BO% 41400 -46% 13,312 -7R%
T 10" 120K -30% 184K -26% 481 -J0% 22 -40%
wcongnon deme PO M8 e qo0e % 1eav 5% 4030 4% 1or aog 0 IR
» P 813K <26% TN 5 O -4RY i 425 .
POLE dtme R 208 | 13X % 790K A% 1,406 AR% 26 429 17,481 -45%

107 S.16M -467%  T.OM 4AY 15,508 4T% 406 -38%
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Experimental Results
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Control-Flow Reduction and Bisimulation Minimization

Name Params States
' " Bisim. CIR both

BRP 2'7/20 BOBK 606K 344K
NAND 40/4  3.21M 816K 678K
POLE 10°  4.06K L1.72v 1.2K
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Control-Flow Reduction and Bisimulation Minimization

Name Params States
' " Bisim. CIFR both

BRP 2'9/20 BHOBK 606K 344K

NAND 40/4  3.21M 816K 678K
POLE 10°  4.06K L1.72v 1.2K

Are orthogonal and can be combined!
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Take-Home Messages

In probabilistic model checking ...
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Take-Home Messages

In probabilistic model checking ...

1) Mechanizable program transformations can reduce the state space
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Take-Home Messages

In probabilistic model checking ...

1) Mechanizable program transformations can reduce the state space

2) There are ‘symwetries” beyond bisimulation
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Take-Home Messages

In probabilistic model checking ...

1) Mechanizable program transformations can reduce the state space

2) There are ‘symwetries” beyond bisimulation

Thank you!
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