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tails ≔ false ; 
while (x<N ∧ !tails) ->  
    if (p≤q² ∨ (q²<p<q ∧ N-x is odd)) 
    ->   {x ≔ x+1} [q] {tails ≔ true} 
    [] (q≤p ∨ p=q² ∨ (q²<p<q ∧ N-x≥2)) 
    ->   {x ≔ x+2} [p] {tails ≔ true} 
    end 
end 

Optimal Solution

• Goal: find these predicates

• Transformed program = strategy

• Strategies are permissive & parametric

• Loops: rely on @invariant annotations

// [x ≥ N ∧ ¬tails]
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if (y ≤ z) -> {x ≔ 1} 
[] (y ≥ z) —> {x ≔ 2} 
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// x = 2
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Illustration based on [Batz et al. OOPSLA ’22]

   
{x ≔ 4x} [.5] {x ≔ 0} 
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// x
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after termination



Weakest Pre-expectations
For Probabilistic Programs with Nondeterminism         [McIver & Morgan ‘05]

6

[ ].5

[]

[]

[ ]sup
𝒮

Exp

wp[[C]] ( f )

 f (τ1)   f (τ2)   f (τ3)
 f (τ4)

C

σ

Illustration based on [Batz et al. OOPSLA ’22]

strategies 
aka schedulers, policies



Weakest Pre-expectations
For Probabilistic Programs with Nondeterminism         [McIver & Morgan ‘05]

6

[ ].5

[]

[]

[ ]sup
𝒮
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wp[[C]] ( f )

 f (τ1)   f (τ2)   f (τ3)
 f (τ4)

C

σ  
if (y ≤ z) -> {x ≔ 0} 
[] (y ≥ z) —> {x ≔ 1} 
end ; 
{x ≔ 4x} [.5] {x ≔ 0} 

// [y ≥ z] ⋅ 2 + [y < z] ⋅ 0

// x

Illustration based on [Batz et al. OOPSLA ’22]

strategies 
aka schedulers, policies
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[McIver & Morgan ‘05]
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x ≔ Expr
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“objective function”
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[] (y ≤ z) —> {  x ≔ z  } end ; …
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      termination 
  while  ->  end  

{φ ∧ I} C {I} ∧
{I} φ C {φ ∧ I}

13

(classic total correctness)

      termination 
while  ->  end

φ ∧ I ⟹ wp[[C]]( I ) ∧
I ⟹ wp[[ φ C ]](φ ∧ I)

rewrite in terms of wp

      side conditions 
while  ->  end

[φ] ⋅ I ≤ wp[[C]]( I ) ∧
I ≤ wp[[ φ C ]]([φ] ⋅ I )

boolean → probabilistic

(lower bound on ) [McIver & Morgan ‘05]               wp
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Program Transformation with Loops
 

x ≔  

 ;  

{ } [ ] { } 

if  ->  
[]  ->  
end 

while  ->  @  end

C

Expr

C1 C2

C1 p C2

φ1 C1
φ2 C2

φ C′ I
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x ≔  

 ;  

{ } [ ] { } 

if  ->  
[]  ->  
end

trans(C, f )

Expr

trans(C1, wp[[C2]]( f )) trans(C2, f )

trans(C1, f ) p trans(C2, f )

φ1 ∧ (φ2 ⟹ wp[[C1]]( f ) ≤ wp[[C2]]( f )) trans(C1, f )
φ2 ∧ (φ1 ⟹ wp[[C1]]( f ) ≥ wp[[C2]]( f )) trans(C2, f )

externally provided 
invariant annotation



Program Transformation with Loops
 

x ≔  

 ;  

{ } [ ] { } 

if  ->  
[]  ->  
end 

while  ->  @  end

C

Expr

C1 C2

C1 p C2

φ1 C1
φ2 C2

φ C′ I

14

 
x ≔  

 ;  

{ } [ ] { } 

if  ->  
[]  ->  
end

trans(C, f )

Expr

trans(C1, wp[[C2]]( f )) trans(C2, f )

trans(C1, f ) p trans(C2, f )

φ1 ∧ (φ2 ⟹ wp[[C1]]( f ) ≤ wp[[C2]]( f )) trans(C1, f )
φ2 ∧ (φ1 ⟹ wp[[C1]]( f ) ≥ wp[[C2]]( f )) trans(C2, f )

externally provided 
invariant annotation

while  ->  end φ trans(C′ , I )



Program Transformation with Loops
 

x ≔  

 ;  

{ } [ ] { } 

if  ->  
[]  ->  
end 

while  ->  @  end

C

Expr

C1 C2

C1 p C2

φ1 C1
φ2 C2

φ C′ I

14

 
x ≔  

 ;  

{ } [ ] { } 

if  ->  
[]  ->  
end

trans(C, f )

Expr

trans(C1, wp[[C2]]( f )) trans(C2, f )

trans(C1, f ) p trans(C2, f )

φ1 ∧ (φ2 ⟹ wp[[C1]]( f ) ≤ wp[[C2]]( f )) trans(C1, f )
φ2 ∧ (φ1 ⟹ wp[[C1]]( f ) ≥ wp[[C2]]( f )) trans(C2, f )

externally provided 
invariant annotation

while  ->  end φ trans(C′ , I )
    & generate VCs:        
                   
                side conditions

[φ] ⋅ I ≤ wp[[C′ ]]( I )
∧ [φ] ⋅ I ≤ f
∧
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Resolving the remaining nondeterminism in  arbitrarily     …     yields at least the expected value “promised” by the invariant.trans(C, f )

If a suitable  is given, then  is effectively constructible.I trans(C, f )

Main Result



Summary
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tails ≔ false; 
while (x<N ∧ !tails) ->  
    if (p≤q² ∨ (q²<p<q ∧ N-x is odd)) 
    ->   {x ≔ x+1} [q] {tails ≔ true} 
    [] (q≤p ∨ p=q² ∨ (q²<p<q ∧ N-x≥2)) 
    ->   {x ≔ x+2} [p] {tails ≔ true} 
    end 
end 
// [x ≥ N ∧ ¬tails]
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tails ≔ false; 
while (x<N ∧ !tails) ->  
    if (p≤q² ∨ (q²<p<q ∧ N-x is odd)) 
    ->   {x ≔ x+1} [q] {tails ≔ true} 
    [] (q≤p ∨ p=q² ∨ (q²<p<q ∧ N-x≥2)) 
    ->   {x ≔ x+2} [p] {tails ≔ true} 
    end 
end 
// [x ≥ N ∧ ¬tails]
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