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Example

Can the car drive

fast, safe, and

cost-efficient?

probabilistic branching

nondeterminism

rewards/costs

MDP + continuous time

Models

• Markov decision processes (MDP)


• Markov automata (MA)

Objectives

• Expected total rewards


• Expected long-run average rewards


• …



Two types of transitions
• Markovian: exponentially distributed time delay 

 
 
 

• Probabilistic: nondeterminism + branching 

 

s′￼s λ

expected time to fire: 1/λ
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ℛ1 : 100 ℛ2 : 1

working

failed

repairing

produced units

per day
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cost per day

failure rate
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Expected number of produced units per day: 
100 ⋅ 8/9 ≈ 88.9

Expected maintenance cost per day: 
1/9 ⋅ 1 ≈ 0.11
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Set of achievable points for :


 
Φ = ⟨ f1, …, fℓ⟩

Ach(Φ) := {p ∈ ℝℓ ∃σ : p ≤ ⟨Exσ( f1), …, Exσ( fℓ)⟩}
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Set of achievable points for :


 
Φ = ⟨ f1, …, fℓ⟩

Ach(Φ) := {p ∈ ℝℓ ∃σ : p ≤ ⟨Exσ( f1), …, Exσ( fℓ)⟩}



Multi-objective Model Checking

• Point  is achievable if there is a single strategy  yielding expected values at least as large as 


• Assumption: Large expected values  are “good”

p σ p

Exσ( fi)
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negate minimizing objectives:

tot(ℛ) ↝ tot(−ℛ)
lra(ℛ) ↝ lra(−ℛ)

Set of achievable points for :


 
Φ = ⟨ f1, …, fℓ⟩

Ach(Φ) := {p ∈ ℝℓ ∃σ : p ≤ ⟨Exσ( f1), …, Exσ( fℓ)⟩}

lra(ℛ1)

lr
a(

ℛ
2) Achievable

lra(ℛ1)

lr
a(

−
ℛ

2)

Achievable↝
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negate minimizing objectives:

tot(ℛ) ↝ tot(−ℛ)
lra(ℛ) ↝ lra(−ℛ)

    Task:  Compute an (approximation of) .Ach(Φ)

Set of achievable points for :


 
Φ = ⟨ f1, …, fℓ⟩

Ach(Φ) := {p ∈ ℝℓ ∃σ : p ≤ ⟨Exσ( f1), …, Exσ( fℓ)⟩}



Properties of Ach(Φ)
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f1

f 2

p ∈ Ach(Φ)

q ∈ Ach(Φ)



down({p, q})
⊆ Ach(Φ)

Properties of Ach(Φ)

•  is downward closedAch(Φ)
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q ∈ Ach(Φ)

and convex
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f1

f 2

p ∈ Ach(Φ)

q ∈ Ach(Φ)

and convex

down(conv({p, q}))
⊆ Ach(Φ)
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• For all  w ∈ (ℝ≥0)ℓ : Ach(Φ) ⊆ {p ∈ ℝℓ | w ⋅ p ≤ supσ(w ⋅ Exσ(Φ))}
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Exσ(Φ) := ⟨Exσ( f1), …, Exσ( fℓ)⟩

f1

f 2

and convex
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[Solanki, Appino, & Cohon’93; Forejt, Kwiatkowska, & Parker’12 ]

convex multi-objective optimization MDP + total rewards
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From now assume that  is well-defined.w ⋅ Exσ(Φ) ∈ ℝ



Computing σw ∈ arg maxσ(w ⋅ Exσ(Φ))
For :


Push the weighted sum to the rewards:


Use single objective methods to get               

Φtot = ⟨tot(ℛ1), …, tot(ℛℓ)⟩

↝ σw ∈ arg maxσ(Exσ(tot(ℛw)))
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For :


Ditto:  

Use single objective methods to get 

Φlra = ⟨lra(ℛ1), …, lra(ℛℓ)⟩

w ⋅ Exσ(Φlra) = Exσ(lra(ℛw))

↝ σw ∈ arg maxσ(Exσ(lra(ℛw)))

w ⋅ Exσ(Φtot) = Exσ(tot(
=:ℛw

∑ℓ
i=1 w[i] ⋅ ℛi))

[Forejt, Kwiatkowska, & Parker’12]
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Intermezzo: Long-run Average Rewards via End Components

End component (EC): 
Strongly connected sub-model that–
under some strategy–will never be left
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For Φlra+tot = ⟨lra(ℛ1), …, lra(ℛk),
tot(ℛk+1), …, tot(ℛℓ)⟩ :

Computing σw ∈ arg maxσ(w ⋅ Exσ(Φ))

Idea:
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Computing σw ∈ arg maxσ(w ⋅ Exσ(Φ))

arg maxσ(Exσ(tot(ℛlra + 1 ⋅ ( )))) = {EC1 ↦ stay, ⋯}−ℛ3
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Implementation

• Supports MDP and MA models specified in PRISM or JANI

• Qualitative  /  Quantitative  /    Pareto    Queries 

 
 

•  via value iteration [Butkova, Wimmer, & Hermanns’17; Ashok et al.’17]


•  via sound value iteration [Quatmann & Katoen’18]

• Also supports time- and step-bounded objectives

lra( ⋅ )
tot( ⋅ )

Evaluation
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� Storm

www.stormchecker.org

C
o

n
si

st

en
t *

 Complete * W
e
ll D

o
cu

m
ented * Easy to

 R

eu
se

 *

 *
  Evaluated *

 T
A

C
A

S
 *

 A
rtifact  *  A

E
C

p? xmax?
?



Implementation

• Supports MDP and MA models specified in PRISM or JANI

• Qualitative  /  Quantitative  /    Pareto    Queries 

 
 

•  via value iteration [Butkova, Wimmer, & Hermanns’17; Ashok et al.’17]


•  via sound value iteration [Quatmann & Katoen’18]

• Also supports time- and step-bounded objectives
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Experiments


• Comparison with MultiGain [Brázdil et al.’15]

• Supports “only” long-run average reward objectives for MDP

• Employs linear programming; using LP solver Gurobi


• 10 case studies  3 instances  12 MA and 18 MDP models

• Resource limits: 2 hours / 32 GB RAM

× ↝

Evaluation
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Storm vs. MultiGain

• Storm is often several orders of magnitude faster 

• MultiGain is often stuck in expensive LP solving
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Further results (excerpt)
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• Storm can handle 
• millions of states
• four objectives 

 

• Similar runtimes for
• MA vs. MDP
• pure LRA queries vs. mixtures



Conclusion

Anytime algorithm for approximating the set of achievable points


• Allows reusing single-objective techniques


• Applicable to all kinds of objectives, in particular mixtures of


• long-run average rewards and


• total rewards 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Future work:


• Partially observable models


• Stochastic games
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