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What are Probabilistic Recursive Programs?

Probabilistic programs

Imperative programs + coin flips +

int faultyFib(int n) {
if(n = 0) return 0;
if(n = 1) return 1;
1if(£flip(0.01)) n = n+l;
return (n-1) + (n-2);

Termination?  (Expected) Runtime? Difference to correct Fib?
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Motivation

Randomized Recursive Algorithms

void quicksort(int[] a, int left, int right) {
if(left < right) {
int pivot = randomPartition(a, left, right);
(a, left, pivot-1);
(a, pivot+l, right);

Expected Runtime?
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Motivation

Survival Probabilities

infectYoung() {
int y = geom(0.3);
int o = geom(0.1);
do y times { (); }
do o times { (); }
}

infectOld() {
int y = geom(0.1);
int o = geom(0.5);
do y times { (); }
do o times { (); }

Will the virus die out without external measures? (termination probability)
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Motivation

Application Overview

4+ General Randomized Recursive Algorithms
4+ Branching Processes

» Epidemiology, nuclear physics, genomics, ecology, ...

4+ Boltzmann Samplers
» Testing, benchmarking, empiric exploration of complex structures

4+ Probabilistic Programming Languages for Bayesian Inference (e.g. WebPPL)
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What is Model Checking?

probabilistic
push-down
automaton

Model Checking [...] is a method for checking whether a finite-state model of a
system meets a given specification [...]

— Wikipedia
probabilistic
recursive L
program termination,
expected
runtime, ...
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Probabilistic Pushdown Automata

Definition

A probabilisitic push-down automaton (PPDA) is a tuple (Q, 1", Z,, P), where
- O is a set of states

 I' js a set of stack symbols

« Z, € I' is the bottom stack symbol

« P: O X T -> Dist(Q X I'S?) is a (partial) probabilistic transition function.

In state s € O - and go to 112 : (Zy, ZoZ)
t € O, pushing P00
PP Zs?agj.r?m e y € I=*on the 1/2:(2,22)
stack. 172 : (Z,¢€)
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Markov chain semantics of PPDA

12 : (Zy, ZyZ)
112:(Z,2Z)
112 (Z,€)

6 1/2 : (Zy, €) =©

Z
Z Z
A Z, Z,

1/2 1/2

) /12 172 12
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Computing Termination Probabilities

(sZt) = “probability to reach ¢ with
empty stack starting in s with a

<SZt> stack containing only Z”

@ T~ T ~» @

(sZty=") Y p(r¥g)gX)+ Y p(rXt)y+ ) p

p p p
sZ—rXY q€0 s/—rX s/—te
I - - 3
push transitions internal transitions pop transitions
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Model Checking Probabilistic Recursive Programs R Software Modeling Rm
Tobias Winkler UnRAVeL Bl and Verification Chair




Termination Probabilities as Fixed Points

Theorem (Esparza+ LICS 04, Etessami+ STACS '05)

Let [sZt],s,t € Q,Z €1 be |Q |2 - |I"'| many variables.
The least non-negative solution of the polynomial equation system

sz1= Y, Y plr¥qligxa+ Y, plrXil+ Y p

sZ5rxy qeQ sZ5rx sZ5 e

is given by the termination probabilities (sZt) = [sZt].

Corollary
Quantitative termination in PPDA is decidable in PSPACE.
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From Programs to Automata, 1st attempt

Idea: Encode call stack in automaton stack

O

void F() { 12 (Zy, ZyF)
if flip(1/2) H{
}
return; l 1/2 : (F,¢)
}
QD 1:(F.¢)
F();
1:(Zy€)
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From Programs to Automata, 2nd attempt

int faultyFib(int n) {
if(n = 0) return 0;
if(n = 1) return 1; 7
1if(flip(0.01)) n = n+l;

return faultyFib(n-1) + faultyFib(n-2);
}

faultyFib(10);

My experience:
Defining a PPDA semantics for a rich programming language directly is hard.
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An intermediate step

Idea: Compile high level input language to a (simple) low level machine language

int faultyFib(int n) {
if(n = 0) return 0;
if(n = 1) return 1;
if(flip(0.01)) n = n+l;
return faultyFib(n-1) +

faultyFib(n-2);

}

compile build automaton
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Probabilistic Abstract Machine — Architecture

-~ -| pc source of randomness
|
|
|
| Code Eval stack Frame stack
|
|
! 1l: frame(2, 42)
I L[] - —
| 2: push(.1l)
| 3: push(.2)
"~ 4: add
5: flip
2
n: stop
1 (_,_;42)
KT RWTH N RWTH
Model Checking Probabilistic Recursive Programs ‘ Software Modeling
Tobias Winkler UnRAVeL Bl and Verification Chair




Probabilistic Abstract Machine — Code

Arithmetic Memory Control Frames Probabilistic
push (x) load Jump(n) frame(n,r) |flip
add store JumpFalse(n) \honFrame  |uniform
stop
mult
evaluate read/ implement

function calls coin flips,

expressions on write from local control .
_ and returns sampling, etc.
eval stack variables structures piing
18
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Probabilistic Abstract Machine — Compilation

void F() {
if flip(1/2) {
F(); // recursive call

}

return;

}

F(); // main

O 00 o Ul s WIDN -

newFrame (0, 3)
Jump (4)

stop

push(0.5)

flip
jumpFalse(9)
newFrame (0, 9)
Jump (4)
popFrame
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PPDA semantics of the Probabilistic Abstract Machine

Local states: <Y = N x Val* %X F
- -
PC eval stack current frame
Frames: F = Val* x N

local vars return address

Define the PPDA (Q, I, P, Z,) with
- QC Y

-I'C Fu{Z)}

according to the following rules
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PPDA semantics of the Probabilistic Abstract Machine

Arithmetic

push(x)
add
mult

Memory

load
store

Control

Jump (n)
jumpFalse(n)
stop

Frames

frame(n,r)
popFrame

Probabilistic

flip
uniform

<09€’ ZO> S Q

(initial state)
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PPDA semantics of the Probabilistic Abstract Machine

Arithmetic Memory Control Frames Probabilistic
push(x) . :
add load Jump (n) frame(n,r) |f1iP
— jumpFalse(n) uniform
store stop popFrame

pc i push(x) (pc,o,¢) € QO
(pc,o,¢p) N (pc+ 1, 0.x, )

pc:add (pc,o.x.y,¢) € Q
(pe,0,d) — (pc+ 1, 6.(x+Y), $)

Other arithmetic instructions similar
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PPDA semantics of the Probabilistic Abstract Machine

Arithmetic Memory Control Frames Probabilistic
push(x) . q
add load Jump (n) frame(n,r) |f1iP
— jumpFalse(n) uniform
store stop popFrame

pc:load (pc,o.x,)€Q P=p-ees VoY1)

(pc,o.x,Q) LN (pc+1,0.y, @)

pc:store (pc,o.x.y, )€ Q P = sV Vs 1)

1
(pc,o.x.y,¢p) — (pc+ 1,0, Vs.oesVy... V3 7T))
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PPDA semantics of the Probabilistic Abstract Machine

Arithmetic Memory Control Frames Probabilistic
push(x) . q
add load Jump (n) frame(n,r) |f1iP
— jumpFalse(n) uniform
store stop popFrame

pc: jump(n) (pc,o,¢) € Q
(pc, o, ¢y — (n, o, P)

pc : jumpFalse(n) (pc,0.0,¢) € Q
(pe,0.0.4) — (n, o, §)

pc : jumpFalse(n) (pc,o0.1,¢) € 0
(pc,o.1,0) N (pc+ 1, o, ¢)
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PPDA semantics of the Probabilistic Abstract Machine

Arithmetic Memory Control Frames Probabilistic
push(x) . q
add load Jump(n) frame(n,r) |f1iP
— jumpFalse(n) uniform
store stop popFrame

pc:flip (pc,o.p,¢p) € O
(pe.o.p.p) = (pe+ 1, 0.1, ¢) (pe.o.p.d) —> (pc + 1, 6.0, )

Other probabilistic instructions similar
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PPDA semantics of the Probabilistic Abstract Machine

Arithmetic Memory Control Frames Probabilistic
push(x) . q
add load Jump(n) frame(n,r) |f1iP
— jumpFalse(n) uniform
store stop popFrame

pc : frame(n,r) (pc,o0,¢) € O
(pcaqb)pmh (pc+1,0,(,...,_sr)) ¢p€ET

————

n

c : popframe (pcagb)EQ p=(....rn ¢ el\{Z)}
(p60'¢> S (pc+ 1,007, @)
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Unreachable transitions

Automaton construction may lead to (many) unreachable transitions!

€ A AB A €
GpushA /\ push B /\ pop B /\ pop A ‘

O A

pop A

I'= 1A, B} @ O
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Removing Unreachable Transitions [Grune et al.]

€ A AB A €
qushA m push B /\ pop B m pop A
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A simple program

proc void f() {
if flip 0.5 then {

£();
}
}
{
f(); // main
}
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Another program

proc void offspring() {
while flip 0.333 {
offspring();

}
}
{

offspring(); // main
}

Terminates with probability 1
(numerical approximation)
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A more complicated program — Sample 2-3 trees

[Duchon et al.]

global int leaves;

proc void tree(int n, int k) {
if flip 0.555 then {
leaves += 1;
return;
}
tree((n+l) % k, k);
tree((n+l) % k, k);
if n == 0 then {
if flip 0.25 then {
tree((n+l) % k, k);

Randomly sampled trees have = 5.5 leaves on average

}
}
}
{
leaves = 0;
tree(0, 2);
}
32
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Conclusion, future and ongoing work

Implemented effective translation High-level program — PPDA
* low-level machine language as additional abstraction layer

* transition reachability analysis crucial

Ongoing work: expected values, higher moments, Newton iteration, more

applications

Future work: Temporal logics (LTL, CaRet,...)

Very future work: Release as a tool

Thank you very much!
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