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Stochasticity in Differential Dynamics

©[Wikipedia]
Louis Bachelier Brownian motion
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Stochasticity in Differential Dynamics

©[wikipedia] ©[wikipedia]
Louis Bachelier Brownian motion

"The mathematical expectation of the speculator is zero.”

[L. Bachelier, Théorie de la spéculation, 1900]
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Stochasticity in Differential Dynamics

©[wikipedia] ©[wikipedia] ©[wikipedia]
A. Einstein M. Smoluchowski P. Langevin

©[Mathsoc.jp] ©[Alchetron]
K. Itd R. Stratonovich

Mingshuai Chen - i2, RWTH Aachen Univ. On oco-Safety of Stochastic Differential Dynamics MOVES Seminar - Aachen - 2020 3/20



Stochastic Differential Equations (SDEs)

dXe = b(Xt) de+ U(Xt) dW,, €t>0.
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Stochastic Differential Equations (SDEs)

dXe = b(Xt) de+ O'(Xt) dW, €t>0.
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Stochastic Differential Equations (SDEs)

dXe = b(Xt) de+ O'(Xt) dW, €t>0.

The unique solution is the stochastic process X¢(w) = X(t,w): [0,00) x Q@ — R s.L.
t t
Xe = Xo + / b(Xs) ds + / o(Xs) dWs.
0 0

The solution {X;} is also referred to as an (Ité) diffusion process.
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Safety Verification of ODEs

Given Te R, X CR" Xy C X, Xy C X, weather

Vxo € Xp: (UKTxt’x‘J) NXy=0 7

-4— unsafe set

exemplary trajectory

AN

[
initial set reachable set

X1
©[M. Althoff, 2010]

m System is T-safe, if no trajectory enters X, over [0, 7]; Unbounded : T = oo.
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oo-Safety of SDEs

Bound the failure probability

P(ate [0,00): Xe € Xu> . VXo € {X| supp(X) C Xo},
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oo-Safety of SDEs

Bound the failure probability
P(ate [0,00): Xe € Xu> . VXo € {X| supp(X) C Xo},
where X; is the process that will stop at the boundary of X :

%2 x Xk w) ift < 7(w),
E7 2T 7 X(r(w),w) otherwise,

with 7y = inf{€] X; ¢ X}
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oo-Safety of SDEs

Bound the failure probability
P(ate [0,00): Xe € Xu> . VXo € {X| supp(X) C Xo},
where X; is the process that will stop at the boundary of X :

%2 x Xk w) ift < 7(w),
E7 2T 7 X(r(w),w) otherwise,

with 7y = inf{€] X; ¢ X}

#= "X evolves within X", 1) = “X; evolves into A"

4
oo-safety asks for a bound on P (¢ Up).
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Overview of the Idea

Observe that forany 0 < T < oo,

PEE>0: Xe € Xy) < PEEE[0,T]: Xe € Xy) + PEE> T: Xe € Xy).

= S.Feng, M. Chen, B. Xue, S. Sankaranarayanan, N. Zhan : Unbounded-time safety verification of stochastic
differential dynamics. CAV '20.
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Overview of the Idea

Observe that forany 0 < T < oo,
PAE>0: Xp € X)) < PELE[0,T]: Xe€ Xu) + PEE>T: Xe € Xy).
N————

!

Bounded by an exponential barrier certificate

= S.Feng, M. Chen, B. Xue, S. Sankaranarayanan, N. Zhan : Unbounded-time safety verification of stochastic
differential dynamics. CAV '20.
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Overview of the Idea

Observe that forany 0 < T < oo,
P(3t>0: X € X)) < PBEC[0,T): Xe € Xy) + PEE>T: Xe € Ay) .

!

Bounded by an exponential barrier certificate

Bounded by a time-dependent barrier certificate

= S.Feng, M. Chen, B. Xue, S. Sankaranarayanan, N. Zhan : Unbounded-time safety verification of stochastic
differential dynamics. CAV '20.
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Recap : Barrier Certificate Witnesses co-Safety

L\
&y
B(x) >0 Vx € Xy, s
cob )
B(x) <0 Vx € Xy, | ‘
2B ‘ ~
—(x)b(x) <0 Vx € IB. Ay : AR
9% Lo R . \Qj
B A NN NN
4T L\

x
©IS. Prajna & A. Jadbabaie, 2004]

MOVES Seminar - Aachen - 2020 8/20

On oco-Safety of Stochastic Differential Dynamics

Mingshuai Chen - i2, RWTH Aachen Univ.



9/20

o
&
o
&
c
@
=
]
]
<
5
£
E
@
@
n
w
>
o
=

On oo-Safety of Stochastic Differential Dynamics

Reducing co-Safety to 7-Safety
Synthesizing Stochastic BCs

Experimental Results
B Concluding Remarks
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Reducing co-Safety to T-Safety
©0000

Bounding the Tail Failure Probability

Infinitesimal Generator

Definition (Infinitesimal generator [@ksendal, 2013])
Let {X¢} be a diffusion process in R". The infinitesimal generator A of X; is defined by

o EX s+ £ X)) = fis:x)

Af(s,x) = ltlw i

, X€ER

Let D 4 denote the set of functions for which the limit exists for all (s, x) € R x R".
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Reducing co-Safety to T-Safety
©0000

Bounding the Tail Failure Probability

Infinitesimal Generator

Definition (Infinitesimal generator [@ksendal, 2013])
Let {X¢} be a diffusion process in R". The infinitesimal generator A of X; is defined by

EX [f(s+ £ Xo)] — f(5,%x)
t 9

s, x) =li R".
Af(s,x) fimn x €

Let D 4 denote the set of functions for which the limit exists for all (s, x) € R x R”".

Lemma ([@ksendal, 2013])

Let {X¢} be a diffusion process defined by an SDE. If f € C-2(R x R") with compact
support, then f € D4 and

9%f
AFf(t,x) = +Zb() + Z(aa Toxp

Af(t,x) generalizes the Lie derivative that captures the evolution of X; along f(t, x).
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Reducing co-Safety to T-Safety
0®000

Bounding the Tail Failure Probability

Exponential Stochastic Barrier Certificate

Suppose there exists an essentially non-negative matrix A € R™X™, together with an
m-dimensional polynomial function (termed exponential stochastic barrier certificate)
Ux) = (Vi(x), Va(x), ..., Vm(x))T, with V;: R? — R for1 < i < m, satisfying

V(x) >0 forxe X, (1)
AV(x) < —AV(x) forx e X, (2)
AV(x) <0 forx e dX. (3)

Define a function
F(t,x) = eMV(x),

then every component of F(t, X;) is a supermartingale.
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Reducing co-Safety to T-Safety
0®000
Bounding the Tail Failure Probability

Exponential Stochastic Barrier Certificate

Theorem

Suppose there exists an essentially non-negative matrix A € R™X™, together with an
m-dimensional polynomial function (termed exponential stochastic barrier certificate)
Ux) = (Vi(x), Va(x), ..., Vm(x))T, with V;: R? — R for1 < i < m, satisfying

V(x) >0 forxe X, (1)
AV(x) < —AV(x) forx e X, (2)
AV(x) <0 forx e dX. (3)

Define a function
F(t,x) = eMV(x),

then every component of F(t, X;) is a supermartingale.

Proof
Based on Dynkin's formula [Dynkin, 1965] and Fatou's lemma.
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Reducing co-Safety to T-Safety
0000

Bounding the Tail Failure Probability

Doob’s Supermartingale Inequality

Lemma (Doob’s supermartingale inequality [Karatzas and Shreve, 2014])

Let {X¢}e=0 be a right continuous non-negative supermartingale adapted to a filtration
{F¢| t> 0}. Then forany X > 0,

AP <sup Xe > A) < E[Xo].

t>0

A bound on the probability that a non-negative supermartingale exceeds some given
value over a given time interval.
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Reducing co-Safety to T-Safety

00080
Bounding the Tail Failure Probability

Exponentially Decreasing Bound on the Tail Failure Probability

For cases where V(x) is a scalar function*:

Proposition

Suppose there exists a positive constant A € R and a scalar exponential stochastic

barrier certificate V: R" — R. Then,
% E[V(Xo0)]
PlsupV(X) >~ ]| < ———=
<t27’ ( t) ) eAT'y
holds for any~ > 0 and T > 0. Moreover, if there exists [ > 0 s.t.
Ux) >l forallx € Xy,

then
EV(Xo)]

P(atg T: Xe € Xu) < =
(S5

holds for any T > 0.

1. The result generalizes to the slightly more involved case where V(x) is a vector function.
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Reducing co-Safety to T-Safety

00080
Bounding the Tail Failure Probability

Exponentially Decreasing Bound on the Tail Failure Probability

For cases where V(x) is a scalar function*:

Proposition

Suppose there exists a positive constant A € R and a scalar exponential stochastic
barrier certificate V: R" — R. Then,

. EV(X)]
P (s () 2+) <

holds for any~ > 0 and T > 0. Moreover, if there exists [ > 0 s.t.
Ux) >l forallx € Xy,
then
EV(X)]

P(atg T: )”Qexu) < e
(S5

holds for any T > 0.

Proof
Based on Doob's supermartingale inequality.

1. The result generalizes to the slightly more involved case where V(x) is a vector function.
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Reducing co-Safety to T-Safety
0000e

Bounding the Tail Failure Probability

Exponentially Decreasing Bound on the Tail Failure Probability

Ve > 0.37 > 0: the truncated 7-tail failure probability is bounded by e :

If there exists a > 0, s.t. Vx € Xp: Vj(x) < « holds for somei € {1, ..., m}. Then for
anye > 0, there exists T > 0 s.t.
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Reducing co-Safety to T-Safety
®0

Bounding the Failure Probability over [0, 7]

Time-Dependent Stochastic Barrier Certificate

Suppose there exists a constantn > 0 and a polynomial function (termed
time-dependent stochastic barrier certificate) H(¢, x): R x R” — R, satisfying

H(t,x) >0 for(t,x) € [0,T] x X, (4)
AH(t,x) <0 for(tx)€[0,T] X (X \ Xu), (5)
%’ <0 for(x)€0,T] x &, (6)
Ht,x) >n for(tx) € [0,T] x Xy @
Then,
E[H(0, X0)]

P(ate[o,n:)?texu)g -
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Reducing co-Safety to T-Safety
®0

Bounding the Failure Probability over [0, 7]

Time-Dependent Stochastic Barrier Certificate

Theorem

Suppose there exists a constantn > 0 and a polynomial function (termed
time-dependent stochastic barrier certificate) H(¢, x): R x R” — R, satisfying

H(t,x) >0 for(t,x) € [0,T] x X, (4)
AH(t,x) <0 for(tx)€[0,T] X (X \ Xu), (5)
%’ <0 for(x)€0,T] x &, (6)
Ht,x) >n for(tx) € [0,T] x Xy @
Then,
E[H(0, X0)]

P(ate[o,n:)?texu)g -

Proof
Based on Dynkin's formula and Doob'’s supermartingale inequality.
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Reducing co-Safety to T-Safety
oce

Bounding the Failure Probability over [0, 7]

Time-Dependent Stochastic Barrier Certificate

Corollary

Suppose there exists 3 > 0, s.t. H(0,x) < B forx € Xy. Then,

P(Hte [0,7]:5Q€Xu) < %
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Synthesizing Stochastic BCs
®0

SDP Encoding for Synthesizing V(x)

min;rgize a (8)
subjectto V¥(x) >0 forxe X 9)
AVi(x) < —AVA(x) forxe X (10)
AVI(x) <0 forx € X A1)

Vi(x) >1 forxe Xy (12)

Vi(x) <al forxe Xp (13)
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Synthesizing Stochastic BCs
oce

SDP Encoding for Synthesizing H(¢, x)

minimize S (14)
b8

subjectto HP(t,x) >0 for(tx)e[0,7] x X (15)
AHP(£,x) <0 For (£,x) € [0, 7] X (X \ Xy) (16)

OHP
o S0 for (¢,x) € [0, 7] x 80X (17)
Ho(tx) > 1 for(tx) € 0,7 x Xy (18)
HP(0,x) < B Fforx € Xy (19)
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Experimental Results
(1)

Example : Population Dynamics

Example (Population growth [Panik, 2017])

dXy = — X dE+ V/2/2X; AW,
co-safety setting: X = {x | x > 0}, X = {x | x =1}, Xy = {x | x > 2}.
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Experimental Results
(1)

Example : Population Dynamics

Example (Popula owth [Panik, 2017])

dXy = — X dE+ V/2/2X; AW,
co-safety setting: X = {x | x > 0}, X = {x | x =1}, Xy = {x | x > 2}.

V(x) = 0.000001630047868 — 0.000048762786972x
+ 0.125025533525219x> + 0.000000001603294x>.

. 0.12498
P(Etz T X € Xu) < S VT
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Experimental Results
oce

Example : Harmonic Oscillator

Example (Harmonic oscillator [Hafstein et al., 2018])

ax; = (_Ow _“’k) Xe dt+ (8 _OU) Xe AW,

Constants:w =1,k="7,0 = 2.
oo-safety setting: X = R”, Xp = {(x1,X%) | —1.2 < x3 <0.8,—0.6 < X2 < 0.4},
Xy = {(x1,x2) | |x1| > 2}.
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Experimental Results
oce

Example : Harmonic Oscillator

Example (Harmonic oscillator [Hafstein et al., 2018])

ax; = (_Ow _“’k) Xe dt+ (8 _OU) Xe AW,

Constants:w =1,k="7,0 = 2.
oo-safety setting: X = R”, Xp = {(x1,X%) | —1.2 < x3 <0.8,—0.6 < X2 < 0.4},
Xy = {(x1,x2) | |x1| > 2}.

x PlrzTXex
- bd. by Prajna etal

vT>1:

Failure probabilty

; 0.19927
P(3t>T: X € &) < .
( = ”> = 0.00005€9-27 + 1.00025e0-47

Mingshuai Chen - i2, RWTH Aachen Univ. On oo-Safety of Stochastic Differential Dynamics MOVES Seminar - Aachen - 2020 18/20



Concluding Remarks
o

Summary

Forany0 < T< oo,
P(3t>0: X € X)) < PBEC[0,T): Xe € Xy) + PEE>T: Xe € Ay) .

!

Bounded by an exponential barrier certificate

Bounded by a time-dependent barrier certificate

= S.Feng, M. Chen, B. Xue, S. Sankaranarayanan, N. Zhan : Unbounded-time safety verification of stochastic
differential dynamics. CAV '20.
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Concluding Remarks
o

oo-Safety of Probabilistic Programs?
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