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Positive Results

Theorem

The set of CFLs is closed under concatenation, union, and iteration.

Proof.

For i = 1, 2, let Gi = 〈Ni,Σ,Pi,Si〉 with Li := L(Gi) and N1 ∩ N2 = ∅, and let
S /∈ N1 ∪ N2 be a fresh nonterminal. Then

• L1 · L2 is generated by G := 〈N,Σ,P,S〉 with N := {S} ∪ N1 ∪ N2 and

P := {S → S1S2} ∪ P1 ∪ P2

• L1 ∪ L2 is generated by G := 〈N,Σ,P,S〉 with N := {S} ∪ N1 ∪ N2 and

P := {S → S1 | S2} ∪ P1 ∪ P2

• L∗1 is generated by G := 〈N,Σ,P,S〉 with N := {S} ∪ N1 and

P := {S → ε | S1S} ∪ P1
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Negative Results

Theorem

The set of CFLs is not closed under intersection and complement.

Proof.

• Intersection: both

L1 := {akbkc l | k , l ∈ N} (generated by S → AC,A→ aAb | ε,C → Cc | ε)

and

L2 := {akblc l | k , l ∈ N} (generated by S → AB,A→ aA | ε,B → bBc | ε)

are CFLs, but not
L1 ∩ L2 = {anbncn | n ∈ N}

(without proof).

• Complement: if CFLs were closed under complement, then also under intersection (as
L1 ∩ L2 = L1 ∪ L2).

3 of 5 Foundations of Informatics/Formal Languages and Processes
Part C: Context-Free Languages
Lesson 6: Closure Properties of Context-Free Languages



Negative Results

Theorem

The set of CFLs is not closed under intersection and complement.

Proof.

• Intersection: both

L1 := {akbkc l | k , l ∈ N} (generated by S → AC,A→ aAb | ε,C → Cc | ε)

and

L2 := {akblc l | k , l ∈ N} (generated by S → AB,A→ aA | ε,B → bBc | ε)

are CFLs,

but not
L1 ∩ L2 = {anbncn | n ∈ N}

(without proof).

• Complement: if CFLs were closed under complement, then also under intersection (as
L1 ∩ L2 = L1 ∪ L2).

3 of 5 Foundations of Informatics/Formal Languages and Processes
Part C: Context-Free Languages
Lesson 6: Closure Properties of Context-Free Languages



Negative Results

Theorem

The set of CFLs is not closed under intersection and complement.

Proof.

• Intersection: both

L1 := {akbkc l | k , l ∈ N} (generated by S → AC,A→ aAb | ε,C → Cc | ε)

and

L2 := {akblc l | k , l ∈ N} (generated by S → AB,A→ aA | ε,B → bBc | ε)

are CFLs, but not
L1 ∩ L2 = {anbncn | n ∈ N}

(without proof).

• Complement: if CFLs were closed under complement, then also under intersection (as
L1 ∩ L2 = L1 ∪ L2).

3 of 5 Foundations of Informatics/Formal Languages and Processes
Part C: Context-Free Languages
Lesson 6: Closure Properties of Context-Free Languages



Negative Results

Theorem

The set of CFLs is not closed under intersection and complement.

Proof.

• Intersection: both

L1 := {akbkc l | k , l ∈ N} (generated by S → AC,A→ aAb | ε,C → Cc | ε)

and

L2 := {akblc l | k , l ∈ N} (generated by S → AB,A→ aA | ε,B → bBc | ε)

are CFLs, but not
L1 ∩ L2 = {anbncn | n ∈ N}

(without proof).

• Complement: if CFLs were closed under complement, then also under intersection (as
L1 ∩ L2 = L1 ∪ L2).

3 of 5 Foundations of Informatics/Formal Languages and Processes
Part C: Context-Free Languages
Lesson 6: Closure Properties of Context-Free Languages



Overview of Decidability and Closure Results

Decidability Results
Class w ∈ L L = ∅ L1 = L2

Reg + + +
CFL + + –

Closure Results
Class L1 · L2 L1 ∪ L2 L1 ∩ L2 L L∗

Reg + + + + +
CFL + + – – +
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Summary: Closure Properties of Context-Free Languages

Seen:
• Closure under concatenation, union and iteration
• Non-closure under intersection and complement

Next:
• Automata model for CFLs
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