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Pushdown Automata |

e Goal: introduce an automata model which exactly accepts CFLs

e Clear: DFA not sufficient
(missing “counting capability”, e.g. for {a"b" | n > 1})
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Pushdown Automata |

e Goal: introduce an automata model which exactly accepts CFLs

e Clear: DFA not sufficient
(missing “counting capability”, e.g. for {a"b" | n > 1})
e DFA will be extended to pushdown automata by

— adding a pushdown store which stores symbols from a pushdown alphabet and uses a special
bottom symbol
— adding push and pop operations to transitions
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Pushdown Automata ll

Definition
A pushdown automaton (PDA) is of the form 2l = (Q, X, T, A, qo, Zy, F) where
e () is afinite set of states
e 2 is the (finite) input alphabet
e [ is the (finite) pushdown alphabet
e AC(QxT xX.)x(QxT*)is afinite set of transitions
e gp € Qs the initial state
e / is the (pushdown) bottom symbol
e F C Qs a set of final states

Interpretation of ((q, Z, x), (¢',0)) € A: if the PDA 2l is in state g where Z is on top
of the stack and x is the next input symbol (or empty), then 2l reads x, replaces Z by
9, and changes into the state q'.
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Configurations, Runs, Acceptance

Definition
LetA = (Q, %X, A, qo, 2, F) be a PDA.
e An element of Q x " x X" is called a configuration of 2I.
e The initial configuration for input w € ¥* is given by (qo, 2y, w).
e The set of final configurations is given by F x {¢} x {e}.
e If ((q,Z,x),(q,0)) € A, then (q, Zv, xw) F (¢, 0, w) forevery v e ', w € L*.
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Configurations, Runs, Acceptance

Definition
LetA = (Q, %X, A, qo, 2, F) be a PDA.
e An element of Q x " x X" is called a configuration of 2I.
e The initial configuration for input w € ¥* is given by (qo, 2y, w).
e The set of final configurations is given by F x {¢} x {e}.
e If ((q,Z,x),(q,0)) € A, then (q, Zv, xw) F (¢, 0, w) forevery v e ', w € L*.
e 2l accepts w € X*if (qo, Zo, W) - (g, €, €) for some g € F.
e The language accepted by 2 is L(2A) := {w € L* | 2l accepts w}.
e Alanguage L is called PDA-recognisable if L = L(%l) for some PDA %I.
e Two PDA 2[4, 2, are called equivalent if L(2(;) = L(%l>).

RWTH

4 0f 9 Foundations of Informatics/Formal Languages and Processes
Part C: Context-Free Languages
Lesson 7: Pushdown Automata ‘

Software Modeling
Il and Verification Chair



Examples of PDA |

Example (PDA for L = {a"b" | n > 1})
A = <Qy Za r7 A7 Qo, 207 F> is given by
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Examples of PDA |

Example (PDA for L = {a"b" | n > 1})

A=(Q, %, A, q,Z,F) is given by

i Q — {QO; as, q2}
— Qo: construction of PD while reading a’s
— @¢: deconstruction while reading b’s
— Q. accepting state
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Examples of PDA |

Example (PDA for L = {a"b" | n > 1})

A=(Q, %, A, q,Z,F) is given by

i Q — {QO; as, q2}
— Qo: construction of PD while reading a’s
— @¢: deconstruction while reading b’s
— Q. accepting state

oY ={a b}
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Examples of PDA |

Example (PDA for L = {a"b" | n > 1})
A = <Qy Za r7 A7 Qo, ZO) F> is given by

i Q — {QO; as, q2}
— Qo: construction of PD while reading a’s
— @¢: deconstruction while reading b’s
— Q. accepting state

oY ={a b}
o[ ={4,Z}
— Zy = bottom

— #Z on PD = #a — #b read so far
o F={q}
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Examples of PDA |

Example (PDA for L = {a"b" | n > 1})
A = <Qy Za r7 Av Qo, ZO) F> is given by

e Q=1{qo,q1,q} o A: ((qo, 2, @),(qov, ZZy)) read first a

— qo: construction of PD while reading a’s ((q0,Z, a) ,(qo, ZZ)) read following a’s

— qy: deconstruction while reading b’s ((q0, Z, b) ,(q1,¢)) read first b

G seEpillng] SRR ((g1,Z,b) ,(q1,€))  read following b’s
oY ={a, b} (g1, 2,¢),(qe,€)) change to final state
o[ = {Zo, Z }

— Zy = bottom

— #Z on PD = #a — #b read so far
e F={q:}
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Examples of PDA |

Example (PDA for L = {a"b" | n > 1})
A = <Q7 Za r7 A7 Qo, 207 F> is given by

e Q={qo, 0, g} o A: ((90, 2o, a),(qo, ZZ)) read first a
— Qp: construction of PD while reading a's ((q0,Z, a) ,(qo, ZZ)) read following a’s
— @4 deconstruction while reading b’s ((q0, Z, b) ,(g1,¢€)) read first b
~ G- accepting state ((g1,Z,b) ,(gy,¢)) read following b’s
oY ={a b} ((91,2Z0,€),(g2,€))  change to final state
o ={% 2} e Observation: no transitions for
— Zp = bottom ~ (qo, 2y, b): input must start with a
— #Z onPD = jfa — 7fbread so far — (g4, Z, a): no &'s following b’s
o F={q} ~ (g1, 2y, b): more b's than a's
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Examples of PDA |

Example (PDA for L = {a"b" | n > 1})
A = <Q7 Za r7 A7 Qo, 207 F> is given by

e Q={qo, 0, g} o A: ((90, 2o, a),(qo, ZZ)) read first a

— Qo: construction of PD while reading a’s ((q0,Z, a) ,(qo, ZZ)) read following a’s

— @4 deconstruction while reading b’s ((q0, Z, b) ,(g1,¢€)) read first b

~ G- accepting state ((g1,Z, b) ,(g1,¢)) read following b’s
oY ={a b} ((91,2Z0,€),(g2,€))  change to final state
o ={% 2} e Observation: no transitions for

— Zp = bottom ~ (qo, 2y, b): input must start with a

— #Z onPD = jfa — 7fbread so far — (g4, Z, a): no &'s following b’s
o F={q} ~ (g1, 2y, b): more b's than a's

Accepting run of PDA for input w = aabb:
(remember: if ((q, Z, x), (¢, 9)) € A, then (g, Zv, xw) = (', 67, w))

(q07 ZO; aabb)
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Examples of PDA |

Example (PDA for L = {a"b" | n > 1})
A = <Q7 Za r7 A7 Qo, 207 F> is given by

e Q={q.q, %} o A: ((qo, 2o, a),(qo, ZZy)) read first a

— Qo: construction of PD while reading a’s ((q0,Z, a) ,(qo, ZZ)) read following a’s

— @4 deconstruction while reading b’s ((q0, Z, b) ,(g1,¢€)) read first b

~ G- accepting state ((g1,Z,b) ,(gy,¢)) read following b’s
oY ={a b} ((91,2Z0,€),(g2,€))  change to final state
o ={% 2} e Observation: no transitions for

— Zp = bottom ~ (qo, 2y, b): input must start with a

— #Z onPD = jfa — 7fbread so far — (g4, Z, a): no &'s following b’s
o F={q} ~ (g1, 2y, b): more b's than a's

Accepting run of PDA for input w = aabb:
(remember: if ((q, Z, x), (¢, 9)) € A, then (g, Zv, xw) = (', 67, w))

(q07 ZO7 aabb) = (q07 ZZO) abb)
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Examples of PDA |

Example (PDA for L = {a"b" | n > 1})
A = <Q7 Za r7 A7 Qo, 207 F> is given by

e Q={q.q, %} o A: ((qo, 2o, a),(qo, ZZy)) read first a

— Qo: construction of PD while reading a’s ((q0,Z, a) ,(qo, ZZ)) read following a’s

— @4 deconstruction while reading b’s ((q0, Z, b) ,(g1,¢€)) read first b

~ G- accepting state ((g1,Z,b) ,(gy,¢)) read following b’s
oY ={a b} ((91,2Z0,€),(g2,€))  change to final state
o ={% 2} e Observation: no transitions for

— Zp = bottom ~ (qo, 2y, b): input must start with a

— #Z onPD = jfa — 7fbread so far — (g4, Z, a): no &'s following b’s
o F={q} ~ (g1, 2y, b): more b's than a's

Accepting run of PDA for input w = aabb:
(remember: if ((q, Z, x), (¢, 9)) € A, then (g, Zv, xw) = (', 67, w))

(qo, Zo, @aabb) t- (qo, 22, abb) - (qv, ZZZ,, bb)
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Examples of PDA |

Example (PDA for L = {a"b" | n > 1})
A = <Q7 Za r7 A7 Qo, 207 F> is given by

e Q={q.q, %} o A: ((qo, 2o, a),(qo, ZZy)) read first a

— Qo: construction of PD while reading a’s ((q0,Z, a) ,(qo, ZZ)) read following a’s

— @4 deconstruction while reading b’s ((q0, Z, b) ,(g1,¢€)) read first b

~ G- accepting state ((g1,Z,b) ,(gy,¢)) read following b’s
oY ={a b} ((91,2Z0,€),(g2,€))  change to final state
o ={% 2} e Observation: no transitions for

— Zp = bottom ~ (qo, 2y, b): input must start with a

— #Z onPD = jfa — 7fbread so far — (g4, Z, a): no &'s following b’s
o F={q} ~ (g1, 2y, b): more b's than a's

Accepting run of PDA for input w = aabb:
(remember: if ((q, Z, x), (¢, 9)) € A, then (g, Zv, xw) = (', 67, w))

(q07207 aabb) - (q072207 abb) = (q0722207 bb) - (q172207 b)
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Examples of PDA |

Example (PDA for L = {a"b" | n > 1})
A = <Q7 Za r7 A7 Qo, 207 F> is given by

e Q={q.q, %} o A: ((qo, 2o, a),(qo, ZZy)) read first a

— Qo: construction of PD while reading a’s ((q0,Z, a) ,(qo, ZZ)) read following a’s

— @4 deconstruction while reading b’s ((q0, Z, b) ,(g1,¢€)) read first b

~ G- accepting state ((g1,Z,b) ,(gy,¢)) read following b’s
oY ={a b} ((91,2Z0,€),(g2,€))  change to final state
o ={% 2} e Observation: no transitions for

— Zp = bottom ~ (qo, 2y, b): input must start with a

— #Z onPD = jfa — 7fbread so far — (g4, Z, a): no &'s following b’s
o F={q} ~ (g1, 2y, b): more b's than a's

Accepting run of PDA for input w = aabb:
(remember: if ((q, Z, x), (¢, 9)) € A, then (g, Zv, xw) = (', 67, w))

(q07207 aabb) - (q072207 abb) = (q0722207 bb) - (q172207 b) - (Q1,Zo,€)
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Examples of PDA |

Example (PDA for L = {a"b" | n > 1})
A = <Q7 Za r7 A7 Qo, 207 F> is given by

e Q={q.q, %} o A: ((qo, 2o, a),(qo, ZZy)) read first a

— Qo: construction of PD while reading a’s ((q0,Z, a) ,(qo, ZZ)) read following a’s

— @4 deconstruction while reading b’s ((q0, Z, b) ,(g1,¢€)) read first b

~ G- accepting state ((g1,Z,b) ,(gy,¢)) read following b’s
oY ={a b} ((91,2,€),(g2,€))  change to final state
o ={% 2} e Observation: no transitions for

— Zp = bottom ~ (qo, 2y, b): input must start with a

— #Z onPD = jfa — 7fbread so far — (g4, Z, a): no &'s following b’s
o F={q} ~ (g1, 2y, b): more b's than a's

Accepting run of PDA for input w = aabb:
(remember: if ((q, Z, x), (¢, 9)) € A, then (g, Zv, xw) = (', 67, w))

(q07207 aabb) - (q072207 abb) = (q0722207 bb) - (q172207 b) - (Q1,Zo,€) - (q27€78)
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Examples of PDA Il

Example (PDA for L = {ww" | w € {a, b}*} (palindromes of even length))

ldea: 1. 2 pushes input w
2. switches nondeterministically to the w" recognition phase
3. compares w and w" symbol-wise by matching steps
4. accepts with empty pushdown
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Examples of PDA Il

Example (PDA for L = {ww" | w € {a, b}*} (palindromes of even length))

ldea: 1. 2 pushes input w
2. switches nondeterministically to the w" recognition phase
3. compares w and w" symbol-wise by matching steps
4. accepts with empty pushdown

Formally: 2 = (Q, X, I, A, qo, 2o, F)
e Q=1{q, 91,5}
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Examples of PDA Il

Example (PDA for L = {ww" | w € {a, b}*} (palindromes of even length))

ldea: 1. 2 pushes input w
2. switches nondeterministically to the w" recognition phase
3. compares w and w" symbol-wise by matching steps
4. accepts with empty pushdown

Formally: 2 = (Q, X, I, A, qo, 2o, F)
e Q=1{q, 91,5}

o> ={a b}
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Examples of PDA Il

Example (PDA for L = {ww" | w € {a, b}*} (palindromes of even length))

ldea: 1. 2 pushes input w
2. switches nondeterministically to the w" recognition phase
3. compares w and w" symbol-wise by matching steps
4. accepts with empty pushdown

Formally: 2 = (Q, X, I, A, qo, 2o, F)
e Q=1{q, 91,5}

o> ={a b}
o ={2,a b}
o F={q}
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Examples of PDA Il

Example (PDA for L = {ww" | w € {a, b}*} (palindromes of even length))

ldea: 1. 2 pushes input w
2. switches nondeterministically to the w" recognition phase
3. compares w and w" symbol-wise by matching steps
4. accepts with empty pushdown

Formally: 2l = (Q, %, I, A, qo, Zo, F) o A: ((qo,Z,¢),(qo,cZ)) forZel,ceX

e Q=1{q, 1, q} ((q.c,c) ,(gi.e)) forcek

oY ={a,bl ((q0, 2, ),(Ch %))

o[ ={Z,a b} ((g1,¢,0) ,(an,¢)) forcex
L 727 ) )

o F={g) ((91, 2 )(Q2 €))
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Examples of PDA Il

Example (PDA for L = {ww" | w € {a, b}*} (palindromes of even length))

ldea: 1. 2 pushes input w
2. switches nondeterministically to the w" recognition phase
3. compares w and w" symbol-wise by matching steps
4. accepts with empty pushdown

Formally: 2l = (Q, %, I, A, qo, Zo, F) e A: ((qo, Z.¢) ,(qo,cZ)) forZel,cex (1)
e Q={qo0,q1,q} ((0,c.¢) [(q1,¢)) forcek (2)
oY ={ab} ((q0, 2o, )7(CI1 2)) (2)
o =1{Z, ab) ((g1,¢c,¢) ,(q1,e)) force X (3)
o F— {qZ} ((Q17207 )7(Q27 )) (4)
Accepting run of PDA for input w = abba:

(q07 207 abba)
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Examples of PDA Il

Example (PDA for L = {ww" | w € {a, b}*} (palindromes of even length))

ldea: 1. 2 pushes input w
2. switches nondeterministically to the w" recognition phase
3. compares w and w" symbol-wise by matching steps
4. accepts with empty pushdown

Formally: 2l = (Q, %, I, A, qo, Zo, F) e A: ((qo, Z.¢) ,(qo,cZ)) forZeTl,cex (1)
e Q=1{q, 1, q} ((q.c,c) ,(gi.e)) forcek (2)
oY ={ab} ((q0, 2o, )7(CI1 2)) (2)
o =1{Z, ab) ((g1,¢c,¢) ,(q1,e)) force X (3)
o F— {qZ} ((Q17207 )7(Q27 )) (4)
Accepting run of PDA for input w = abba:

(90, Zo, abba) - (qo, ao, bba)
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Examples of PDA Il

Example (PDA for L = {ww" | w € {a, b}*} (palindromes of even length))

ldea: 1. 2 pushes input w
2. switches nondeterministically to the w" recognition phase
3. compares w and w" symbol-wise by matching steps
4. accepts with empty pushdown

Formally: 2l = (Q, %, I, A, qo, Zo, F) e A: ((qo, Z.¢) ,(qo,cZ)) forZeTl,cex (1)
e Q=1{q, 1, q} ((q.c,c) ,(gi.e)) forcek (2)
oY ={ab} ((q0, 2o, )7(CI1 2)) (2)
o =1{Z, ab) ((g1,¢c,¢) ,(q1,e)) force X (3)
o F— {qZ} ((Q17207 )7(Q27 )) (4)
Accepting run of PDA for input w = abba:

(9o, Zo, abba) = (qo, aZy, bba) i (qo, bazy, ba)
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Examples of PDA Il

Example (PDA for L = {ww" | w € {a, b}*} (palindromes of even length))

ldea: 1. 2 pushes input w
2. switches nondeterministically to the w" recognition phase
3. compares w and w" symbol-wise by matching steps
4. accepts with empty pushdown

Formally: 2l = (Q, %X, I, A, qo, Zo, F) e A: ((qo, Z,¢) ,(qo,cZ)) forZeTl,cex
e Q={qo, g1, Q} ((.c,c) ,(gi.e)) forceX
ey ={ab} (g0, Zo. ),(Ch Z))
o = {Z,a b} ((g1,¢c,¢) ,(q1,e)) force X
o F={q) (a1, o, )7(02, €))

Accepting run of PDA for input w = abba:
(90, 2o, abba) + (qo, ao, bba) = (qo, bazy, ba) - (g1, az, a)

RWTH
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Examples of PDA Il

Example (PDA for L = {ww" | w € {a, b}*} (palindromes of even length))

ldea: 1. 2 pushes input w
2. switches nondeterministically to the w" recognition phase
3. compares w and w" symbol-wise by matching steps
4. accepts with empty pushdown

Formally: 2l = (Q, %X, I, A, qo, Zo, F) e A: ((qo, Z,¢) ,(qo,cZ)) forZeTl,cex
e Q={qo, g1, Q} ((q.c,c) ,(gi.e)) forcek
ey ={ab} (g0, Zo. ),(Ch Z))
o = {Z,a b} ((g1,¢,¢) ,(q1,e)) force X
o F={q) (a1, o, )7(02, €))

Accepting run of PDA for input w = abba:
(Qo, Zo, abba) t= (qo, aZy, bba) & (qo, bazy, ba) - (g1, aZy, a) - (a1, 2, €)

RWTH
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Examples of PDA Il

Example (PDA for L = {ww" | w € {a, b}*} (palindromes of even length))

ldea: 1. 2 pushes input w
2. switches nondeterministically to the w" recognition phase
3. compares w and w" symbol-wise by matching steps
4. accepts with empty pushdown

Formally: 2l = (Q, %X, I, A, qo, Zo, F) e A: ((qo, Z,¢) ,(qo,cZ)) forZeTl,cex
e Q={qo, g1, Q} ((q.c,c) ,(gi.e)) forcek
ey ={ab} (g0, Zo. ),(Ch Z))
o = {Z,a b} ((g1,¢c,¢) ,(q1,e)) force X
o F={q) (a1, o, )7(02, €))

Accepting run of PDA for input w = abba:
(Qo, Zo, abba) t= (qo, aZy, bba) &= (qo, bazy, ba) - (g1, aZy, a) = (g1, 2, €) - (qe. €, €)
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Examples of PDA Il

Example (PDA for L = {ww” | w € {a, b}*} (palindromes of even length))

ldea: 1. 2 pushes input w
2. switches nondeterministically to the w" recognition phase
3. compares w and w" symbol-wise by matching steps
4. accepts with empty pushdown

Formally: 2l = (Q, %X, I, A, qo, Zo, F) e A: ((qo, Z,¢) ,(qo,cZ)) forZeTl,cex
e Q=1{q, 1, q} ((qo ¢, c) ,(a1,¢) force X
ey ={ab} (g0, Zo. )»(571 Z))
o ={Z, ab} ((g1,¢,¢) (qi,¢)) forcex
o F={q) (a1, o, )7(02, €))

Accepting run of PDA for input w = abba:
(Qo, Zo, abba) t= (qo, aZy, bba) &= (qo, bazy, ba) - (g1, aZy, a) = (a1, 2, €) - (qe. €, €)

Observation: 2[ is nondeterministic — in a configuration of the form (qo, cv, cw)
(c € X, v,w e XL"), both (1) and (2) are applicable.
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Examples of PDA Il

Example (PDA for L = {ww" | w € {a, b}*} (palindromes of even length))

ldea: 1. 2 pushes input w
2. switches nondeterministically to the w" recognition phase
3. compares w and w" symbol-wise by matching steps
4. accepts with empty pushdown

Formally: 2l = (Q, %, I, A, qo, Zo, F) e A: ((qo, Z.¢) ,(qo,cZ)) forZel,cex (1)
e Q={qo. o, G} ((Q,c,c) [(q1,¢)) forceX (2)
oY ={ab} ((90, 2. ),(Ch Zy)) (2)
o =1{Z, ab) ((g1,c,¢) (q1,¢)) forceX (3)
o F={q) (g1, Zo, ),(0/2, €)) (4)

Accepting run of PDA for input w = abba:
(qo, Z, abba) = (qo, aZo, bba) &= (qo, baZy, ba) - (g1, a2y, a) - (g1, Zo,€) F (G, €, €)
Observation: 2[ is nondeterministic — in a configuration of the form (qo, cv, cw)
(c e X, v,w e X"), both (1) and (2) are applicable. This yields rejecting runs, e.g.,
(90, Zo, abba) - (qo, aZy, bba) & (o, baZy, ba) - (qo, bbaZy, a) - (qo, abbaZy, )
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Deterministic PDA

Definition

APDAR = (Q,%, I, A, q, Z, F) is called deterministic (DPDA) if for every

qge Q,Zel,

1. for every x € ¥, there is at most one (g, Z, x)-transition in A and

2. if there is a (g, Z, a)-transition in A for some a € %, then there is no (q, Z, ¢)-transition in A.

Remark: this excludes two types of nondeterminism:
1. if ((qv Z? X)v (qq ) 51))7 ((q, Z? X)a (qéa 52)) € A:

(qq ’ 51?@ W) _| (q7 Zf% XW) |7 (q,/27 52/77 W)
2.1 (9. 2,2, (¢}, 61)). (9, Z,2), (4. 62) €

(C]Q,(Sf}/, W) _| (q7 Zf% aW) l_ (q,/27 52/77 aW)
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Deterministic PDA

Definition

APDAR = (Q,%, I, A, q, Z, F) is called deterministic (DPDA) if for every

qge Q,Zel,

1. for every x € ¥_, there is at most one (g, Z, x)-transition in A and

2. if there is a (g, Z, a)-transition in A for some a € %, then there is no (q, Z, ¢)-transition in A.

Remark: this excludes two types of nondeterminism:

1.1t ((q, 2, x), (g1, 01)), (9, Z, %), (G2, 02)) € A:

(QQ75177 W) . (qa ZfVaXW) - (q.l27 52/77 W)
2. if ((qa Z, a)v (qq ’ 51))7 ((C], Z, 5)7 (q.l27 52)) € A:

(QQ76177 W) . (q7 ZW? aW) - (qé7 5277 aW)

Corollary

In a DPDA, every configuration has at most one —-successor.
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Expressiveness of DPDA

One can show: determinism restricts the set of acceptable languages
(DPDA-recognisable languages are closed under complement, which is generally not

true for PDA-recognisable languages)
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Expressiveness of DPDA

One can show: determinism restricts the set of acceptable languages
(DPDA-recognisable languages are closed under complement, which is generally not
true for PDA-recognisable languages)

Example

The set of palindromes of even length is PDA-recognisable, but not
DPDA-recognisable (without proof).
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Summary: Pushdown Automata

Seen:
e Extension of finite automata by pushdown store
e Enables “counting” (e.g., {a"b" | n > 1})
e Determinism restricts expressivity (in contrast to finite automata)
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Summary: Pushdown Automata

Seen:
e Extension of finite automata by pushdown store
e Enables “counting” (e.g., {a"b" | n > 1})
e Determinism restricts expressivity (in contrast to finite automata)

Next:
e Relation between PDA and contexi-free languages
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