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Branching-Time Logic

Linear Time Versus Branching Time

transition system

T = (S, Act,—, S, AP, L)

abstraction from actions

state graph
+ labeling

N

linear-time view projection | branching-time view

state sequences Al states & branches

4 s

traces computation tree
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Linear Time Versus Branching Time

» Linear Temporal Logic (LTL) is interpreted over infinite sequences

traces

» Computation Tree Logic (CTL) is interpreted over infinite trees
_Y—J

computation trees

P Traces are obtained from paths in a transition system.

P Computation trees are infinite trees whose nodes are labelled with
sets of propositions

» They are obtained by unfolding a transition system

» Such tree contains several traces
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Unfolding a Transition System
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Linear Time Versus Branching Time

linear time ‘ branching time
behavior path based state based
traces computation tree
temporal LTL CTL
logic path formulas state formulas
model PSPACE-complete PTIME
checking| O(size(T) - exp(|¢|)) | O(size(T)- |®])
ol trace inclusion simulation
relg‘?i(;n trace equivalence bisimulation
PSPACE-complete PTIME
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Overview
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CTL Syntax

Computation Tree Logic

Edmund M. Clarke, Jr.
(1945-) (1954-)

E. Allen Emerson
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CTL Syntax

Derived CTL Operators

potentially ®: EROX = J(trueU ®)

inevitably ®: Vo @ = V(trueU ®)

potentially always ®: Joé = AVO -0

invariantly &: vo ¢ = 30 -0

weak until: H(CDW\U) = —|V((¢ A —|\U) U (—|¢ A —|W))

V(oW W)

=3((® A W)U (=P A =V))

The Boolean connectives are derived as usual
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CTL Syntax

Definition: Syntax Computation Tree Logic

P CTL state-formulas with a € AP obey the grammar:
® = true | a | 1 A D) | - | Jp | Yo
» and ¢ is a path-formula formed by the grammar:
p = OO | d1U®,.

Vo3IO a and 3(Vo a) U b are CTL formulas.

P s E Vo if all paths starting in s fulfill ¢

2] 2] )
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Intuitive CTL Semantics

I(d1Udy) Y(®Ud;) o
0P 'O VO o
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Intuitive CTL Semantics Example CTL Formulas

VOob 30

K5 LN KRAN
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Overview CTL Semantics

Define a satisfaction relation for CTL-formulas over AP for a given
© CTL Semantics transition system TS without terminal states.

P Interpretation of state-formulas over states of TS

P Interpretation of path-formulas over paths of TS
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CTL Semantics (1)

Notation

TS, s E ® if and only if state-formula ® holds in state s of transition
system TS. As TS is known from the context we simply write s F ®.

Definition: Satisfaction relation for CTL state-formulas

The satisfaction relation E is defined for CTL state-formulas by:

skFa iff a€L(s)

sE-® iff not (s F ®)

SEO AV iff (sE®)and (skEV)

sEdp iff there exists m € Paths(s). mF ¢
sEVyp iff for all w € Paths(s). mE ¢

where the semantics of CTL path-formulas is defined on the next slide.
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Transition System Semantics

» For CTL-state-formula ®, the satisfaction set Sat(®) is defined by:

Sat(d) = {seS|skEd}

P TS satisfies CTL-formula @ iff ® holds in all its initial states:

TSE® ifandonlyif Vsyel.spE®

» Point of attention: TS & is not equivalent to TS i -
because of several initial states, e.g., s F 30¢ and s(') ¥ Jdoo
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CTL Semantics (2)

Definition: satisfaction relation for CTL path-formulas

Given path 7 and CTL path-formula ¢, the satisfaction relation F where
7 E ¢ if and only if path 7 satisfies ¢ is defined as follows:

TEQ® iff 7[1] F &
TEOUWV iff(3j20.7[j]E WV and (VO <i<j.w[i]E®))

where 7r[i] denotes the state s; in the path m = s5s15,.. ..
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Semantics of O -Operator

sEJO® iff Im=ss15... € Paths(s). 1 EQ®,thatis ,s; F &

sEVO® iff Vr=ss15...€ Paths(s). tEQ®, thatis,s; E®

30 VOO

S )

Post(s) N Sat($) # & Post(s) C Sat(®)
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Example

T T b VOV Ostart

(lost ) ( delivered )

CTL formula
& = VOVQstart = VO(start V delivered)

Sat(VQstart) = {start, delivered}

Sat(®) = @
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CTL Semantics
Example
50 51 52
%) {a} %]

(1) Does TS E IQOVO -a? (2) Does TS E VO30 -a?
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Infinitely Often

|
sEVOVO & iff V7 € Paths(s) an ®-state is visited infinitely often.

Proof.
L]
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CTL Equivalence

Overview

@ CTL Equivalence
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CTL Equivalence Duality

Definition: CTL equivalence

CTL-formulas ® and W (both over AP) are equivalent: VO® = -30-¢
®=cr ¥ ifand only if  Sat(®) = Sat(W) for any TS (over AP) 3100 = VO -®
If it is clear from the context that we deal with CTL-formulas, we simply Vo d = —Jo-od
write ® = V.
3<> d = -Vo-o
Equivalently,
V(q) U \U) = —-EI((‘D A —&U)W(—&D A _Iw))

® =V iff (VTS.TSE® ifandonlyif TSEW)
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CTL Equivalence
Distributive Laws Duality O and O
VO(®PAW) = VObAVOW YOVOa = VOVa
correct.
A0 (dvY) = IO v IOV
But: 3J0(® A V) # JodAIOVW d030a = I030a
wrong, e.g.,
VO (P VYY) £ VOPVVYOU % s £ A030a
s F=30a
s E YO (a Vv b) since for all m € Paths(s). m F < (a Vv b). But: s(s")” F < aand = 5% --- F030a
s(s")* ¥ O b. Thus: s VOb. A similar reasoning applied to path s(s')* yields — s 3I030a
sBE VYO a Thus, s B VO a v VOb.
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Expansion Laws

Recall in LTL: o U = 9 Vv (@ A O(pUr))

CTL expansion laws

For any CTL-formula ¢ and V:

Y(eUW) = Vv v (& A YOV(PUVW))
VOO = YVOVYO d
voo = & A VOVOP

©
<

eUV) = ¥ v (& A JOI(PUVY))
6P = o v I0IC P
doéd = & A IOFoP
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Equivalence of CTL and LTL Formulas

Definition: equivalence of LTL and CTL formulas

CTL-formula ® and LTL-formula ¢ (both over AP) are equivalent,
denoted ® = ¢, if for any transition system TS (over AP):

TSE® ifandonlyif TSE .

Examples
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Expressiveness of LTL versus CTL

Overview

© Expressiveness of LTL versus CTL

Joost-Pieter Katoen Lecture#10 30/54

From CTL to LTL

[Clarke & Draghicescul]

Let  be a CTL-formula, and ¢ the LTL-formula obtained by eliminating
all path quantifiers in ®. Then:

either ® = ¢ or there is no LTL-formula equivalent to .
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LTL and CTL are Incomparable

» Some LTL-formulas cannot be expressed in CTL, e.g.,
> ooa
> o(anQa)
There does not exist an equivalent CTL formula

» Some CTL-formulas cannot be expressed in LTL, e.g.,
> YoOVOoa
> VO (aA VO a), and
> vo3oa

There does not exist an equivalent LTL formula
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Expressiveness of LTL versus CTL

From CTL To LTL (2)

VY& VO a cannot be expressed in LTL.

Proof.
We show that: V& VO a is not equivalent to & 0O a.

S0 51 592

ssF<O Oa but so ¥ VO VO a
%’—I

path sy violates it
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Expressiveness of LTL versus CTL

From CTL To LTL (1)

CTL-formula Y& (a A YO a) cannot be expressed in LTL.

Proof.
We show that VO(aAVQOa) # OlanQa)
R Y
CTL-formula ¢ ® with path-quantifiers removed
%)
S3
S B
o {a} {a}
{a}
ssEOC(@anQa) but sEVYO(aAVOa) .
path s s; (s;) violates it
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Expressiveness of LTL versus CTL

From CTL To LTL (3)

The CTL-formula YO3<$ a cannot be expressed in LTL.

Proof.
» This is shown by contraposition: assume ¢ = VOo3oa; let TS:

1%} {a}

S t

» TSE Vo3& a, and thus—by assumption—TS E ¢
» Remove state t. Then: Paths(TS') € Paths(TS), thus TS E ¢
» But TS ¥ VO3 a as path s ¥ 030a
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From LTL To CTL

I
The LTL-formula &0 a cannot be expressed in CTL.

Proof.

P Provide two series of transition systems TS,, and TS,

» Such that TS, ¥ ©Oaand TS, F &0 a (*), and

» for any VCTL-formula ® with [®]| < n: TS, E ® iff TS, E & (**)
proof by induction on n (omitted here)

» Assume there is a CTL-formula = &0 a with [®| = n

» by (*), it follows TS, ¥ ® and TS, F ®
» but this contradicts (**): TS, E ® if and only if TS, F ®
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Proof
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Proof

Joost-Pieter Katoen

Expressiveness of LTL versus CTL
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LTL Versus CTL

LTL
Ola

O0a
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CTL
VOVLa

VO(a AVQa)

VO30 a
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CTL* and CTL"

Overview

@ CTL" and CTL"

Joost-Pieter Katoen Lecture#10 41/54

¥ -
CTL" Semantics

s F true

skFa iff a€el(s)

sEdAV iff  (sE®)and (sE W)
SE-0® iff notskE®

sE3Jp iff 7 F ¢ for some 7 € Paths(s)
TE® iff  w[0]F ®

TEpiApy iff mE @ and T F @)

TEap iff THop

TEQp iff  7w[l..]Ep

TEEiUpy iff 3j20. (n[j.]F @ A(VO< k<) m[k.]E 1))
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Syntax of CTL"

Definition: Syntax CTL"

» CTL" state-formulas with a € AP obey the grammar:
® = true l a l P A D) | - | = [0
» and ¢ is a CTL* path-formula formed by the grammar:
p u= @ ‘ P1 A @2 l —p ‘ O | p1U o

where ® is a CTL" state-formula, and ¢, ¢; and ¢, are
path-formulas.

in CTL*: V¢ = =3-¢. This does not hold in CTL.
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CTL™ Transition System Semantics

» For CTL"-state-formula ®, the satisfaction set Sat(®) is defined by:
Sat(®) = {seS|skd}
» TS satisfies CTL*-formula & iff & holds in all its initial states:

TSE® ifandonlyif Vsyel.spE®

This is exactly as for CTL
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CTL* and CTL"

Embedding LTL

For LTL formula ¢ and TS without terminal states (both over AP) and for
each s € S:

s E o if and only if s E Vyp
\_v_l _V_J
LTL semantics CTL* semantics

In particular:

TSEi11 ¢ ifandonlyif TSEcr Yo
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CTL* and CTL"

Relating LTL, CTL, and CTL"

voOa v VO30b

=
LTL (v O: )

V Qa

voO: _
\ -,
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CTL* and CTL"

CTL™ Is More Expressive Than LTL And CTL

The CTL*-formula over AP ={a, b}:

¢ = (Vooa) v (VoIob)

cannot be expressed in neither LTL nor CTL.

Joost-Pieter Katoen Lecture#10 46/54

CTL* and CTL"

Adding Boolean combinations of path formulae to CTL
does not change its expressiveness

but yields formulae can be much shorter than their equivalent in CTL
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. S
Boolean Combinations of Path Formulas

Definition: Syntax CTL"

» CTL" state-formulas with a € AP obey the grammar:
® = true | a | P A Dy | - | Jp | Yo
» and ¢ is a CTL" path-formula formed by the grammar:
= 1 Ao | - ' oo ‘ ¢, U,

where ®, ®; and ®, are a CTL" state-formulas and o1 and 5 are
CTL" path-formulas.
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S
From CTL" To CTL

3((aUb) A (cUd)) =3((aAc)UBAF(cUd)))

7 v 3((c A 3) U(d AT(aU b))
CTL"‘ formula CTL formula
elther . o—@ o—0O0— -

{aQQCHbd{d %}{ﬂ

R ETAATN T B O I

o @¢—0—0—0—0 —0O0O—0O—0O—
{a,cH{a,cHa,c}{a,cHb,d}
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. X
CTL" Is As Expressive As CTL

For example:

3(Candb) =30 (anIOb) A IO (bATC Q)

CTL* formula CTL formula

Rules for transforming CTL" formulas into equivalent CTL ones:

3(=(P; U dy)

(O, A0 D,

3(0 O A (P Udy)

(P UD) A (WL UW,)

3( (P A=DP)U (=P A=D,) ) v O,
3O (1 A 9,)

(P2 A30®) v (P ATO(PAI(P;UPy))
EI((<D1 AV IU(D, ATV U lllz))) \%

(1 A W)U (W A T(P; Udy)))

== =
nmuem
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A

Overview

@ Summary
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Summary Next Lecture

» Computation tree logic (CTL) is a logic interpreted over infinite trees
P Path quantifiers in CTL alternate with temporal modalities

» CTL and LTL have an incomparable expressive power

Friday November 22, 14:30

» A CTL-formula @ is equivalent to:

» the LTL-formula obtained by removing all path quantifiers from &, or
P there is no equivalent LTL-formula

» Adding Boolean combinations of path formulas does not raise
expressive power of CTL

» CTL" is strictly more expressive than LTL and CTL
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