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Probability distribution

Aiscreke

Probability distribution

A’probability distributionon countable seX is a function
pIX1! [0,1 € R such that) ., p(x) = 1.

The set{x ! u(x) > 0} is the support setof probability distributiony.
Let Dist(X) denote the set of all probability measures &n
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Probabilistic Programming

Markov Chains

- V?. ¢
Markov chains  P(s,¢) =1 T

)
P(e,:) € 'D-‘s\(z) =Pleg’) o Iy

q—/

A Markov chain(MC) D is a triple (X,! ;, P) with:

¥ being a countable set dftates

|, € X the initial state, and

P !X ! Dist(X) the transition probability function
whereDist(Y) is a (discrete) probability measure an.

A state! € X for whichP(! ,!) =1 is calledabsorbing
)y

—
1?\4
3

.,
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Transition probability matrix

For MC D with Pnite state space, function P is called thetransition
probability matrix of D. P(o,-) «Disk(T)
Properties:

1. P is a (right) stochastic matrix, i.e., it is a square matrix, all its
elements are if0, 1], and each row sum equals one.

2. P has an eigenvalue of one, and all its eigenvalues are at most one
3. For alln € N, P" is a stochastic matrix.
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Paths

Path! ="4", ... is apath through MCD wheneverP(","i+1) > 0 for all
naturali.

Let PathgD) denotes the set of paths iD that start in its initial state ",.
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Probabilistic Programming Markov Chains
Lronsient T =4 recurrenk =

Ls.6)

Example

N
M= A23

GL () = i sz)\a R Q\zz)—‘- W , (113)+ L Qs':.)a‘&
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Cylinder sets

Cylinder set

The cylinder setof bnite pathb="3"1...", in MC D is debned by:
CylB) = !l | PathgD) " b is a prebx of #

The cylinder set spanned by Pnite pathconsists of all inPnite paths that
have prep>p.
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Probability measure on sets of inPnite paths
P((C\ %) CZ) = Pr CC\) A (’\-— Pr(CL))

Probability measure

Pr is the uniqueprobability distributiondebned on cylinder sets by:

Pr&cyl" ... " )%= H P("i,"i+1)
0"i<n
S
for n>0 andP(') =11t "o="". S
?6

éisb&;v\k
By standard results in gfobability theorfr is a distribution on all sets that are
countable unions and/or complements of cylinder sets.

T, T, Piv,e): Ple,5) ... Pl %)
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Reachability

Reachability

Let MC D with countable state spacé andG #! the set ofgoal states.
The eventeventually reachings is debned by:

I'G = {! ! PathgD) ""i! N.I[i]! G}
where! [i]="; ~for! ="¢"1....

The event! G is measurable, i.e., the probabilifgr(! G) is well debned.
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Probabilistic Programming Markov Chains

Reachability probabilities: KnuthOs die

# Consider the event 4

{init}
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Reachability probabilities: KnuthOs die

# Consider the event 4

# We have:
05 o g Pit = )  Pl...s)
oest@ie LT
4

{init}
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Probabilistic Programming Markov Chains

Reachability probabilities: KnuthOs die

# Consider the event 4

# We have:
05 o g Pit = )  Plw...s)
So...5! (Z\4%)4
# This yields:

{init}

P(99554) + P(599%9854) + . .. . ..
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Probabilistic Programming Markov Chains

Reachability probabilities:

#

#

{init}

Joost-Pieter Katoen

KnuthOs die

Consider the event 4

We have:

Pit = )  Plw...s)
So...5! (Z\4%)4

This yields:

P(90%2554) + P(S9%25%%254) +
%

or: ) P(eos:(56%) ss4)
k=0
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Reachability probabilities: KnuthOs die

{init}

Joost-Pieter Katoen

#

#

Consider the event 4

We have:

Pit = )  Plw...s)
So...5! (Z\4%)4

This yields:

P(99554) + P(599%9854) + . .. . ..
%

or: ) P(eos:(56%) ss4)
k=0

1 % 1},
- 0,
Or: 88T(E:0$—| 0
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Reachability probabilities: KnuthOs die

# Consider the event 4

# We have:
05 o g Pit = )  Plw...s)
So...5! (Z\4%)4
# This yields:

{init}

P(99554) + P(599%9854) + . .. . ..
%

#0r ) P(sos(%6%) ss4)
k=0

1 & 1}
# Oor: = E 9
Or: 88;:0$L—10

1

. 1 14 1
# _ = — = =
Geometric serlesslie‘zl‘—:11 8% 6
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Reachability probabilities: KnuthOs die

# Consider the event 4

# We have:
05 o g Pit = )  Plw...s)
So...5! (Z\4%)4
# This yields:

{init}

P(99554) + P(599%9854) + . .. . ..
%

#0r ) P(sos(%6%) ss4)
k=0

1 % 1}
# — E 0
Or: 88;:0$Z 0

1
# =
Geometric seriess &1_1 8%

For Pnite state spaces, reachability probabilities can be obtanadagbrlthmlcally
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Reachability probabilities

Problem statement
Let D be an MC withPnite state spacd ," ! | ,andG #! .

Aim: determinePr(" ! ! G) = Pr, (! G)
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Reachability probabilities

Problem statement
Let D be an MC withPnite state spacd ," ! | ,andG #! .

Aim: determinePr(" ! ! G) = Pr, (! G) = P{! ! PathdD,)"! I | G}
whereD, is the MCD with initial state " .
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Probabilistic Programming Markov Chains

Characterisation of reachability probabilities
Let variablex, =Pr(" ! ! G) for any state” be debned by:

# it " I Pre’(G), thenx, =0
sherderd greph anslysis
,thenx, =1

#f "

Pre” (6) = ’io-e 28 P (o POG)SDS

sm‘a\\ Qha\a NS
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Probabilistic Programming Markov Chains

Characterisation of reachability probabilities
Let variablex, =Pr(" ! ! G) for any state” be debned by:

# it " I Pre’(G), thenx, =0
# if" 1 G,thenx, =1

# otherwise:
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Probabilistic Programming Markov Chains

Characterisation of reachability probabilities
Let variablex, =Pr(" ! ! G) for any state” be debned by:

# it " I Pre’(G), thenx, =0
# if" 1 G,thenx, =1

Te n*(6)\G

# otherwise:

x = ) PC.#H& + ) P(.9)

"I3\G #! G
&IIIIIIIIIIIIIIIllllllIIIIIIIIIIlIIlIIlIIlllIIIIIII% " )
reachGvial! I | \ G reachG in one step

Pre$(G) is the set of states il from whichG is reachabile, i.e.,
{"rv"pr" ! G)>0}
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Probabilistic Programming Markov Chains

Reachability probabilities: Knuth-YaoOs die

# Consider the event 4

{init}
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Reachability probabilities: Knuth-YaoOs die

# Consider the event 4
# The previous characterisation yields:

Xi =Xo =X3=X5 =Xg =0 andx, =1

{init}
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Probabilistic Programming Markov Chains

Reachability probabilities: Knuth-YaoOs die

# Consider the event 4

# The previous characterisation yields:
Xi =Xo =X3=X5 =Xg =0 andx, =1

X, = X5, =X, =0
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Probabilistic Programming Markov Chains

Reachability probabilities: Knuth-YaoOs die

# Consider the event 4
# The previous characterisation yields:

Xi =Xo =X3=X5 =Xg =0 andx, =1

“Te Tl )

-1 1
Xs = 5% + 5Xs,

?(SQ)E) =0

F(So,s\)
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Reachability probabilities: Knuth-YaoOs die

# Consider the event 4

# The previous characterisation yields:

93 .D] X1 =Xy =X3=Xs =Xg =0 andx, =1
.D‘ X, = X5, =X, =0
g, X, = 3¥e * 3o,
)
DY P(SL,E)ZO
0.5 v /‘C_—Sr
Z ?(5_)27) “ Yo T~ -
Tes\6
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Probabilistic Programming Markov Chains

Reachability probabilities: Knuth-YaoOs die

# Consider the event 4

# The previous characterisation yields:

0.5 — — — — _ 4
_ .D] xl—xz—xs—x5—x6—0an

X, = X5, =X, =0

{init} _1 1
XSQ = EXS1 + EXSZ
_1 1
Xs2 = EXSS + EXSB

_1 1 A A
X35—§X5+5X4 =L)%—\- >

—
> P(s,<) > '?(Ss—.\')
ce Z\G yeG
—_—
= ?(%,Q):i
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Reachability probabilities: Knuth-YaoOs die

# Consider the event 4
# The previous characterisation yields:
.D] Xi =Xo =X3=X5 =Xg =0 andx, =1

X, = X5, =X, =0

{init} _1 1
XSQ = EXS1 + EXSZ

_1 1
Xs2 = EXSS + EXSB

_1 1
XSS_EX5+EX4

1 1
Xsy = 5%s, ¥ 5X6
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Reachability probabilities: Knuth-YaoOs die

# Consider the event 4
# The previous characterisation yields:
.D] Xi =Xo =X3=X5 =Xg =0 andx, =1

X, = X5, =X, =0

{init} _1 1
XSQ = EXS1 + EXSZ

_1 1
Xs2 = EXSS+ EXSB

_1 1
XSS_EX5+EX4

_1 1
XSG_EXSZ-'-EXG

# Gaussian elimination yields:

1 -1 -1
3,x36—6,and X = 5
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Linear equation system

# Let! , = Pre$(G)\ G, the states that can reacl@& by > 0 steps

Y

on 0,1 coses
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Linear equation system

# Let! , = Pre$(G)\ G, the states that can reacl@& by > 0 steps

# A= SP(",#) %, o the transition probabilities il -
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Linear equation system

# Let! , = Pre$(G)\ G, the states that can reacl@& by > 0 steps

# A= SP(",#) %, o the transition probabilities il -

# b =3 % 5, the probs to reactG in 1 step,
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Linear equation system

# Let! , = Pre$(G)\ G, the states that can reacl@& by > 0 steps
A =8P, H)%. 5,

# b =9 %, 5, the probs to reactG in 1 step, i.e.by = Z P",$)

the transition probabilities inl -

#1G
The vectorx = (x; )i 15, with x, =Pr(" ! I G) is the uniquesolution of the

linear equation system:
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Linear equation system

# Let! , = Pre$(G)\ G, the states that can reacl@& by > 0 steps
# A= SP(",#) %, s.» the transition probabilities in -,

# b =9 %, 5, the probs to reactG in 1 step, i.e.by = Z P",$)

#1G
The vectorx = (x; )i 15, with x, =Pr(" ! I G) is the uniquesolution of the

linear equation system:
Xx = A& + b or, equivalently (I' A)Jk = b

wherel is the identity matrix of cardinality” ,"& "
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Reachability probabilities: Knuth-YaoOs die
T

# Consider the event 4
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Reachability probabilities: Knuth-YaoOs die

# Consider the event 4

.D‘ #1:={%0,%% S}

{init}
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Probabilistic Programming Markov Chains

Reachability probabilities: Knuth-YaoOs die

# Consider the event 4
# I ? :{&)1321551%}
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Reachability probabilities: Knuth-YaoOs die

# Consider the event 4

.D‘ #1:={%0,%% S}

«1 "2 0 0 _ .x x+ 0 _So
, ; C e Xy ;
{init} %0 1 '% '%E@XSZ: :%Oisz

0 0 1 0:%x; 3 iss

c0 0 1 xg v 0/ sy
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Reachability probabilities: Knuth-YaoOs die

# Consider the event 4

n] # !?:{&)1821551%}

«1 'Y 0 0 _ ,x « 0
{init} 2 - s - -
T
0 0 1 0:%Fxg R
N R R A

1 _1 _
g,xss—g,and Xg, =

[
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Computing reachability probabilities

Polynomial complexity

Reachability probabilities in Pnite MCs can be computed in polynomial
time.
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Probabilistic Programming State classibcation

Overview

@ State classibcation
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Probabilistic Programming State classibcation

First visit probabilities © o
o T
First visit probabilities

For states" ,#! | | let

Pr{prst visit to# after exactlyn steps from"}

/ﬁ
(This dilers from the probability to move from¥# to " in n steps.)

We have: N — Liove
P'C.#) = ) 10" ) vk e T
$=1

The probability to reach# from state" equals:

n
P(sv)

%

Pt #)=hy =) 0

n=1

Joost-Pieter Katoen Probabilistic Programming 21/35



Probabilistic Programming State classibcation

Return probabilities

g =T (@) n
o
o

Return probabilities

"
For state" ! | | let skeps

f!(”) = Pr{brst return to" after exactlyn}/

We have:

" = £ = Pr{brstvisitto" after n steps from"}.
The return probabilityto state " equals:Pr(" ' ! ") = f, = :f’:lf!(”).

Joost-Pieter Katoen Probabilistic Programming 22/35



Probabilistic Programming State classibcation

Transient and recurrent states

o
(v

The return probability to" equals:Pr(" ! 1 ") =

Transient and recurrent states

State" is calledrecurrentif f, =1, i.e., with probability one (aka: almost
surely) the MC returns td'.

State" is calledtransient otherwise, i.e., iffi <1. With a positive
probability, the MC does not return to a transient state.

Example on the black board.

Joost-Pieter Katoen Probabilistic Programming 23/35



Probabilistic Programming State classibcation

NuII and positive recurrence
Let" be arecurrent state, i.ePr(" ! ! ")=1 =1.

Mean recurrence time
The mean recurrence timef recurrent state" equals

This is the expected number of steps between two successive visits to

Null and positive recurrent states

State" is calledpositive recurrentwvhenevem, < %. Otherwise, state'
is callednull recurrent then m; = %.

Example on the black board.

Joost-Pieter Katoen Probabilistic Programming 24/35
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Probabilistic Programming State classibcation

Null and positive recurrence in pPnite MC

1. Every state in a Pnite MC is either positive recurrent or transient.
2. At least one state in a Pnite MC is positive recurrent.

3. A Pnite MC has no null recurrent states.

L; nul recucrence S Q\b ot .\\M‘o&'\-em(e
'?0( '\\«“\\\\uh MCs.
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Probabilistic Programming State classibcation

FosterOs theorem

A countable Markov chain i©non-dissipativeO
if almost every inbnite path eventually enters
N and remains in N positive recurrent states.
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Probabilistic Programming State classibcation

FosterOs theorem
A countable Markov chain i©non-dissipativeO

if almost every inbnite path eventually enters
N and remains in N positive recurrent states.

FosterOs theorem

A sulcient condition for being non-dissipative is:

S j-PG.j) < i for all statesi
j=0
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Probabilistic Programming State classibcation

FosterOs theorem -

A countable Markov chain i©non-dissipativeO
if almost every inbnite path eventually enters
N and remains in N positive recurrent states.

FosterOs theorem

A sulcient condition for being non-dissipative is:

Zj-P(i,j) < i for all statesi

j=0
F. Gordon Foster
I Frederic Gordon Foster
e Marko! chains with an enumerable number of states
e and a class of cascade processes
.D::.':: David George Kendall 1 9 5 l

Joost-Pieter Katoen Probabilistic Programming 26/35



Probabilistic Programming State classibcation

Periodicity and ergodicity

A state! is calledperiodic if
f!(”) >0 implies n=k-d where periodd > 1.

A state is aperiodic otherwise.

A state isergodicif it is positive recurrent and aperiodic.
An MC is ergodic if all its states are ergodic.

xample on the black board.

Joost-Pieter Katoen Probabilistic Programming 27/35
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Probabilistic Programming State classibcation

Connected states are of the same OtypeO

ab

Let! and" be mutually reachsale from each other. Then:

I is transient ! is transient

"

I is null-recurrent il is null-recurrent

n

I is positive recurrent ! is positive recurrent

I has periodd il  ta«r has periodd
T

Joost-Pieter Katoen Probabilistic Programming 28/35



Probabilistic Programming

State classibcation

|I’I'edUC|bI|Ity O_%;_\)} nok Trredunclle

Irreducible

A MC isirreducibleif it is strongly connected, i.e., all states are mutually
reachable.

MarkovOs theorem

A Pnite, irreducible MQD is (1) positive recurrent, and (2) ergodic
providedD is aperiodic. In the latter case, we have

V'$
% where v:'mil,...,mik(
#yv &

wherek =)!).

Joost-Pieter Katoen Probabilistic Programming 29/35
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Probabilistic Programming

State classibcation

Stationary distribution

Stationary distribution

A probability vectorx satisfyingx =

x!IP is called astationary distribution
of MC D.

x =1 % IP() B o lan Pt =l e PO

|||||||
"y

outBow of ! |
inRow of !

An irreducible, positive recurrent MC has a unique stationary distributior
satisfyingx, = mi for every state" .

Joost-Pieter Katoen
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Probabilistic Programming State classibcation

Limiting distribution

Ergodic stochastic matrix

Stochastic matrixP is calledergodicif:

# . . . .
P" = Ilrg P" exists and has identical rows
n-:

Limiting distribution

If P is ergodic, then each row @ equals thelimiting distribution.

Limiting = stationary distribution

For ergodic (aka: aperiodic and positive recurrent) MCs, the stationary
and limiting distribution are equal.

Joost-Pieter Katoen Probabilistic Programming 31/35



Overview

© Rewards
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Rewards
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Probabilistic Programming Rewards

Rewards

To reason about resource usage in MCs: uswards

MC with rewards

A rewardMC is a pair(D, r) with D an MC with state spac&_ and
r $> - R a function assigning a reakwardto each state.

The rewardr (") stands for the reward earned on leaving stéte
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Rewards

To reason about resource usage in MCs: uswards

MC with rewards

A rewardMC is a pair(D, r) with D an MC with state spac&_ and
r $> - R a function assigning a reakwardto each state.

The rewardr (") stands for the reward earned on leaving stéte

Cumulative reward for reachability

Let#="¢9...", be a bnite path iND,r) and G # ¥ a set oftarget states
with # ! %G. The cumulative rewarcalong# until reachingG is:

rc@#) =r("g)+...+r("x 1) where"; I Gforalli<k and"! G.
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Rewards

To reason about resource usage in MCs: uswards

MC with rewards

A rewardMC is a pair(D, r) with D an MC with state spac&_ and
r $> - R a function assigning a reakwardto each state.

The rewardr (") stands for the reward earned on leaving stéte

Cumulative reward for reachability

Let#="¢9...", be a bnite path iND,r) and G # ¥ a set oftarget states
with # ! %G. The cumulative rewarcalong# until reachingG is:

rc@#) =r("g)+...+r("x 1) where"; I Gforalli<k and"! G.

If # 1 %G, thenrg(#) = 0.
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Rewards

Probabilistic Programming

Expected reward reachability

Expected reward for reachability

The expected rewardintil reachingG # ~ from" ! ¥ is:

ER(",%G) = |  Pri#)!rc#)
#HE%G
wher "o0..."k is the shortest prebx af such that"y ! G and
N
P G, )-
"'6 (T?I)
+
'Pf (—/‘\TL)‘
8 (‘\’T\l)
Probabilistic Programming 34/35
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ProbabilisticProgramming ______________________JRewads__________________________
Expected reward reachability

Expected reward for reachability

The expected rewardintil reachingG! ! from! " ! is:

ERI,!I G) = | Pr(")"re(")
G

where™ =!g...!y is the shortest prebx df such that! (" Gand!g="!.

Conditional expected reward

Let ER!,! G!A! F) be theconditionalexpected reward until reachinG
under the condition that no states it ! ! are visited.
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Expected rewards in Pnite Markov chains

Polynomial complexity

Expected rewards in bnite MCs can be computed in polynomial time.
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