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Proving almost-sure termination

» What? Termination with probability one.

» Why?
» Termination is an elementary liveness property
» Reachability can be encoded as termination
» Often a prerequisite for proving correctness

» Why is it hard in practice?
» Requires proving lower bound 1 for termination probability
» Lower bounds are harder to prove than upper bounds
T G | —)

AST positive AST
» This is especially true for null-terminating programs
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Our aim

A powerful proof rule at the source code level.

No “descend” into the underlying probabilistic model.
—_—

MNarksy Matns
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Probabilistic Programming Proving termination of ordinary programs

Overview

© Proving termination of ordinary programs
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Probabilistic Programming Proving termination of ordinary programs

Termination by weakest preconditions

Determine wp(P, true) for program P and postcondition true.

Edsger Wybe Dijkstra
A Discipline of Programming

1976
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Probabilistic Programming Proving termination of ordinary programs

How to prove termination?

Use a variant function on the program'’s state space
whose value — on each loop iteration — is monotonically decreasing
with respect to a (strict) well-founded relation.

Alan Mathison Turing
Checking a large routine

1949
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Probabilistic Programming Variant (aka: ranking) functions

Overview

© Variant (aka: ranking) functions
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Probabilistic Programming Variant (aka: ranking) functions

Well-founded relation or: Noekthedom

Well-founded relation

Let (D,C) be a strict partial order. The relation C is well-founded if there

is no infinite sequence d;, db, ds, ... with d; € D such that for all
ieN. diy, =9

()

» (N, <)
» (R", <.) for € >0 where x <, y iff x < y—¢
» (L, <) for lists I where £y < £y iff |[¢1] < |£5].

A Noetherian relation is also called terminating.

Joost-Pieter Katoen
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Probabilistic Programming Variant (aka: ranking) functions

Variant functions

Variant function

A variant (aka: ranking) function V : S - R for GCL-loop while(G) P is a
function that satisfies for every s € S:

1. If s E G, then the execution of P on s terminates in a state t with:
V(t) < V(s)—¢e for some fixed € > 0, and

2. If V(s) <0 then s ¥ G.
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Probabilistic Programming Variant (aka: ranking) functions

Variant (aka: ranking) functions

F 1 1 : 1 1 1 T : >
0 1 2 3 4 5 6 7 8 9
s s s s s s s s s s
N . .
—r — loop iterations
3rd

loop Ttetnn VP
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Probabilistic Programming Variant (aka: ranking) functions

Variant (aka: ranking) functions

L 2

— loop iterations
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Probabilistic Programming Variant (aka: ranking) functions

Variant (aka: ranking) functions

L 2

4 5
s s s s s s s s s s
— loop iterations
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Probabilistic Programming Variant (aka: ranking) functions

Termination

|
Every (universally) terminating loop while(G) P has a variant function.

(Sketch.)

1. As V is a variant function, from every state s E G, the execution of the loop body
P reaches a state t whose ranking is at least by € smaller than s's ranking, and

2. ensures that if the ranking hits 0 or drops below, this falsifies the loop guard G
and thus causes the loop to terminate.
Therefore, from every state s, no infinite chain of successor states with ever decreasing
ranking can be formed by iterated execution of the loop body P without eventually
falsifying the loop guard G. Since the length of such a chain is bounded by [V(s)/<], this
ensures certain termination of the loop within at most [V(s)/c] loop iterations. []
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Probabilistic Programming Variant (aka: ranking) functions

Examples

while (x > 0) { x := x-1 }

Ranking function V = x.

X := ... ;59 :=...// zand y are positive
while (x '= y) {

if (x >y) {x :=xy }else {y:=y=x}
}

Ranking function V =x +y.
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Probabilistic Programming Variant (aka: ranking) functions

Ranking functions for probabilistic programs

while (x > 0) {
{x :=x11}

}

Ranking function V = x does not guarantee to decrease x.

But every loop iteration decreases x “in expectation”.

\;;«;:;A

'SR 3 > -eypec)rco\
ed v C_/ — Chenye O
Cs(?cc-c <\ m\J&Q X N
13 O
‘\-,/\ _3‘ _‘- -\ L‘ T
h 9°1="3
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Probabilistic Programming Variant (aka: ranking) functions

A proof rule for positive almost-sure termination

Proving positive almost-sure termination [Chakarov et al., 2013]

Let while(G) P be a loop where P terminates universally certainly (e.g., P
is loop-free), and let / € E be a ranking super-invariant of the loop w.r.t.
expectation 0, i.e., / < 00 and for some constants € and K with 0 < e < K
it holds:

[-G]- /<K and [G]-K <[G]-I+[G] and &()<[G]-(I-e)

] /

\‘”P ')\:tﬂ.‘\'\;n C\.\qrac\(e/ka\-?c
YerrninaY es op— Snchoa of e Nosp

() = TEJ. wp (P, X) + T~6]-0
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Probabilistic Programming Variant (aka: ranking) functions

A proof rule for positive almost-sure termination

Proving positive almost-sure termination [Chakarov et al., 2013]

Let while(G) P be a loop where P terminates universally certainly (e.g., P
is loop-free), and let / € E be a ranking super-invariant of the loop w.r.t.
expectation 0, i.e., | €00 and for some constants € and K with 0 < e < K
it holds:

[-G]- /<K and [G]-K<[G]-I+[=G] and &(I)<[G]-(/-e).
Ny s ~—

Then: while(G) P terminates universally positively almost surely.

® ® @

On the black board.
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Probabilistic Programming Proving almost-sure termination

Overview

@ Proving almost-sure termination

Joost-Pieter Katoen ilistic Programming



Probabilistic Programming Proving almost-sure termination

AST by weakest preconditions

Determine wp(P, 1) for program P and postcondition 1.

Dexter Kozen
A probabilistic PDL

1983
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Probabilistic Programming Proving almost-sure termination

A zero-one law for termination
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Probabilistic Programming Proving almost-sure termination

A zero-one law for termination = < (@)

Zero-one law for probabilistic termination

Let / € P such that [/] is a wp-subinvariant of while(G) P with respect to
post-expectation [/]. Furthermore, let € > 0 a constant such that:

€-[/] < wp(while(G)P,1).

~—————

&Umih&\\\ﬁ (An\a q\n\\‘\*\a_
of  Wnle (6)P
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Probabilistic Programming Proving almost-sure termination

A zero-one law for termination

Zero-one law for probabilistic termination

Let / € P such that [/] is a wp-subinvariant of while(G) P with respect to
post-expectation [/]. Furthermore, let € > 0 a constant such that:

e [/] = wp(while(G)P,1).

Then:

[1] < wpluhile(G)P,(~G A l)).

Joost-Pieter Katoen Probabilistic Programming



Probabilistic Programming Proving almost-sure termination

A zero-one law for termination

Zero-one law for probabilistic termination

Let / € P such that [/] is a wp-subinvariant of while(G) P with respect to
post-expectation [/]. Furthermore, let € > 0 a constant such that:

€[] = wp(while(G)P,1) .

Then:
[/l < wp(while(G)P,(=GAl)).

On the black board. O]

L veladed o ‘el carectesy wde ’
o~ \Qm %‘\:3
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Probabilistic Programming Proving almost-sure termination

A zero-one law for termination

Zero-one law for probabilistic termination

Let / € P such that [/] is a wp-subinvariant of while(G) P with respect to
post-expectation [/]. Furthermore, let € > 0 a copstant such that:

frow Ao Hnd
€ N wp(while(G) P, 1) . vis
Then: = LenmN e \: (.2
1 [ < wp(while(G)P, (-G =)) . R
On the black board. 0

A special case is obtained for invariant / equals true.
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Probabilistic Programming Proving almost-sure termination

A large body of existing works

Hart/Sharir/Pnueli: Termination of Probabilistic Concurrent Programs. POPL 1982
Bournez/Garnier: Proving Positive Almost-Sure Termination. RTA 2005
Meclver/Morgan: Abstraction, Refinement and Proof for Probabilistic Systems. 2005
Esparza et al.: Proving Termination of Probabilistic Programs Using Patterns. CAV 2012
Chakarov/Sankaranarayanan: Probabilistic Program Analysis w. Martingales. CAV 2013

Fioriti/Hermanns: Probabilistic Termination: Soundness, Completeness, and
Compositionality. POPL 2015

Chatterjee et al.: Algorithmic Termination of Affine Probabilistic Programs. POPL 2016
Agrawal/Chatterjee/Novotny: Lexicographic Ranking Supermartingales. POPL 2018
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Probabilistic Programming Proving almost-sure termination

A large body of existing works

Hart/Sharir/Pnueli: Termination of Probabilistic Concurrent Programs. POPL 1982
Bournez/Garnier: Proving Positive Almost-Sure Termination. RTA 2005
Meclver/Morgan: Abstraction, Refinement and Proof for Probabilistic Systems. 2005
Esparza et al.: Proving Termination of Probabilistic Programs Using Patterns. CAV 2012
Chakarov/Sankaranarayanan: Probabilistic Program Analysis w. Martingales. CAV 2013

Fioriti/Hermanns: Probabilistic Termination: Soundness, Completeness, and
Compositionality. POPL 2015

Chatterjee et al.: Algorithmic Termination of Affine Probabilistic Programs. POPL 2016
Agrawal/Chatterjee/Novotny: Lexicographic Ranking Supermartingales. POPL 2018

Key ingredient: super- (or some form of) martingales
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Probabilistic Programming Proving almost-sure termination

On super-martingales e Iy T2 %44y
) (£>0)
ra"‘\‘*\f‘j g\..{\beﬁ

\/=7< < “ » Y/_\
(is & rerdom 0 ~

r—

von g\o\QS'ﬁ)chastic process X1, Xp,...is a m’értingale whenever:
E(Xn+1 | le e ,Xn) = Xn
It is a super-martingale whenever:

]E(Xn+1|X11---vXn) < Xn

\
)( JKa, Ry A .;’ -
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Probabilistic Programming Proving almost-sure termination

A historical perspective

A countable Markov process is “non-dissipative”
if almost every infinite path eventually enters
— and remains in — positive recurrent states.

A sufficient condition for being non-dissipative is:

Zj ~pj < i for all states i

j=0

F. Gordon Foster
o e Frederic Gordon Foster
o S — . ;

vy Markoff chains with an enumerable number of states

e e and a class of cascade processes

—
Doctoral David George Kendall 1 9 5 1

advisor
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Probabilistic Programming Proving almost-sure termination

Kendall’s variation

A Markov process is non-dissipative if for some function V : ¥ - R:
2 V(j)-p; < V(i) forall states i
j=0

and for each r there are finitely many states i with V(i) < r

David George Kendall
On non-dissipative Markoff chains
with an enumerable infinity of states

1951

Joost-Pieter Katoen Probabilistic Programming 23/33



Probabilistic Programming Proving almost-sure termination

On positive recurrence

Every irreducible positive recurrent Markov chain is non-dissipative.

A Markov process is positive recurrent iff there is a Lyapunov function
V :¥ - R, with for finite FC ¥ and ¢ > 0:

2;VU)-pj < oo fori€F,and
2 VU) Py < V()-e fori¢F.

Markov Chains pp 167-193 | Cite as
Lyapunov Functions and Martingales Frederic Gordon Foster
On the stochastic matrices associated

with certain queuing processes
1953

Authors Authors and affiliations

Pierre Brémaud

Pierre Brémaud 1999
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Probabilistic Programming

Proving almost-sure termination

Proving almost-sure termination

\V cno~k ‘C\.‘A C‘\\\r\

\/: s — 0,

Q

The symmetric random walk:

while (x > 0) { x

:=x-1 [0.5] x := x+1 }

V= %
\ )
§ L
R | I— D | )
~ OO~ VO &
2 L
S 2
espechtd detealde ' E(A\’) Yo
oF V o~ eacw e ehon = 2 2’
= O
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Probabilistic Programming Proving almost-sure termination

Proving almost-sure termination

The symmetric random walk:

while (x > 0) { x := x-1 [0.5] x := x+1 }

Is out-of-reach for many proof rules.

A loop iteration decreases x by one with probability 1/2
N —r

S——
T Aecaze

Vo oa
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Probabilistic Programming Proving almost-sure termination

Proving almost-sure termination

The symmetric random walk:

while (x > 0) { x := x-1 [0.5] x := x+1 }

Is out-of-reach for many proof rules.

A loop iteration decreases x by one with probability 1/2

This observation is enough t{witnestlmost—sure termjnation!

CCnddnn \/ “Wwe
osoblk = } deccare Y,\ﬁ\, e\g.\\’;a_
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Proving almost-sure termination

Probabilistic Programming

Do these programs almost surely terminate?

while (x > 0) {
p := 1/(x+1);
x = 0 [p] x++}

while (x > 0) {
p:= x/(2%x+1);
x-- [p] x++}

Probabilistic Programming

Joost-Pieter Katoen



Probabilistic Programming Proving almost-sure termination

Proving almost-sure termination

Goal: prove a.s.—termination of while(G) P

Joost-Pieter Katoen Probabilistic Programming



Probabilistic Programming

Proving almost-sure termination

Proving almost-sure termination
VV s a rondoe Naachle
$ — ‘RZO

Goal: prove a.s.—termination g ile(G) P
Ingredients:

» A supermartingale V mapping states onto non-negative reals

» E{V(spa) | V(s V(s)} = V(s,) svpermarting el
» Running body P on state s F G does not increase E(V/(s))
» Loop iteration ceases if V/(s) =0

s s S, Sh St

Joost-Pieter Katoen
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Probabilistic Programming Proving almost-sure termination

Proving almost-sure termination et (oA
)f\)'° ‘\Y‘J‘& 1
70 @\70
v 7
Goal: prove a.s.—termination of whilefG) P
a Q\‘[/ \ue'

‘ C~

Ingredients: N|

» A supermartingale V mapping states onto non-negative reals e
E{V(spi1) | V(so), ..., VAsa)} = V(s)

» Running body P on stat¢ s F G does not increase E(V/(s))

» Loop iteration ceases if[V/(s) =0

v

> ... and a progress condition: on each loop iteration in s
» V(s') = v decreases by > d(v) with probability > p(v)
» with antitone p (“probability”) and d (“decrease”) on V's values

VvV = J \\~\°\a:25 ‘3(\..:) s p(v)

AW = Al)
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Probabilistic Programming Proving almost-sure termination

Proving almost-sure termination . p — ®,,

Goal: prove a.s.—termination of while(G) P V: $— ‘Rzo

Ingredients: e R d (Ou"]
» A supermartingale V mapping states onto non-negative reals
» E{V(sp1) | V(o). V(sp)} = V(s))
» Running body P on state s F G does not increase E(V/(s))
» Loop iteration ceases if V/(s) =0

> ... and a progress condition: on each loop iteration in s
» V(s') = v decreases by > d(v) with probability > p(v)
» with antitone p (“probability”) and d (“decrease”) on V's values
Then: while(G) P a.s.-terminates on every input
Monc¥on e K €y —> £6 = 913)
avFhrone K Sy —> S‘(x) > ’Q(b)
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Probabilistic Programming Proving almost-sure termination

Proving almost-sure termination

L 3

— loop iterations

sk \ovp \oqe
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Probabilistic Programming Proving almost-sure termination

Proving almost-sure termination

V(s

AN
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Probabilistic Programming Proving almost-sure termination

. . . ro~dom el
Proving almost-sure termination
. 1 \
» with b. > 74 = =
| - with pro p( (s )) >
V(s') . .

AN 4

=1 lower bsord o~ kve dereade Qg‘

V(s)

4
L 3

— loop iterations
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Probabilistic Programming Proving almost-sure termination

Proving almost-sure termination
- with prob. 2 p( V(sl))
V(s') o

L

L 3

— loop iterations
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Probabilistic Programming Proving almost-sure termination

Proving almost-sure termination
- with prob. 2 p( V(sl))
——

V(s . )

AN 4

_. with prob. 2 p( \L(.sj))

(]
~——
]
1 1 1 1 I
1 1 1 1 1 T 1 1 1 ?
0 1 2 3 4 5 6 7 8 9
5 S S S S S S S S S

— loop iterations
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Probabilistic Programming Proving almost-sure termination

. . . rands welk
Proving almost-sure termination -

» with prob. > p( V(sl)) =
) ,' ~—
V(s')

L

_. with prob. 2 p( V(s4)) ‘l)_
o
=1
e d(V1) < d(v4)
by antitone d
I7 I8 |9 L4
s s s s

— loop iterations
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Probabilistic Programming Proving almost-sure termination

. )
Proving almost-sure termination p(V1) = p(V4)

,/ With prob_ > p( v(sl)) ............ I:.).y...a.r:l.t.llt.‘?!]e p
[

V(s

L

°
LT (IR O
¢ d(V1) = d(Vv4)
by antitone d
I7 I8 I9 L4
s s s s

— loop iterations
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Probabilistic Programming Proving almost-sure termination

Proving almost-sure termination p(V1) = p(V4)

,/ With prob_ > p( v(sl)) ............ I:.).y...a.r:l.t.llt.‘?!‘e p

V(s

L

d(V1) = d(Vv4)
by antitone d

L 3

— loop iterations
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Probabilistic Programming Proving almost-sure termination

Proving almost-sure termination p(V1) = p(V4)

,/ With prob_ > p( v(sl)) ............ I:.).y...a.r:l.t.llt.‘?!‘e p

V(s

L

d(V1) = d(Vv4)
by antitone d

L 3

— loop iterations
The closer to termination, the more V decreases and this becomes more likely

Joost-Pieter Katoen Probabilistic Programming



Probabilistic Programming Proving almost-sure termination

I:’}N{
The formalproof rule for almost-sure termination

Proof rule for almost-sure termination [Mclver et al., 2018]

Let / € P, (variant) function V : S = R,q, (probability) function
p:Ryg = (0, 1] be antitone, (decrease) function d : Ryg > Ryg be

antitone. If: we—
chos ockeashc

1. [/] is a wp-subinvariant of while(G) P w.r.t. [/] fonchon oF
2. V =0 indicates termination, i.e. [-G]=[V = 0] Ewe \oop

3. V is a super-invariant of while(G) P w.r.t. V Bv) <V

4. V satisfies the progress condition: syat stete oF ¥

°
s

f::ﬁf;'@ v).[c;]-[/], < As.wp(P,[V < V(s) - d (V(s))])(s)

Then: the loop while(G) P terminates from any state s satisfying the
invariant /, i.e.,

[/] < wp(while(G)P,1) .

Joost-Pieter Katoen Probabilistic Programming



Probabilistic Programming Proving almost-sure termination

The symmetric random walk

» Recall:

while (x > 0) { x := x-1 [0.5] x := x+1 }

Joost-Pieter Katoen Probabilistic Programming



Probabilistic Programming Proving almost-sure termination

The symmetric random walk

» Recall:

while (x > 0) { x := x-1 [0.5] x := x+1 }

» Witnesses of almost-sure termination: T-Ane
» V=x
» p(v)=12and d(v) =1

Joost-Pieter Katoen Probabilistic Programming



Probabilistic Programming Proving almost-sure termination

The symmetric random walk

» Recall:

while (x > 0) { x := x-1 [0.5] x := x+1 }

» Witnesses of almost-sure termination:
» V=x
» p(v)=12and d(v) =1

That's all you need to prove almost-sure termination!

Joost-Pieter Katoen Probabilistic Programming
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Probabilistic Programming Proving almost-sure termination

The escaping spline

» Consider the program:
while (x > 0) { p := 1/(x+1); x := 0 [p] x++}
1 3 *h Y, ¥ o
e N PN TS\ S\ ——

J 1’8
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Probabilistic Programming Proving almost-sure termination

The escaping spline

» Consider the program:

while (x > 0) { p := 1/(x+1); x := 0 [p] x++}

» Witnesses of almost-sure termination:
» V=x

» p(v) = ﬁ and d(v) =1

Joost-Pieter Katoen Probabilistic Programming



Probabilistic Programming Proving almost-sure termination

A symmetric-in-the-limit random walk

23 35 47

2/5 3/7 4"9

» Consider the program:

while (x > 0) { p := x/(2*x+1) ; x—— [p] x++ }

Joost-Pieter Katoen Probabilistic Programming
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Probabilistic Programming Proving almost-sure termination

A symmetric-in-the-limit random walk

» Consider the program:

while (x > 0) { p := x/(2*x+1) ; x—— [p] x++ }

» Witnesses of almost-sure termination:
» V = H,, where H, is x-th Harmonic number 1 +1/2+ ...+ 1/x

Us ifv>0and Hy_; <v<H,

Joost-Pieter Katoen Probabilistic Programming
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Probabilistic Programming Proving almost-sure termination

Expressiveness

This proof rule covers many a.s.-terminating programs

that are out-of-reach for almost all existing proof rules
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