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Introduction
Prn~s

Today: Markov Automata
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-
The beauty of its theory

» The simplicity of the model
» Parallel composition
» Bisimulation

» Quantitative analysis

The usage for modeling languages

1. Process algebra

2. Stochastic Petri Nets

3. ... not today ......

4. Architectural Analysis & Design Language
5. Dynamic Fault Trees

cal\nare 1)
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Beautiful theory

Overview

Beautiful theory
What are Markov Automata?

Concurrent composition and hiding
Bisimulation

Analysis algorithms

[m] = =
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Beautiful theory

Exponential distributions

» The cdf of exponentially distributed r.v. X
L0 ' ' with rate A € R.q is:
0.8} x
Fx(x) = 1-e*
Z06F
S » The rate )\ uniquely determines Fx
0.4 .
=05 > The higher A, the faster Fx approaches 1
0.2} — =1 . . P .
A=15 > Unique memoryless continuous distribution
001 2 3 4 5 > Expectation= \7!

[m] = -
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A marriage

Beautiful theory

Segala's probabilistic automata

Key: a transition yields a distribution

over states

Hermanns' interactive Markov chains
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A marriage

Beautiful theory

Segala's probabilistic automata

Key: a transition yields a distribution

Hermanns' interactive Markov chains
Key: separated action and delay
over states

transitions
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Beautiful theory

Markov automata

[Eisentraut et al, 2010]

ale w|p

MSL\:

A Markov automaton M is a tuple (S, Act, —, - sp) where
» S is a nonempty set of states with initial state sy € S
Act is a set of actions; 7 is an internal action
— € S x Act x Dist(S) is a set of action transitions
->€ S xR,g x S is a set of Markovian transitions
a . ro,
such that there is at most one r € R,g with s -> s

Joost-Pieter Katoen Markov Automata



Beautiful theory
Maximal progress assumption

ek\m— ds T

\wwt.d?ﬁkb
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Beautiful theory
Maximal progress assumption

T reduces to

©
P ( () < 0) =0
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Beautiful theory
Maximal progress assumption

reduces to

But as visible actions may be subject to delaying by other components
—

ey Lefck | 4T
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Beautiful theory

Maximal progress assumption

(o)
@ reduces to
©

T

©
()

But as visible actions may be subject to delaying by other components
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Beautiful theory

Concurrent composition

The composition of My and My wrt. A= (Act; nActy) N {7} is:

My || My = (51 X SQ,ACtl @] ACtg, — >, (5071,50’2))

as for ‘k\a.

O&‘b ma"\‘c\
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Beautiful theory
Concurrent composition

The composition of My and My wrt. A= (Act; nActy) N {7} is

My |LM2 = (51 x Sy, Acty U Acty,

)Ty (50,1750,2))
where — and -»> are defined as the smallest relations satisfying

5 = and s, & and a € A
(SYNC) 1—>1 M1 2a—>2 2
(51,52)—’M1 2%

—_—

— M (sl) “f‘;
%' M (s )
ol B
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Beautiful theory

Concurrent composition

The composition of My and My wrt. A= (Act; nActp) N {7} is:

My || M, = (51 X SQ,ACtl @] ACtg, — >, (5071,50’2))

where — and -» are defined as the smallest relations satisfying:

= ds& dacA
(SYNC) S1—71 /41 and 8 a—>2M2 and «
Sacne G3 (s1,52) == p1-pi2

Qor < “g

a dadéA s, —
Pk (AsyNC) 1/ an of Y
(s1,52) == p1- A,

QN%MOA'G.

(“\.‘L) :aha.h
B, = Y

A&(S“) =A

Ag?. (s’):t) s l:/
=]
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Beautiful theory
Concurrent composition

The composition of My and My wrt. A= (Act; nActy) N {7} is

My || Mz = (51 x Sp, Acty U Actp, —,->, (50,1, 50,2))
where — and -»> are defined as the smallest relations satisfying

= ds& dacA
(SYNC) S1—>1M1 an S2a—>2M2 and «
(51,%2) = p1-pi2
b

s?'__..,>3 !

(3\)‘51_) "—') (s\\ L

“ d A
(Asyngy S and a

(s1,5) = 1 - As,

!
S1->1 S
(DELAY) Lo

)\l
51 ->1851 and So ->25
X and
(51752) o> (51752)

A+N
(s1,82) > (51,%2)
Joost-Pieter Katoen
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Compatibility

Beautiful theory

systems.

Parallel composition is backward compatible with parallel composition on
probabilistic automata and parallel composition on labeled transition

o = = = a0
Joost-Pieter Katoen Markov Automata 1
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Beautiful theory
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Beautiful theory
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Beautiful theory
Bisimulation

—5 C Sx Ak x Duk(S)
A

> S S xRy xS
'S /_{O\db
).A
“)(1 de\es d
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Beautiful theory

Bisimulation

Bisimulation

Equivalence R c S x S is a bisimulation if for all (s,t) € R:

Joost-Pieter Katoen Markov Automata 12/44



Beautiful theory
Bisimulation

Bisimulation
Equivalence R € S x S is a bisimulation if for all (s,t) € R:
Vo € ActURso: s -2 implies t % v with YC € S/R: 1(C) = v(C).

—_—
s Zo e e £ e mO=v(Q) Yok
— W~>o
S --%,_) 5’ e E ___AA_> E/ P(C\: V(C)

Joost-Pieter Katoen Markov Automata 12/44



B 1.0
51

Bisimulation

Equivalence R € S x S is a bisimulation if for all (s,t) € R:
Vo € ActURso: s -2 implies t % v with YC € S/R: 1(C) = v(C).

Let ~ be the largest bisimulation relation.

Congruence [Eisentraut et al, 2010]

~ is a congruence wrt. parallel composition and hiding.

Joost-Pieter Katoen
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Bisimulation — Example

Beautiful theory

A
7 N h
s hd >
~
g
\
N

~ s //
RS~ (e "B

is bisimilar to
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Compatibility

Beautiful theory

|
Bisimulation is backward compatible with bisimulation on probabilistic
automata and bisimulation on labeled transition systems.
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Weak bisimulation

Beautiful theory

PINCs

cncs

.§ i~ so~e \echures  befire
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Beautiful theory

Weak bisimulation

A naive attempt

Equivalence R < S x S is a weak bisimulation if for all (s,t) € R:

V6 € ActURsg: 55> 1 implies t == v with ¥C € S/R: u(C) = v(C)

) * *
where t==; means t 7> % T 1 (over trees).

This relation is backward compatible but too fine, as it distinguishes:

[
: o}
—Q - s_ +>O— and —»(
3 5'%‘0

Joost-Pieter Katoen Markov Automata 15/44



Beautiful theory

Weak bisimulation over distributions [Doyen et al., 2008]

ition 10 (Weak bisimulation [20]). A symmetric relati
tions ove is called a weak bisimulation if and only i
all a € RU {e}

(n27, pa?) € split

(i) p1(s)ds R po™ and
(ii) whenever s - 1 for

on subdistribu-
enever (11 Ryjio then for

Two subdistribution.
is contained in

and ~ are weak bid%
e weak bisimulation.

ilar, denoted by p =~ =, if the pair (., )

u]
@
I

ut
i

Joost-Pieter Katoen Markov Automata 16/44



Beautiful theory

Weak bisimulation over distributions [Doyen et al., 2008]

Congruence [Eisentraut et. al., 2010]

~ is a congruence wrt. parallel composition and hiding.

Theorem [Deng & Hennessy, 2011]

~ is the coarsest “reasonable” notion of weak bisimulation.

Joost-Pieter Katoen Markov Automata 16/44



Backward

Beautiful theory

compatibility

wiN,
z

Joost-Pieter Katoen

[m]

&
Markov Automata

Da¢

17/44



Backward

Beautiful theory
compatibility

[ 1@
3 637
7
—@ - °- O v —@
A
2 2
3 6'3*0
Similarly, one obtains:

W=

win
P4
+ﬂ)
\r
@

Joost-Pieter Katoen
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Backward

Beautiful theory
compatibility

1 [ 6,%4‘
—Q- - s_ -»O;o ~ —»‘:/
N
o3
Similarly, one obtains:
3

win
P4
+ﬂ)
\r
@

But Segala's weak bisimulation distinguishes these PA
sWae AS
Joost-Pieter Katoen
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Beautiful theory

Analysis

- e x
P o oV achond
M O —
M¥s T achhas

Model to be analysed

Typical structure:
M = (M| M) . [ MCA)

where A is the union of all visible actions, i.e., A=U; Act(M;) - {7 }.

States in M have either only Markovian or only action transitions. No
mixtures.

T
o(?{ o
S

Joost-Pieter Katoen Markov Automata 18/44




Expected time

Beautiful theory

<
SO _))J-o )}o(sﬂ) =1
$° l))A1 )h‘(‘z’): 3’
e (sl) :g

» Expected time from sg to s3?

Exw\e

™M
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Beautiful theory

Expected time

» Expected time from sg to s3?

» Maximally oo —

Non-determinism

The expected time to reach G is not uniquely defined.

Joost-Pieter Katoen Markov Automata 19/44



Beautiful theory

Expected time

» Expected time from sy to s3?
» Maximally oo
» Minimally %-0 + %%

e -

3.3 1
.D-\—s L 2k

z
s

$ ‘-b"” ,

The expected time to reach G is not uniquely defined. peb (6,%)

It depends on the choices in states sy and sp.

Joost-Pieter Katoen Markov Automata 19/44



Beautiful theory

Expected time

» Expected time from sy to s3?

» Maximally oo
> Minimally §~O+ %%

Non-determinism

The expected time to reach G is not uniquely defined.

It depends on the choices in states sy and sp. Approach: consider all
possibilities. This yields bounds.

Joost-Pieter Katoen Markov Automata 19/44



|
|
Let eTp(s,OG) be the expected time to reach G starting from state s
under policy P.

Determine the minimal expected time until reaching G from s, i.e.,
eTp(s,<G) under the most demonic policy P that prevents the system
from reaching G.

Joost-Pieter Katoen



Beautiful theory
Fixpoint theorem

eﬁpee\té
de\n:) W Sh=ke S

e7—min(5,<>G) is the unique fixppint of the Bellman operator: E),- -
1 )

p(s,s’)-v(s') ifseMS-G

) ZPE

S

'[—L‘(“\:z]\(f) ) aeng?(S) S'ZE:SMO[(SI) ’ V(Sl) if se PS-G

v(9)
I 0 ifseG s’

CTM‘“‘ (‘) QG’) O\Jer:\:h\»: a \°~ ch\so\.‘\\zb

poloabNides a MDPs

Joost-Pieter Katoen Markov Automata 21/44



Theorem
eTmi"(s, &G) is the unique fixpoint of the Bellman operator:

+Zp(ss) v(s') ifseMS-G

s’eS

[L(V)](s) = o ifse PS—G
aerxé?(s)s%p )-v(s') ifsePS

0 ifseG

Corollary

eT™"(s,&G) equals the minimal cost reachability of G of a stochastic
shortest path problem (SSP).

Joost-Pieter Katoen



Beautiful theory

Reduction to SSP problem

Example Markov automaton:
2

—>@ 5 —’/‘_‘,1

_ 5
3
5
z N
z N

3, N1
7 N
7 N
7 1 N
Gl
S3 L] > Sq
1
2
p‘—f(’j;) ifo=1
p(s,0,8") =3 u(s) ifs2u
0 otherwise

Joost-Pieter Katoen

Its induced SSP instance:
2

Blw

s3
0
1
2
L. ifs¢G,o=1
_) B ! )
C(S’ U) { 0  otherwise

[m] = =

Markov Automata




|
Minimal and maximal expected time

1. Make all states in G absorbing
2. Transform the Markov automaton to an SSP problem

3. Solve the SSP problem by linear programming

Positional policies suffice

There is a positional policy that yields eT™"(s, & G).

Joost-Pieter Katoen



Overview

The usage for high-level modeling languages

The usage for high-level modeling languages
Process algebra

Generalized Stochastic Petri Nets
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A process algebra for PA

The usage for high-level modeling languages
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GSPNs: historical perspective

The usage for high-level modeling languages

1973 Timed Petri Nets

[Noe & Nutt]
Plece s

O

—W'l! h?\mﬂ.‘

0

O—
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GSPNs: historical perspective

The usage for high-level modeling languages

"D“)"x CT™Cs
e
1973 Timed Petri Nets

1980 Stochastic Petri Nets

\—uk O$
()
. 4

[Noe & Nutt]
exp. ushr,

[Molloy, Natkin, Symons]

A
©@—1LJ—0
ot o de\b ~ Exp(k)

\
=0
O

e
5 13—0
) D =) @ A .
(@p] _AO: ’:4 X
= )=
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The usage for high-level modeling languages

GSPNs: historical perspective

1973 Timed Petri Nets [Noe & Nutt]

1980 Stochastic Petri Nets [Molloy, Natkin, Symons]

1984 Generalized Stochastic Petri Nets [Ajmone Marsan, Conte & Balbo]
1995 Modeling with Generalized Stochastic Petri Nets [Ajmone Marsan et al)]

A Class of Generalized Stochastic Petri Nets
for the Performance Evaluation of
Multiprocessor Systems

MARCO AJMONE MARSAN and GIANNI CONTE
Politecnico di Torino, Turin, Italy

and

GIANFRANCO BALBO

Universita’ di Torino, Turin, Italy

=} 5 = ),

Joost-Pieter Katoen Markov Automata 26/44



The usage for high-level modeling languages

Generalized stochastic Petri nets [Ajmone Marsan et al, 1984]

What is a GSPN?

A Petri net with
» Timed transitions 0

» Immediate transitions |

» Natural weights

GSPRN  is & Morkey M‘\o@

—shetes = ‘mor\dv:)-* Qb et

S I
-
— (1010000 M o001

L, " e
t Q090100 0100400
Joost-Pieter Katoen Markov Automata 27/44
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N
What is a GSPN?

A Petri net with
» Timed transitions
» |mmediate transitions

» Natural weights

Two-phase semantics

1. Determine enabled transitions and their probability
» Maximal progress: immediate transitions have priority

2. Determine the underlying stochastic process

Joost-Pieter Katoen



The usage for high-level modeling languages

GSPN semantics by example

Induced stochastic process
Token game and probabilities i

@@
—@ -

H. XK

k1
. ‘ . Initial distribution u(sl) - ko+/<2k /e and
0 1

pn(s2) = k°+k2 kotkz Kitkz

Isn't this a Markov automaton? Isn't this weakly bisimilar?

Joost-Pieter Katoen Markov Automata 28/44



The usage for high-level modeling languages

Well-defined nets

Backward compatibility [Eisentraut et al., 2013]

The MA semantics of a well-defined GSPN is weak bisimilar to its standard
GSPN semantics.

Joost-Pieter Katoen Markov Automata 35/44



The usage for high-level modeling languages

GSPNs go non-deterministic

Advantages of MA semantics

> It is truly simple

> |t is intuitive
» |t is compositional
» |t is backward compatible

» No restrictions on net level

This solves a long-standing open issue in stochastic Petri nets

Joost-Pieter Katoen Markov Automata 36/44



The usage for high-level modeling languages

Tool support

Min. unbounded reach.: 1.0
Max. unbounded reach.: 1.0

Min. expected time: 0.0
Max. expected time: 0.2 RGSUItS

Min. LRA: 0.0
Max. LRA: 0.4
#GOALS S2

Y

GSPN(P1:N,P2:N,P3:N,
P4:N,P5:N) =

P2>=1=>T2 .
GSPN[P2--, P4++] n

MAPA + P5 >=1 => (4.0) . . -

GsPN[P2++, P5--1 | Optimised

MA

IS

init GSPN(1,1,1,0,1)

reach P1 = 1 & P5 = 2 | #GOALS S2 |
\ 2

http://wwwhome.cs.utwente.nl/~timmer/mama/ Storm

[m] = =

Joost-Pieter Katoen Markov Automata 41/44



The usage for high-level modeling languages
GSPN model of multi-processor system [Ajmone Marsan et. al., 1994]

> A 2x2 multi-processor grid

» Multi-tasking of k tasks/processor

» Two-phase task execution:

1. local processing (1)

2. co-operative processing (10)
» Selection policy for neighbour

» Pipelining of tasks per processor
» Co-operation has priority
GSPN of a single processor

Joost-Pieter Katoen
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Multi-processor system

The usage for high-level modeling languages

Joost-Pieter Katoen

Presence of immediate transitions excludes usage GSPN tools

o F
Markov Automata
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The usage for high-level modeling languages

Processor throughput

o '{E'\ooa \°°® 2?90(\, 2990(’) e?ao(b‘
o & & & & &
koo 5 & < &° &%
2 2508 3215 145 .9031 ditto  ditto
3 10852 14379 64.7 .9086 ditto ditto
4 31832 42879 193.0 .9090 ditto  ditto

Scenario one: uniform weight assignment

2 asabove 4254 0.8 [.9031,9055] [.8585,0479] [.9029,.9032]
3 asabove 10089 3.2 [.0081,9089] [.8633,.9541] [.9086,.9087]
4 aabove 56704 9.8 [.9089,.9091] [.8636,.9545] [.9090,.9091]

Scenario two: processor one selects non-deterministically

2 as above 4698 0.6 [8110,9956] ditto ditto
3 as above 20872 2.7 [8173,9998] ditto ditto
4 as above 62356 79 [8181, 10] ditto ditto

Scenario three: fully non-deterministic
Db <> «Er B e



