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parametric Markov Chains (pMCs)
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Self-stabilizing algorithms

A distributed system is self-stabilizing iff it satisfies: 

1. Convergence (recovery): Starting from any arbitrary state, it always reaches a 
legitimate state in a finite number of steps, and 

2. Closure: It remains in legitimate states in the absence of faults
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Legitimate states

State space
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Herman’s randomized self-stabilizing algorithm
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Herman’s randomized self-stabilizing algorithm
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Herman’s algorithm
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Question: 
How fast is the recovery?
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Research questions

• How fast do these algorithms converge? 
• worst-case recovery time 
• average recovery time 

• How does the randomization influence the recovery time?

!18

Fair coin not 
optimal

use pMCs 
[Aflaki et al. - 2017]
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Other applications
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Probability 
distribution fitting

Motion planning

Software systems

System design

Dynamic 
fault trees

Parameter  
synthesis
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What is a parametric Markov chain?

A parametric Markov chain is a DTMC over a set of parameters (or variables).
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D = (S,Var,P, s◆,AP, L)

S
s◆

AP, L

Var

(finite) set of states

initial state
atomic propositions & labelling

finite set of parameters or variables

transition probabilitiesP : S ⇥ S ! Q(Var)

Rational 
FunctionsVar ! Rinstantiation:

Whiteboard: Well-defined, Graph-preserving, Simple
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What is Parameter Synthesis?

in the context of probabilistic model checking

!21

• parametric MDPs and robust strategies 
• richer properties 
• connections to partially observable MDPs (prominent model in AI)

not touched today

• parametric Markov chain ( i.e. a family of induced Markov chains )  
• reachability property 

Check the property for every induced Markov chain in the family: 
 Learn something about the effect of the parameters
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What is the Output of Parameter Synthesis?

So far, three options have been considered in the literature (to the best of our knowledge)

• Option A:  
A generalisation of the output of non-parametric Markov Chain model checking 

• Option B: 
A concise description of parameter values that yield satisfactory performance 

• Option C: 
    One parameter valuation that yields satisfactory performance
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Generalised DTMC “Model Checking”

What is the probability that in a given DTMC T is eventually reached? 

!26

pMC = set of 
Markov chains

induced probabilityInstantiation
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State Elimination
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p

p• Reachability in MCs = Linear Equation System  
states = rows 

State Elimination:  
Solving Linear Equation Systems while exploiting structure.

• Several heuristics - forward/backward/degree-based 
• SCC-based approaches & efficient data structures 

[Jansen et al. - 2014, CAV15]

 Analogous to 
computing regex from NFAs

[Accepted - 2019, CAV17]

• Borrow from Floyd-Warshall and Fraction-Free Gaussian 

[Daws - 2004]
[Hahn et al - 2011]
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State Elimination
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[Daws - 2004]
[Hahn et al - 2011]
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State Elimination
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State Elimination
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[Hahn et al - 2011]
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p · (1�p) · 1�q
1�pq
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State Elimination
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State Elimination
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State Elimination
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State Elimination
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State Elimination
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State Elimination
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State Elimination
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The size of the solution

Facts

For a pMC with k parameters, n states and polynomial probabilities of degree d. 

• The rational function (actually a polynomial) can be exponential in k  
(even for acyclic pMCs) 

• Hence, computation of the function is exponential in the worst case 
• For any fixed k, the computation can be done in polynomial time in n and d.

!38

[Information & Computation, 2019]
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Computing the rational function

Tool support for state elimination

!39

 Using Storm
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Result of State Elimination
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Rational function over the parameters
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Result of State Elimination
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41 States - 138 Transitions - 2 Parameters

The numerator has 408 terms, 
The denominator is the product of 48 linear polynomials
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What is the Output of Parameter Synthesis?

So far, three options have been considered in the literature

• Option A:  
A generalisation of the output of non-parametric Markov Chain model checking 

• Option B: 
A concise description of parameter values that yield satisfactory performance 

• Option C: 
    One parameter valuation that yields satisfactory performance 
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Parameter Space Partitioning
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SMT-Encoding

Encoding transition system, satisfiability (region)
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Checking Regions
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SMT

> / <   Threshold

Encode as SMT/ x > 0.2  and x < 0.4  and y > 0.2 and y < 0.4
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Region Generation
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Complexity

• Definitely in the existential theory of the reals (ETR), see earlier. 

Thus, in PSPACE. 

• Via rational function: number of variables == number of parameters 

Thus, as ETR is polynomial for fixed variables,  
PTIME for fixed number of parameters (graph-preserving) 

• With two objectives: NP-hard (graph-preserving) 
• NP-hard (non-graph preserving) 

Also known to be SQRS-hard (graph-preserving) 
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Facts

Does there exist a parameter valuation  
such that the induced MC induces probability larger than 1/2?
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Checking Regions w SMT

!51

Obtaining Rational Function       function is typically huge

SMT performance unpredictable   

Rational function is exact everywhere

Hard to develop heuristics

Solver does too much work

#4 parameters seems out of reach
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Checking Regions w/o SMT
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pMC is a 1.5 player game

pMC is a set of instantiated DTMCs 

For all points u in the region: 

 Probability in DTMC(u) < Threshold?

[ATVA 2016]
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2 Main Ideas
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1 2

[ATVA 2016]
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Relaxation
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Relaxed Markov Chain
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all parameters occur at most at 1 state; 

and within each label with at most degree 1  

 
reachability is maximised at extremal values

(1�z) · 1�q
1�pqP(      )=  s3 s4

s2
q

1�q

1�p

p

z1�z

[ATVA 2016]



Parameter Synthesis in Markov Chains 
Modelling and Verification of Probabilistic Systems 
Sebastian Junges

2 Main Ideas
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Relaxation Lifting
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Parameter Lifting
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2 Main Ideas
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Relaxation Lifting

s3 s4
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[ATVA 2016]
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1 Step
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Lifting

Lifting  ( Relaxation ( D ) ) = Lifting ( D ) 

[ATVA 2016]
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Checking Regions
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Parameter Lifting Performance
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[ATVA 2016]
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Parameter Lifting Performance
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Covering 95%

[ATVA 2016]
SMT TO (1h) 
everywhere



Parameter Synthesis in Markov Chains 
Modelling and Verification of Probabilistic Systems 
Sebastian Junges

What is the Output of Parameter Synthesis?

So far, three options have been considered in the literature

• Option A:  
A generalisation of the output of non-parametric Markov Chain model checking 

• Option B: 
A concise description of parameter values that yield satisfactory performance 

• Option C: 
    One parameter valuation that yields satisfactory performance 
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Finding satisfactory parameter valuations

A more practical approach

• Methods so far are limited to ~10 parameters. 
• Applications as e.g. originating from control under partial observability require 

thousands of parameters. 

!64

Only care for some 
satisfactory pointCare for all points
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Curse of dimensionality

In more than 100 dimensions, sampling becomes a challenge.

• Sampling via model checking instantiated Markov chains.  
• Select sampling points via, e.g., particle swarm optimisation: Fitness via model 

checking result.  
• Neglects much of the underlying structure. 
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Use (non)linear optimisation? 
Convex optimisation problems use structure more

pMCs typically are not convex 
NLPs

Solution: Linearise concave 
part, boost with model 
checking



Parameter Synthesis in Markov Chains 
Modelling and Verification of Probabilistic Systems 
Sebastian Junges

Empirical results
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[ATVA 18]


