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Recap: LR(0) Parsing

LR(0) ltems and Sets

Definition (LR(0) items and sets)

Let G = (N, X, P, S) € CFGs be start separated by S’ — S and
S =* aAw =, afifow (i.e., A — [152 € P).
e [A— (- P2] is called an LR(0) item for af4.
e Given v € X*, LR(0)() denotes the set of all LR(0) items for +, called the LR(0) set (or:
LR(0) information) of ~.
e LR(0)(G) = {LR(0)(~) | 7 € X"}.

Corollary

1. Forevery v € X*, LR(0)() is finite.

2. LR(0)(G) is finite.

3. The item [A — (-] € LR(0)(~) indicates the possible reduction (w, a5, z) = (w, aA, zi)
where m; = A — [ and vy = af.

4. The item [A — (1 - Y (2| € LR(0)(~) indicates an incomplete handle (5 (to be completed by
shift operations or -reductions).
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Recap: LR(0) Parsing

LR(0) Conflicts

Definition (LR(0) conflicts)

Let G= (N,X,P,S) € CFGy and | € LR(0)(G).
e / has a shift/reduce conflict if there exist A — «1aas, B — 8 € P such that

[A— ay-aas],[B— 5] €l

¢ / has a reduce/reduce conflict if there exist A — o, B — § € P with A # B or a # 5 such

that
[A— «],[B— p-] €l

Lemma
G € LR(0) iffno | € LR(0)(G) contains conflicting items.

Proof.
omitted
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Recap: LR(0) Parsing

Computing LR(0) Sets

Theorem (Computing LR(0) sets)

LetG = (N,¥,P,S) € CFGy be start separated by S" — S and reduced.

1. LR(0)(¢) is the least set such that
- [S' — -S] € LR(0)(¢) and
— if[A — -BYy] € LR(0)(¢) and B — (5 € P,
then [B — -/5] € LR(0)(¢).
2. LR(0)(aY) (o € X*, Y € X) is the least set such that
— if[A — v - Y] € LR(0)(«),
then[A — 1Y - .| € LR(0)(«Y) and
— if[A = 71 - By] € LR(0)(aY) and B — 3 € P,
then [B — -] € LR(0)(arY).

RWTH
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Recap: LR(0) Parsing

The goto Function

Observation: if G € LR(0), then LR(0)(~) yields deterministic shift/reduce decision
for NBA(G) in a configuration with pushdown -
—> new pushdown alphabet: LR(0)(G) in place of X

Moreover LR(0)(~Y) is determined by LR(0)(~) and Y but independent from ~ in
the following sense:

LR(0)(v) = LR(0)(v") = LR(0)(vY) = LR(0)(7'Y)

Definition (LR(0) goto function)
The function goto : LR(0)(G) x X — LR(0)(G) is determined by

goto(1, Y) =1 iff there exists v € X* such that
I = LR(0)(v) and I = LR(0)(yY).
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Recap: LR(0) Parsing

The LR(0) Action Function

The parsing automaton will be defined using another table, the action function, which
determines the shift/reduce decision (reminder: 7o = S’ — S).

Definition (LR(0) action function)

The LR(0) action function act : LR(0)(G) — {redi | i € [p]} U {shift, accept, error}
is defined by

(redi ifi£0,m=A— aand[A— o] €l
shift  if [A — ay - aaw] € I

accept if [S' — S| €/

Lerror  if /=)

N\

act(/l) :=

Corollary
For every G € CFGy, G € LR(0) iffact is well defined.

Together, act and goto form the LR(0) parsing table of G.

RWTH

7 of 32 Compiler Construction o
Winter Semester 2018/19 Software Modeling

Lecture 10: Syntax Analysis VI (SLR(1) and LR(1) Parsing) W and Verification Chair




The LR(0) Parsing Automaton

The LR(0) Parsing Table

Example 10.1 (cf. Example 9.15)

G: §—8 (0)
sS—=B|C (1,2

lo:=LR(0)(e): [S — -9
B—aB|b (3,4) S5 8 (5.0l
¢—aclec  (56) (B — -aB] [B— -b]
C — -aC] [C — -C]
LR(0)(G)| act oto [
o)e) g h = LR(0)(S): [S — S]
cpCabe b= LR(0)(B): [S — B]
I shift |l b kK Iy Is | 2= : ’
I:) accept T Iy :=LR(0)(C) : [S— C']
i red 1 Iy = LR(0)(a): [B—a-B][C— a- (]
Iy red 2 [B — -aB] [B— -b]
Iy shift | kI Iy Ik [C —-aC] [C — -]
t | reqa ls == LR(0)(b) : [B— b]
5
ls := LR(0)(c) : [C — c]
I red 6
L red 3 == LR(0)(aB) : [B — aB|
18 red 5 ;8 i SR( )(aC) : [C — aC]
ly error 9
(empty = l)
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The LR(0) Parsing Automaton

The LR(0) Parsing Automaton |

Definition 10.2 (LR(0) parsing automaton)

Let G= (N, ¥, P,S) € LR(0). The (deterministic) LR(0) parsing automaton of G is
defined by the following components:

e Input alphabet

e Pushdown alphabet I := LR(0)(G)

e Output alphabet A := [p] U {0, error}

e Configurations 2" x ['* x A*

e Initial configuration (w, Iy, ) where Iy := LR(0)(¢)

e Final configurations {e} x {e} x A*

e Transitions:

shift: (aw,al, z) = (w,all';z) if act(l) = shift and goto(/, a) = I
reduce: (w,ally ... I, z) = (w,all'; zi) ifact(l,) =redi, 7i=A— Y;i... Yy goto(l,A) =T
accept: (e, bl,2z) F (e,,2z0) if act(/) = accept
error: (w,al, z) & (e,¢e, zerror) if act(/) = error
R N__.. |RWTH
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The LR(0) Parsing Automaton

The LR(0) Parsing Automaton li

Example 10.3 (cf. Example 10.1)

G: §—8 (0) LR(0) parsing of aac:
S—B|C (1,2)

B—aB|b (3,4) (aac, lo ¢ )
C saClc (5,6) = (ac, bls e )
LR(0)(G)| act goto = ( ¢ bl e )
SBCabc = (€, lolalsls, € )
lo shift |l b Iy Iy Is I = (e, lolylylg, 6 )
/4 accept (%)
b red 1 - ( g, l0l4l8 . 65 )
I3 red? - ( € IOI3 . 655 )
I4 shift l7 Ig I4 I5 I6 |_ ( £, IOI1 : 6552 )
Is red 4 - 5
" red 6 ( ¢ , 65520)
R red 3 Check by rightmost derivation (on the board)
ls red5
Io error Remark: in the corresponding computation of NBA(G),
(empty = k) (%) is nondeterministic (handle C vs. aC)
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The LR(0) Parsing Automaton

The LR(0) Parsing Automaton lil

Theorem 10.4 (Correctness of LR(0) Parsing Automaton)

If G € LR(0), then the LR(0) parsing automaton of G is deterministic, and for every
weXfandz €{0,...,p}*:

(w, l,e) F" (e,e,2) iff Z is a rightmost analysis of w

Proof.
omitted H
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SLR(1) Parsing

Removing Conflicts in LR(0) Parsing

In practice: often G ¢ LR(0)

Example 10.5

Gue: EE— E E— E+T| T
T -TxF|F F—(E)|al|b

LR(0)(Gag) with conflicts:

b: [E—-E] [E— -E+T][E— T] h:[E—E] [E— E-+T]
[T— -T*F] [T—-F] [F—-(B)] kL: [E—T] [T — T - *F]
[F — -a] [F — -b] . [T — F]

ly : [F— (-E)] [E— -E+T|[E — -T] Is: [F— a]

[T — -T*F] [T — -F] [F— -(BE)] ls . [F— b

[F — -4] [F — -b] L: [E— E+-T|[T — -T*F] [T — -F]
[F— -(B)] [F— -4 [F — -]
lg: [T — Tx-F][F— -(E)] ly: [F— (E-)] [E— E-+T]
[F — -a] [F — -b] lo:[E — E+T:] [T — T - *F]
hy o [T — T*F] ho < [F — (E)]
T s s ... |RNH
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SLR(1) Parsing

Adding Lookahead |

Goal: resolving conflicts by considering next input symbol

Observations:
) [A — 51 . 352] & LR(O)(O&BO
— Jae X", wexr:

S :>7_< aAw =, @51 : aﬁgw
N
pushdown next input symbol

Thus: shift only on lookahead a
o [A— 3] € LR(0)(af5)
— Jae X' . xer.,we X (x=conlyif w=¢):

S =% aAxw =, afl - xw
7N
pushdown input

—> x € fo(A) C ¥.
Thus: reduce with A — 3 only if lookahead x € fo(A)
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SLR(1) Parsing

Adding Lookahead li

Example 10.6 (cf. Example 10.5)
Gare : E' - E (O)

E 5 E+T|T (1,2) AE_,N f?g)
T — T*F | F (3,4) E sy e

F—(E)|alb (5,6,7)

ol ={[E — E],[E— E-+T]}:

— accept on lookahead ¢

— shift on lookahead +
o Lh={[E— T[T —T-*F|}:

— red 2 on lookahead +/) /¢

— shift on lookahead *
® [ip = {[E — E+T-|,[T—>T- *F]}:

— red 1 on lookahead +/) /e

— shift on lookahead *

—> SLR(1) parsing (Simple LR(1))

RWTH
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SLR(1) Parsing

The SLR(1) Action Function
Definition 10.7 (SLR(1) action function)

The SLR(1) action function
act : LR(0)(G) x . — {redi | i € [p]} U {shift, accept, error}
is defined by
(redi  ifi£0,m=A— a,[A— a] €, and x € fo(A)
shift  if [A — a1 - xap] € land x € &
accept if [S' — S| € land x = ¢
_error  otherwise

act(/, x) 1= <

Definition 10.8 (SLR(1) grammar)

A grammar G € CFGy has the SLR(1) property (notation: G € SLR(1)) if its
SLR(1) action function is well defined.

act and the LR(0) goto function (Definition 9.14) form the SLR(1) parsing table of G.
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SLR(1) Parsing

The SLR(1) Parsing Table

Example 10.9 (cf. Example 10.5)

lh: [E — -E] E — -E+T]|[E — -T] L [E'— E] [E — E-+T]
T — -T*F] [T —-F] [F— -(BE)] b: [E— T [T — T xF]
F — -a] F — -b] ly: [T — F
L [F= CB][E— -E+T][E=-T] k' [F—a] ACN] folA)
T— -TxF] [T—-F] [F—-(B)] k: [F—b] z +{§}
F — -a F — -b] i |[E— E+-T][T — -T*F] [T — -F] 7 {1;382}
F—-(B)] [F— -4 [F — -b] 2 {+’*7)’5}
l: [T—= Tx-F][F— -(BE)] lo: [F— (E-)] [E— E-+T] R EA
F — -a] F — -b] ho: [E — E+T:] [T — T xF|
/11 T — T*F] /12 |F — (E)]
LR(0)(Gae) act goto
+ * ( ) a b e |[ETF +x* () ab
/0 shift shift shift I b /3 Iy /5 I5
l shift accept I
b red2 shift red2 red 2 ls
I3 red4 red4 red 4 red 4
l4 shift shift shift /g l2 /3 l4 /5 le
Is red6 red6 red 6 red 6
Is red7 red7 red7 red7
L shift shift shift Lo 15 L ksl
ls shift shift shift I+ A s Is
lg shift shift I7 /12
lio red1 shift red 1 red 1 ls
I11 red3 red3 red 3 red 3
lio red5 red5 red5 red 5
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SLR(1) Parsing

The SLR(1) Parsing Automaton

Definition 10.10 (SLR(1) parsing automaton)

The SLR(1) parsing automaton is defined as in the LR(0) case (see Definition 10.2),
except for the transition relation:
shift: (aw, al, z) = (w, all’, z) if act(/, a) = shift and goto(/, a) = I

reduce,: (aw, ally ... I, z) = (aw, all'; zi) if act(l,, a) =redi, mi = A — Y;... Y,
and goto(/,A) = I

reduce.: (e, ally ... I, z) = (g, all'; zi) if act(l,, ) =redi, 7 = A— Y;... Y, and
goto(l, A) =1

accept: (g, bl, z) - (e, e,z 0) if act(/, €) = accept

error,: (aw, al, z) F (e, e, zerror) if act(/, a) = error

error.: (g, al, z) (e, e, zerror) if act(/, ) = error
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Examples of SLR(1) Conflicts

SLR(1) Conflicts

Problem: not all conflicts can be resolved using fo sets
Example 10.11

Gir:S —>S S—L=R|R L—>+*R|a R—L

LR(0)(GLR) : I := LR(0)(e) : [S" — -S] [S — -L=R] [S — -A]
[L — -*A]| [L — -a] [R — -L]

I == LR(0)(S): [S§ — S
b:=LR0O)L): [S—L-=R] [R— L]
lh:=LR(O)(R): [S— R
Iy :=LR(O)(x): [L—=*-R [R—-L [L— -*R] [L— -4]
ls:=LR(0)(a): [L— a]
I := LR(0)(L=): [S—L=-R] [R—-L [L— -*R] [L— -a]
i == LR(0)(xR) : [L— *R]
I == LR(0)(xL) : [R— L]
ly := LR(0)(L=R) : [S — L=R']
But: conflict in , not SLR(1)-solvable since = € fo(R)
B —— ... |KWTH
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LR(1) Parsing

LR(1) ltems and Sets |

Observation: not every element of fo(A) can follow every occurrence of A
—> refinement of LR(0) items by adding possible lookahead symbols

Definition 10.12 (LR(1) items and sets)

Let G= (N,X,P,S) € CFGy be start separated by S" — S.
o If S = cAaw =, afb.aw, then [A — (1 - (2, a| is called an LR(1) item for af;.
o If S =" aA = afifs, then [A — (1 - (2, ¢] is called an LR(1) item for a5;.
e Given v € X*, LR(1)(~) denotes the set of all LR(1) items for , called the LR(1) set (or:
LR(1) information) of ~.
e LR(1)(G) == {LR(1)(3) | 7 € X"}.

RWTH
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LR(1) Parsing

LR(1) ltems and Sets Il

Corollary 10.13

1. Forevery v € X*, LR(1)(v) is finite.
2. LR(1)(G) is finite.
3. Forevery v € X*, LR(1)(~) “contains” LR(0)(~), i.e.,

{[A—= b1 - Ba] | [A— D1 - B2, x] € LR(1)(7)} = LR(0)(7).

4. [A— B1-fo,x] € 1 € LR(1)(G) = x € fo(A)

RWTH
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LR(1) Parsing

LR(1) Conflicts

Definition 10.14 (LR(1) conflicts)

Let G= (N,X,P,S) € CFGyx and | € LR(1)(G).
e / has a shift/reduce conflict if there exist A — «1aas, B — 5 € P and x € X, such that

[A— aq-aag, x],[B— §-,a] € 1.

e [ has a reduce/reduce conflict if there exist x € 2. and
A— a,B— € Pwith A+ Bora +# [ such that

[A— a-,x],[B— 5-,x] € 1.

Lemma 10.15
G € LR(1) iffno | € LR(1)(G) contains conflicting items.

RWTH
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LR(1) Parsing

Computing LR(1) Sets |

The computation of LR(0) sets (cf. Theorem 9.10) can be extended to cover right
contexts:

Theorem 10.16 (Computing LR(1) sets)

LetG = (N,X,P,S) € CFGy be start separated by S' — S and reduced.
1. LR(1)(¢) is the least set such that
—[S'— -S,¢] € LR(1)(e) and
— if[A— -Bv,x] € LR(1)(¢), B— [ € P, andy € fi(yx), then[B — -3, y] € LR(1)(¢).
2. LR(1)(aY) (0 € X*, Y € X) is the least set such that
— if[A = v1 - Y, x] € LR(1)(), then[A — Y1Y - ¥, x] € LR(1)(aY) and
— if[A — 4 - Bye,x] € LR(1)(aY), B — B € P,andy € fi(y2x), then[B — -3, y] € LR(1)(aY).

RWTH
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LR(1) Parsing

Computing LR(1) Sets I
Example 10.17 (cf. Example 10.11)

LR(1)(G/_R)fOI’GLRS/—>S S—>L=R‘R L—>*R|a R— L
[S' -8, ¢] € LA(1)(e) [A— By,x] € LR()(), B — 6 € P,y € fi(7x) = [B—>-B,y] € LR1)(E) [A— 1 Y

Iy == LR(1)(e) : [S'— S, €] [S — -L=R,¢] [S— ‘R,e] [L— -*R, =]
L — -a,=] [R— -Lie] [L— *R,e] [L— -a,¢]

I == LR(1)(S) : [S'— S, €]

I = LR(1)(L) : [S— L-=R,e] [R— L, ¢]

Iy .= LR(1)(R) : [S — R, €]

L= LR(1)(*):  [Lo* R [Lo*-Re [Ro-L=] [R—-Ld]
[L = *R,=] [L— -a,=] [L — -*R,e] [L— -a,¢]

It = LR(1)(a) : [L — a-, =] [L — a- €]

k= LR(1)(L=) : [S— L=-R,e] [R— L] [L— *Re] [L— -ac¢]

L= LR(1)(*R) : [L — *R-,=] [L— *R- €]

Iy == LR(1)(*L) : [R— L., =] [R— L, €]

L :=LR(1)(L=R): [S— L=R-,£]

Iy :=LR(1)(L=L) : [R— L-é]

[y :=LR(1)(L=x): [L—*-Re] [R—-Le] [L— *R,e] [L— -ac¢]

[, :=LR(1)(L=a): [L— a-,¢]

liy := LR(1)(L=xR) : [L — *R-, €]

ly =10

In I: shift on =/ reduce on e =— G,z € LR(1)

e N ... |RWH
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LR(1) Parsing

The LR(1) Action Function

Definition 10.18 (LR(1) action function)
The LR(1) action function
act : LR(1)(G) x L. — {redi | i € [p]} U {shift, accept, error}

is defined by
(redi ifi£0,m=A— aand[A— a,x] €l
) shift  if[A— aq-xap,y] €land x € &
(b ) = < accept if [S'— Sl € land x = ¢
_error  otherwise

Corollary 10.19
Forevery G € CFGy, G € LR(1) iffits LR(1) action function is well defined.
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LR(1) Parsing

The LR(1) goto Function
The goto function is defined in analogy to the LR(0) case (Definition 9.14).

Definition 10.20 (LR(1) goto function)
The function goto : LR(1)(G) x X — LR(1)(G) is determined by

goto(l, Y) =1 iff there exists ¥ € X* such that
I = LR(1)(y) and I' = LR(1)(7Y).

Again, act and goto form the LR(1) parsing table of G.
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LR(1) Parsing

The LR(1) Parsing Table
Example 10.21 (cf. Example 10.17)

Iy == LR(1)(¢) [ — -S,¢e] [S— -L=R,€][S — ‘R,¢] [L — *R, =] act goto
[L—-a,=] [R—-Le] [L— *Rc][lL— -ac¢] * = a ¢ |[SLRx*x=a
I[=LR1)(S): [S — S ¢ [lshift  shift /A
Iy := LR(1)(L) : [S— L-=R,¢][R— L] I accept
L:=LR(1)(R): [S— R | shit  red5 A
Iy == LR(1)(*) : [L—*-R,=] [L—*-Re][R—-L=] [R—-Le] |k red 2
[L— *R,=] [L—-a,=] [L— *Re][L— -ae] |[shit  shift A
It .= LR(1)(a) : [L —a,=] [L—a,¢] k| red4 red 4
L=LR(1)(L=): [S— L=-R,e][R— -Le] [L— *Re][L— -ae] |Lshit  shift Lo b1y I,
b:=LR(1)(*R): [L— *R-,=] [L— *R- €] Ll red3 red 3
Iy :=LR(1)(xL): [R—L,=] [R— L,¢] lg|  red5 red5
I = LR(1)(L=R) : [S — L=R- €] A red 1
Iy :=LR(1)(L=L) : [R— L-é] I red5
[y ;== LR(1)(L=x): [L—x-R,e] [R— L] [L— *Re][L— -a,e] |lf;shift shift balhalt: s
I,:=LR(1)(L=a): [L— a¢] I, red 4
Iy = LR(1)(L=*R) :[L — *R-, €] I, red 3
I, =0 (empty = error /()
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LR(1) Parsing

The LR(1) Parsing Automaton |

Definition 10.22 (LR(1) parsing automaton)

The LR(1) parsing automaton is defined as in the LR(0) case (see Definition 10.2),
except for the transition relation:
shift: (aw, al, z) = (w, all’, z) if act(/, a) = shift and goto(/, a) = I

reduce,: (aw, ally ... I, z) = (aw, all’, zi) if act(l,,a) = redi, 7, = A — Y;... Y,
and goto(/,A) = I

reduce.: (e, ally ... I, z) = (g, all'; zi) if act(l,, ) =redi, 7 = A— Y;... Y, and
goto(l, A) =1

accept: (g, bl, z) - (e, e,z 0) if act(/, €) = accept

error,: (aw, al, z) F (e, g, zerror) if act(/, a) = error

error.: (e, al, z) F (e, e, zerror) if act(/, €) = error
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LR(1) Parsing

The LR(1) Parsing Automaton Il
Example 10.23 (cf. Example 10.17)

Gip: S — S(O)

S L=R|R(1,2)

L— *R|a(3,4)

R— L (5)

LR(1)(GLRr) act goto : —%a
N D LR(1) parsing of a=*a:
fp —shift  shift A (a=*a, I} € )
/ accept F( =xa. [.]. €
L shift  red5 L (=xa ) 7 ’ )
I red 2 = ( =*a, b , 4 )
i | | YA = (0 *a, 4
I,  |shift  shift Ll I ( *a, bhhl : )
Ié red4  red4 S E(  a, hLEL, 4 )
;f/; shift d3sh|ft s Lo lg Iy fio - ( e, LLILL. I, 4 )
8
% red 1 (e hhllils, 445 )
I, red 5 (e LKL, ,4453 )
/i . shift  shift Loligly I, (e, QLK 44535 )
;12 zgg (e RA , 445351 )
13
(empy = error/0) F( ee , 4453510)
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