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Classification of implementation relations  cuwsso
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Classification of implementation relations  cuwsso
e linear vs. branching time
* linear time: trace relations

* branching time: (bi)simulation relations

e (nonsymmetric) preorders vs. equivalences:

* preorders: trace inclusion, simulation

* equivalences: trace equivalence, bisimulation

e strong vs. weak relations

* strong: reasoning about all transitions

* weak: abstraction from stutter steps
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Classification of implementation relations  cuwsso

e linear vs. branching time

% linear time: trace relations

* branching time: (bi)simulation relations

e (nonsymmetric) preorders vs. equivalences:

* equivalences: trace equivalence, bisimulation

e strong vs. weak relations

* strong: reasoning about all transitions

* weak: abstraction from stutter steps
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Classification of implementation relations  cuwsso

e linear vs. branching time

% linear time: trace relations

* branching time: (bi)simulation relations

e (nonsymmetric) preorders vs. equivalences:

* equivalences: trace equivalence, bisimulation

e strong vs. weak relations

* strong: reasoning about all transitions

* weak: abstraction from stutter steps
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The simulation preorder GRMS.5-0

is a nonsymmetric branching time relation

e plays of central role for abstraction

e the BT-analogue to trace inclusion
e ‘“unidirected” version of bisimulation:
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The simulation preorder GRMS.5-0

is a nonsymmetric branching time relation

e plays of central role for abstraction
e the BT-analogue to trace inclusion

e ‘“unidirected” version of bisimulation:

if 77 is simulated by 75 then 75 can mimick
all steps of 77, but possibly has more behaviors
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The simulation preorder GRMS.5-0

is a nonsymmetric branching time relation

e plays of central role for abstraction
e the BT-analogue to trace inclusion

e ‘“unidirected” version of bisimulation:

if 77 is simulated by 75 then 75 can mimick
all steps of 77, but possibly has more behaviors

e relies on a coinductive definition
(as bisimulation equivalence)

here: just strong simulation, i.e., no abstraction
from stutter steps
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Simulation for two TS eI
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Simulation for two TS eI

let 77 = (51,Act1,—1,50,1,AP, L;)
75 = (527 ACt27 —2, 50,27 AP) L2)
be two transition systems

e over the same set AP of atomic propositions

e possibly with terminal states
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Simulation for a pair of TS BSEQORS.1-10

simulation for (71, 73): binary relation R C §; X S s.t.
(1) if (51,52) € R then Ll(Sl) = L2($2)
(2) for all (s1,%) € R:

Vs, € Post(sy) 3s; € Post(sy) s.t. (s1,5) € R

s R- % 55 “R- %
l can be l l
s completed to s R- 3

(I) for all initial states s; of 7q
there is an initial state s, of 7 with (s1,5) € R
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Simulation preorder < BSEQORS.1-10

simulation for (77, 72): relation R C S; X S; s.t.
(1) labeling condition
(2) stepwise simulation condition
(I) initial condition

simulation preorder < for TS:

; there exists a simulation R
8 =20 b { for (71, T2)
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Simulation preorder <

BSEQOR5.1-10

simulation for (77, 72): relation R C S; X S; s.t.

(1) labeling condition

(2) stepwise simulation condition

(I) initial condition

simulation preorder < for TS:

T, <T iff { there exists a simulation R

for (1, To)

If 51 is a state of 77 and s, a state of 75 then

s1 X 5 iff there exists a simulation R for (71, 73)
such that (s1,%) € R
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Two beverage machines BSEQORS.1-8

for AP = {pay, coke,soda}: T, <X T,
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Two beverage machines BSEQORS.1-8

for AP = {pay, coke,soda}: T, <X T,
simulation for (71, 12):

{ (pay, pay), (paid, select), (paids, select),
(coke, coke),  (soda,soda) }
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Two beverage machines BSEQORS.1-8

for AP = {pay, coke,soda}: T, <X T, butTa A Th
simulation for (71, 12):

{ (pay, pay), (paid, select), (paids, select),
(coke, coke),  (soda,soda) }
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Two beverage machines BSEQORS.1-8

for AP = {pay, coke,soda}: T, <X T, butTa A Th
for AP = {pay, drink} :
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Two beverage machines BSEQORS.1-8

T
for AP = {pay, coke,soda}: T, <X T, butTa A Th
for AP = {pay, drink} : Th X B,andT, X T
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Two beverage machines BSEQORS.1-8

T
for AP = {pay, coke,soda}: T, <X T, butTa A Th
for AP = {pay, drink} : Th X B,andT, X T

simulation for (77, T2): as before

34/336



Two beverage machines BSEQORS.1-8

T
for AP = {pay, coke,soda}: T, <X T, butTa A Th
for AP = {pay, drink} : Th X B,andT, X T

simulation for (T2, T1):

{(pay, pay), (select, paid), (select, paid,),
(coke, coke), (soda, soda)}
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Path fragment lifting for simulation R

S1.1

51,2

51,3

S1,n

can be completed to

BSEQORS5.1-9

S
l

51,1
!
51,2
!

51,3

!

S1,n
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Correct or wrong? BSEQORS. 1-12

S1 5
=
51 $

correct. simulation: {(s1,%),(s1,$3)}
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Correct or wrong? BSEQORS. 1-12

S1 5
=
51 $

correct. simulation: {(s1,%),(s1,$3)}

S1 5

<
s N $

wrong. there is no path fragment in 75
corresponding to the path fragment s; s} 51
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Correct or wrong? BSEQORS. 1-13

|A
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Correct or wrong? BSEQORS. 1-13

S 52
< $
Si Sg

correct. simulation: {(s1, ), (s}, $3), (s}, s5) }
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Correct or wrong? BSEQORS. 1-13

S 52
) %
S{ Sg

correct. simulation: {(s1, ), (s}, $3), (s}, s5) }

Y
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Correct or wrong? BSEQORS. 1-13

S 52
) %
S{ Sg

correct. simulation: {(s1, ), (s}, $3), (s}, s5) }

wrong. s; 2 syands A t)
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Simulation preorder ... BSBQORS.1-20

e as a relation that compares two transition systems
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Simulation preorder ... BSBQORS.1-20

e as a relation that compares two transition systems

T g2
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Simulation preorder ... BSBQORS.1-20

e as a relation that compares two transition systems

e as a relation on the states of one transition system
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Simulation preorder ... BSBQORS.1-20

e as a relation that compares two transition systems

e as a relation on the states of one transition system

T O O

si=3rs iff !
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Simulation preorder ... BSBQORS.1-20

e as a relation that compares two transition systems

e as a relation on the states of one transition system

T

T

1

T,

°o

13T

iff 7

1

2T,

iff there exists a simulation R
for T with (s1,5) € R
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Simulation preorder for a single TS BSBQORS. 1-30

Let T = (S, Act,—,...) be a transition system.

The simulation preorder <7 is the coarsest relation
on S such that for all states 51, s, € S with s <7 s,:
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Simulation preorder for a single TS BSBQORS. 1-30

Let T = (S, Act,—,...) be a transition system.

The simulation preorder <7 is the coarsest relation
on S such that for all states 51, s, € S with s <7 s,:

(1) L(s1) = L(=)
(2) each transition of 5 can be mimicked
by a transition of s,

sS1 27 9 i 27T 9
l can be l l
f completed to f
51 5{ -—<T 52
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Simulation preorder for a single TS BSBQORS. 1-30

Let T = (S, Act,—,...) be a transition system.

The simulation preorder <7 is the coarsest relation
on S such that for all states 51, s, € S with s <7 s,:

(1) L(s1) = L(=)
(2) each transition of 5 can be mimicked
by a transition of s,

=T is a preorder, i.e., transitive and reflexive.
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Simulation preorder <71 BSEQORS.1-104

Let 7 be a transition system with state space S.
A simulation for 7 is a binary relation R C S x S s.t.
(1) if (s1,5) € R then L(s1) = L(s)
(2) for all (s1,5) € R:
Vs, € Post(s;)3s) € Post(s;) s.t. (s1,55) € R

simulation preorder <7:

s1 27 5 iff there exists a simulation R for T
st. (s1,%) ER
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Path fragment lifting for <1

51

51,1

l

51,2

27T %

can be completed to

BSEQOR5.1-23

N = '8,

w




Example: simulation preorder <7

{2}@s = @{a}
S s
2 2

S1 2T 9

BSEQOR5.1-33
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Example: simulation preorder <7 BSEQORS. 1-33
{a}@s =2 @{a}

S s
2 2

51 3T 5 as
{(s1, %), (s1,5), (s1,51) } is a simulation for T
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Example: simulation preorder <7 BSEQORS. 1-33

T, T,
{a}@s1 =2 @{a}
=
51 s
7} 1%}
S1 3T 2 as

{(s1, %), (s1,5), (s1,51) } is a simulation for T
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Example: simulation preorder <7 BSEQORS. 1-33

T, T,
{a}@s1 =2 @{a}
=
51 s
7} 1%}
S1 3T 2 as

{(s1, %), (s1,5), (s1,51) } is a simulation for T

S| — S — S5 — 5 — ...
is simulated by
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Abstraction and simulation GRM5.5-6
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Abstraction and simulation GRM5.5-6

transition system 7
with state space S
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Abstraction and simulation GRMS.5-6

transition system 7 “small” abstract
with state space S state space S’
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Abstraction and simulation GRMS.5-6

abstraction function f

transition system 7 abstract transition system
with state space S T¢ with state space S’
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Abstraction and simulation GRMS.5-6

abstraction function f

transition system 7 abstract transition system
with state space S T¢ with state space S’

lifting of transitions:

s — s

f(s) — f(s)
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Abstraction and simulation GRMS.5-6

abstraction function f

transition system 7 abstract transition system
with state space S T¢ with state space S’

lifting of transitions:

s — s

f(s) — f(s)
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Abstraction and simulation T

given: transition system 7 = (S, Act,—, Sp, AP, L)
set S’ and abstraction function f : § — S’

s.t. L(s) = L(t) if f(s) =f(t) foralls,t €S
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Abstraction and simulation T

given:

goal:

transition system 7 = (S, Act, —, Sp, AP, L)

set S’ and abstraction function f : § — S’

s.t. L(s) = L(t) if f(s) =f(t) foralls,t €S

define abstract transition system 7¢
with state space S’ s.t. T X 7T¢
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Abstraction and simulation T

abstraction function f : S — S’ s.t.
L(s) = L(t) if f(s) = f(t) for all s,t € S

transition system

T = (S, Act,—, S, AP, L)

abstract transition system
Tr = (5, Act', —¢, S}, AP, L)
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Abstraction and simulation T

abstraction function f : S — S’ s.t.
L(s) = L(t) if f(s) = f(t) for all s,t € S

transition system

T = (S, Act,—, S, AP, L)

abstract transition system
Tr = (5, Act', —¢, S}, AP, L)

where S§ = {f(s0) : S € So} and L'(f(s)) = L(s)

s — s

f(s) —r £(s)
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Abstraction and simulation T

abstraction function f : S — S’ s.t.
L(s) = L(t) if f(s) = f(t) for all s,t € S

transition system

T = (S, Act,—, S, AP, L)

abstract transition system
Tr = (5, Act', —¢, S}, AP, L)

Then T <X 7¢
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Abstraction and simulation T

abstraction function f : S — S’ s.t.
L(s) = L(t) if f(s) = f(t) for all s,t € S

transition system

T = (S, Act,—, S, AP, L)

abstract transition system
Tr = (5, Act', —¢, S}, AP, L)

R ={(s,f(s)) : s€ S} isa

Then T < 7;
en £ = If simulation for (7, 7¢)
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Data abstraction

WHILE x>0 DO

x :=x-—1;
y:=y+l1
0D
IF even(y)

THEN return “1”
ELSE return “0"
FI

x€N
y €N

GRM5.5-7
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Data abstraction GRMB.5-7

WHILE x> 0 DO
x :=x-—1;
= 1
ODy y+ data
abstr.
IF even(y) i
THEN return “1"
ELSE return “0"
FI
x€eN — x € {gzero, zero}

yeN — y € {even, odd}
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Data abstraction

WHILE x>0 DO

x :=x-—1;
y:=y+l1
0D
IF even(y)

THEN return “1”
ELSE return “0"
FI

x€N
y €N

data
abstr.

GRM5.5-7

WHILE x = gzero DO
X = gzero or X := zero

IF y =even
THEN y := odd
ELSE y := even
FI
0D
IF y = even
THEN return “1"
ELSE return “0"
FI

— x € {gzero, zero}
— y € {even, odd}
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Data abstraction

WHILE x>0 DO

x :=x-—1;
y=y+l1
0D
IF even(y)

THEN return “1”
ELSE return “0"
FI

concrete operation

GRM5.5-7

WHILE x = gzero DO

X = gZero or X := zZero

IF y =even
THEN y := odd
data ELSE y := even
abstr. FI
“1 0D
IF y = even

e d

THEN return “1"”
ELSE return “0"
FI

abstract operation
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Data abstraction

WHILE x>0 DO

x =x—1;
y:=y+l1
0D
IF even(y)

THEN return “1”
ELSE return “0"
FI

concrete operation
x =x—1

data
abstr.

e d

GRM5.5-7

WHILE x = gzero DO
| X 1= gzero or x := zero|

IF y =even
THEN y := odd
ELSE y := even
FI
0D
IF y = even
THEN return “1"
ELSE return “0"
FI

abstract operation, e.g.,
gzero — gzero or zero
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Abstraction and simulation GRM5.5-8

abstract TS simulates the concrete one
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WHILE x>0 DO

x :=x—1
y =y+1
0D
IF even(y)

THEN return 1
ELSE return 0

WHILE x = gzero DO
X := gzero or X := zero
IF y = even
THEN y := odd
r ELSE y:=even
0D
IF y = even
THEN return 1
ELSE return0 FI
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¢y WHILE x > 0DO0 go WHILE x = gzero DO
Y 1 X = gzero or X := zero
b xi=x-1 ¢ IF y=even

L y=y+l THEN y := odd
0D ry ELSE y:=even
¢3 IF even(y) 0D
{3 IF y = even
¢4 THEN returnl ls THEN return 1
fs ELSE return 0 s ELSE return0 FI
(G x=12 y=0) (4o gze;'o even)
)
(b x=2 y=0) (¢, gzero even)
! P T~
(2 x=l1 y=0) (€5 gzero even) (45 zero even )
I I
(lg x=1 y=1) (£o gzero odd ) ( 4y zero odd )
= 3

! 7
@G x=1y=D (41 gzero odd ) C b3 .........)




0D

¢y WHILE x > 0DO0 {y WHILE x = gzero DO
ly x:=x-1
b y:=y+1

¢3 IF even(y)
¢4 THEN returnl ls

fs ELSE return 0 s ELSE return0 FI

{1  x:= gzero or x := zero
¢y IF y=even
THEN y := odd
r1 ELSE y:=even
0D
{3 IF y = even
THEN return 1

T x=2y=0)
(G x=l2 y=0)
(4 x=l1 y=0)
(€g x=l1 y=1)
T=I7=D

(4o gze;o even)
!

< (¢1 gzero even)
/
(£» gzero even) (4, zero even )

I I

(£o gzero odd ) (( 4y zero odd )
= 3 I

(41 gzero odd ) C b3 .........)




Simulation preorder vs. and trace inclusion :suors.1-25

Th X T, = Tracesfin(T) C Tracesfin(T>)

reason: path fragment lifting for <
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Simulation preorder vs. and trace inclusion :suors.1-25

Th X T, = Tracesfin(T) C Tracesfin(T>)

if 77 does not have terminal states, then:

Ty T, = Traces(T;) C Traces(T3)

... does not hold if 77 has terminal states ...

T ] T
g() Th 21

%]

Traces(T)) = {22} # {@2“} = Traces(Ts)
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Simulation equivalence ~7 BSEQORS.1-16

kernel of the simulation preorder, i.e.,

~= <N

For TS 7; and 75 over the same set of
atomic propositions:

Th~T7 iff h T and L, XT
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Simulation equivalence ~7 BSEQORS.1-16

kernel of the simulation preorder, i.e.,

~= <N

For TS 7; and 75 over the same set of
atomic propositions:

Th~T7 iff h T and L, XT

for states §; and s, of a TS 7;
s1 ~r 5 iff 5 2r 5 and 5 21 5
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Two beverage machines BSEQORS.1-17

Ti:
pay

R

[coke] [soda]

for AP = {pay, coke, soda}
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Two beverage machines BSEQORS.1-17

Ti:
pay

R

[coke] [soda]

for AP = {pay, coke, soda}
T, T, buth # 71
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Two beverage machines

Ti:
pay

R

[coke] [soda]

for AP = {pay, coke, soda}
T XN butThh # T «—

BSEQOR5.1-17

sincehy A T

115/336



Two beverage machines

Ti:
pay

R

[coke] [soda]

for AP = {pay, coke, soda}
T XN butThh # T «—

for AP = {pay, drink}:

BSEQOR5.1-17

sincehy A T
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Two beverage machines

Ti:
pay

R

[coke] [soda]

for AP = {pay, coke, soda}
T XN butThh # T «—

BSEQOR5.1-17

sincehy A T

for AP = {pay, drink}: T, ~ T,
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Example: simulation equivalent TS BSEQORS. 1-16A

Tq: Tr:
! s 2 P

n 2

118/336



Example: simulation equivalent TS BSEQORS. 1-16A

Ti: T>:
S S
5] t3 tr
1 u

simulation for (71, T3):
{(517 52)1 (t17 t2)1 (ulz U2)}
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Example: simulation equivalent TS BSEQORS. 1-16A

Ti: T>:
51 5
t i3 [5)
n w

simulation for (71, T3):
{(517 52)1 (t17 t2)1 (ulz U2)}
simulation for (72, T1):

{(5’2) 51)1 (t2’ tl), (t3’ tl)a (U2z Ul)}
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Bisimulation vs. simulation equivalence  :soorsi21

Bisimulation equivalence ~ is strictly finer
than simulation equivalence ~
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Bisimulation vs. simulation equivalence  :soorsi21

Bisimulation equivalence ~ is strictly finer
than simulation equivalence ~

That is:
1. 71 ~7T; impliesTy ~ 7,
Proof: Let R is a bisimulation for (73, 72).
e R isasimulation for (T1,h) = T1 31T,
e R71isasimulation for (12,71) = T <X Th

2. thereexist TSThand hst. h~Th and Ty £ T,
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bisimulation equivalence

129/336



bisimulation equivalence
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bisimulation equivalence

simulation equivalence
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bisimulation equivalence

simulation equivalence
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bisimulation equivalence

(3~ %)

(5~ =]

simulation equivalence




bisimulation equivalence

(3~ %)

(5~ =]

simulation equivalence




bisimulation equivalence || simulation equivalence

T, X T, as T is a "subsystem” of Tq
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bisimulation equivalence || simulation equivalence

S S35
T s1 ~ s D
sy 4 76 s,
n 141 1)) V2

simulation for (71, 13):

{(517 52)) (Si’ 55)’ (5{,7 55)7 ("1’ l.l2), (Vl7 V2)}
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Simulation vs trace equivalence S

Th ~T, =~ Traces(Ty) = Traces(7Ts)
Traces(T1) = Traces(T) == T ~ T

2\.—'.—'0

not trace equivalent
but simulation equivalent

# trace equivalent
not simulation equivalent

142 /336



Simulation vs trace equivalence «— incomparable

Th ~ T, =~ Traces(Ty) = Traces(T2)
Traces(T1) = Traces(T,) == Th ~ T

~ ‘o—0—0

not trace equivalent
but simulation equivalent

* trace equivalent
not simulation equivalent
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Simulation vs. finite trace equivalence BSEQORS.1-24

Th ~T, =~ Traces(T)) = Traces(Ts)
Traces(Ty) = Traces(T) == Th ~ T

Th ~T, = Tracesfin(T1) = Tracesfin(T;)

while “<=" does not hold
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Simulation vs. finite trace equivalence BSEQORS.1-24

Th ~T, =~ Traces(T)) = Traces(Ts)
Traces(Ty) = Traces(T) == Th ~ T

Th ~T, = Tracesfin(T1) = Tracesfin(T;)
while “<=" does not hold

If 7;, 75 do not have terminal states then:

Th ~T, = Traces(Ty) = Traces(T3)
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Summary: trace and (bi)simulation relations ssseons.12s

147 /336



bisimulation equivalence
Th~1

simulation
equivalence

h~T

simulation
preorder
LD
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bisimulation equivalence
Th~1

simulation
equivalence

h~T

finite trace equivalence
Tracesin(T1) = Tracesn(72)

simulation
preorder
LD

finite trace inclusion
Tracessin(71) C Tracessin(72)

149 /336



bisimulation equivalence
Th~1

simulation
equivalence

h~T

trace equivalence

Traces(Ty) = Traces(T2)

finite trace equivalence
Tracesin(T1) = Tracesn(72)

simulation
preorder
LD

trace inclusion

Traces(T1) C Traces(7T2)

finite trace inclusion
Tracessin(71) C Tracessin(72)
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bisimulation equivalence

simulation
equivalence

h~T

simulation
preorder
LD

h~1

trace equivalence

Traces(Ty) = Traces(T2)

finite trace equivalence
Tracesin(T1) = Tracesn(72)

trace inclusion

Traces(T1) C Traces(7T2)

without
terminal states

finite trace inclusion
Tracessin(71) C Tracessin(72)
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bisimulation equivalence

simulation
equivalence

h~T

Th~1
“““““““ >4 A\
e trace equivalence
<orr s s Traces(T;) = Traces(T2)
AP-determinism oA

simulation
preorder
LD

finite trace equivalence
Tracesin(Th) = Tracessn(T2)

trace inclusion

without

terminal states

Traces(Ty) C Traces(Tz)

finite trace inclusion
Tracesin(Th) C Tracessin(72)
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AP-determinism GRM5.5-AP-DET.TEX

Let 7 = (S, Act, —, So, AP, L) be a TS.

T is called AP-deterministic iff
(1) for all states s and all subsets A of AP:
HteS:s—>tAL(t)=A} <1
(2) for all subsets A of AP:
{s€S: Lsn)=A}| <1
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Trace relations in AP-deterministic TS S ——

Let 7 be AP-deterministic and s;, s states in 7.

If Tracesfis(s1) = Tracesgn(sz) then

Traces(s;) = Traces(s,)

mainly because:

e each (finite or infinite) word a7 over 24P is induced

by at most one path fragment starting in s; or s,
respectively

o ifo=AyA ... AjAi;1... € Traces(s;) then there is
no proper prefix ApA; ... A; of o belongs to Traces(s;)
+ analogous statement for s,
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Correct or wrong? GRMS.5-AP-DET2

Let 7 be AP-deterministic and s;, s states in 7.

If Tracesfin(s1) C Tracesfi,(s2) then
Traces(s;) C Traces(s,)
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Correct or wrong? GRMS.5-AP-DET2

Let 7 be AP-deterministic and s;, s states in 7.

If Tracesfin(s1) C Tracesfi,(s2) then

Traces(s;) C Traces(s,)

wrong.

S1

%0

é Tracesgin(s1) C Tracesgi,(s2)
®® c Traces(s;) \ Traces(sp)

O
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(Bi)simulation and trace equivalence  crvs.5-AP-bir3

Let 7 be AP-deterministic and s;, s states in 7.
Then the following statements are equivalent:

(1) s1 ~r 5 (bisimulation equivalence)
(2) s1 ~1r & (simulation equivalence)
(3) Tracessin(s1) = Tracesi,(s2)

(4) Traces(s1) = Traces(s,)

1) = (2): v

(2) = (3): ... path fragment lifting ...
(3) = (4): just shown

(4) = (1):
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Bisimulation and trace equivalence GRM5.5-AP-DET4

Let 7 be AP-deterministic and s, s, states in 7. Then:

Traces(sy) = Traces(s,) implies s; ~1 5
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Bisimulation and trace equivalence GRM5.5-AP-DETA

Let 7 be AP-deterministic and s, s, states in 7. Then:

Traces(sy) = Traces(sy) implies s ~1 5

Proof: show that
R = {(51,52): TraceS(S]_) = Trace$($2)}

is a bisimulation.
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Bisimulation and trace equivalence GRM5.5-AP-DETA

Let 7 be AP-deterministic and s, s, states in 7. Then:

Traces(sy) = Traces(s,) implies s; ~1 5

Proof: show that
R = {(s1,%) : Traces(s;) = Traces(s,)}
is a bisimulation.

Note that if s — t then
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Bisimulation and trace equivalence GRM5.5-AP-DETA

Let 7 be AP-deterministic and s, s, states in 7. Then:

Traces(sy) = Traces(sy) implies s ~1 5

Proof: show that
R = {(s1,%) : Traces(s;) = Traces(s,)}
is a bisimulation.
Note that if s — t then
Traces(t) = {L(t)B1B:Bs... € (24P)* U (24F)~ :
L(s)L(t)B1B2B;.. . € Traces(s) }
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Bisimulation & finite trace equivalence cius5ap-bers

Let 7 be AP-deterministic and s, s, states in 7. Then:

Tracesgn(s1) = Tracessy(s;) implies s, ~7 s
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Bisimulation & finite trace equivalence cius5ap-bers

Let 7 be AP-deterministic and s, s, states in 7. Then:

Tracesgn(s1) = Tracessy(s;) implies s, ~7 s

Proof: show that
R = {(s51,%) : Tracessin(s1) = Tracessin(52)}
is a bisimulation.
Note that if s — t then
Tracesiin(t) = {L(t)BiB>...B, € (24P)*:
L(s)L(t)B1B.. .. B, € Tracest(s) }
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Trace and (bi)simulation equivalence w5 apssmace

bisimulation
equivalence

h~T

/

AN

simulation
equivalence

T~ 7T

trace equivalence
Traces(Ty) = Traces(T3)

S

finite trace
equivalence

Tracesgn(Ty) = Tracesgn(Th)
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For AP-deterministic TS

GRM5.5- AP-BIS-TRACE

bisimulation
equivalence

h~T7

simulation
equivalence

T~ 7T

N

trace equivalence

Traces(Ty) = Traces(T3)

S

finite trace
equivalence

Tracesgn(Ty) = Tracesgn(Th)
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For AP-deterministic TS

GRM5.5- AP-BIS-TRACE

bisimulation
equivalence

h~T7

simulation
equivalence

T~ 7T

N

/ A \ '«'.,'_%AP—determinism

trace equivalence

Traces(Ty) = Traces(T3)

/...:’”’:AP—determinism

finite trace
equivalence

Tracesgn(Ty) = Tracesgn(Th)
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Logical characterizations GRA5 519

LT safety[ finite trace
prop. inclusion

LTL trace

inclusion

LTL trace bisimulation CTL*
equivalence equivalence ~ | CTL
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Logical characterizations GRA5 519

prop. inclusion

trace
LTL trace bisimulation CTL*
equivalence equivalence ~ CTL

tutter trace tutter bis. equiv.| CTL*
LTL > HS qt \O
\O [equwalence = with div. a4V ]CTL\O

5/122
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Logical characterizations GRA5 519

LT safety[ finite trace
prop. inclusion

simulation
preorder <

trace
inclusion

LTL for TS without

terminal states

LTL trace bisimulation CTL*
equivalence equivalence ~ | CTL

tutter trace tutter bis. equiv.| CTL*
LTL > H s qt \O
\O [equwalence = with div. a4V ]CTL\O
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Logical characterizations GRA5 519

LT safety[ finite trace
prop. inclusion

simulation
preorder j] VCTL*

trace
inclusion

LTL for TS without

terminal states

LTL trace bisimulation CTL*
equivalence equivalence ~ | CTL

tutter trace tutter bis. equiv.| CTL*
LTL > H s qt \O
\O [equwalence = with div. a4V ]CTL\O
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Logical characterization GRAS 515

for bisimulation equivalence ~7:

s1 ~1 5 iff s, s satisfy the same CTL* formulas
iff s1, sp satisfy the same CTL formulas
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Logical characterization GRAS 515

for bisimulation equivalence ~7:

s1 ~1 5 iff s, s satisfy the same CTL* formulas
iff s1, sp satisfy the same CTL formulas

for the simulation preorder <r:
by a sublogic I. of CTL* that subsumes LTL

s1 X7 s iff for all formulas ® € L:
5 | ®impliess; E @
T

observation: IL cannot be closed under negation
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The universal fragment VCTL* of CTL* GRMS.5-16

CTL* formulas in positive normal form, without 3
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Syntax of VCTL* GRM5.5-16

VCTL* state formulas:
& = true | false | a | —a |
GIADy | DV, | Vo
VCTL* path formulas:
o u= O | pAp | o1V | Op |
prUp2 | o1 W,
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Syntax of VCTL*

GRMb5.5-16

VCTL* state formulas:
& = true | false | a | —a |
dIAD, | OV D, | Vo
VCTL* path formulas:
o u= O | pAp | o1V | Op |
prUp2 | o1 W,

eventually: Q¢ ef trueU ¢

always: Oy def oW false
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Embedding of LTL in VCTL* GRMS.5-16

VCTL* state formulas:
& = true | false | a | —a |
GIADy | DV, | Vo
VCTL* path formulas:
o u= O | pAp | o1V | Op |
prUp2 | o1 W,

for all LTL formulas ¢ in PNF:
s e ¢ iff s Fverix Vo

but VOVa cannot be expressed in LTL
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The universal fragments of CTL* and CTL  cuwssar

syntax of VCTL*:
¢ = true|false|a|ﬂa|¢1A¢2|¢1V¢2|V<p

¢ = ®|lpiApa|erVeer|Ov|eiUpa| o1 W,

VCTL: sublogic of VCTL*

e no Boolean operators for paths formulas

e the arguments of the temporal modalities
(), U and W are state formulas
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The universal fragments of CTL* and CTL  cuwssar

syntax of VCTL*:
¢ = true|false|a|ﬂa|<|>1/\<l>2|¢1v¢2|V<p

¢ = ®|lpiApa|erVeer|Ov|eiUpa| o1 W,

VCTL: sublogic of VCTL*

syntax of VCTL:
¢ = true | false | a | -a | P, Ay | b, VvV, |
VOO | V(91U ) | V(01 W dy)




Logical characterization of simulation GRAS.5-19A

Let 7 be a finite TS without terminal states. Then,
for all states s; and s, in 7, the following statements
are equivalent:

(1) s1 21 %
(2) for all VCTL state formulas &:
if s = ® then s, = ®

(3) for all VCTL* state formulas ®:
if s, = ® then 5 = @
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VCTL and simulation GRMB.5-18

Ti:
{a}

4 {a}
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VCTL and simulation GRMB.5-18

Ti:

ta} AP = {a}
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VCTL and simulation GRMB.5-18

Ti:

{a} 2
2 {a} =
eg., T £ VO(VO—a v VOa)

T E YO(VO~a v VOa)
T VO(VO-a v VOa)
T E VO(VO-a v VOa)




VCTL/VCTL* and the simulation preorder  cuss19s

For finite TS without terminal states, the following
statements are equivalent:

(1) s1 21 =
(2) for all VCTL formulas ®: s, = ® implies s; = ®
(3) for all VCTL* formulas ®: s, = ® implies s, = ®
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VCTL/VCTL* and the simulation preorder  cuss19s

For finite TS without terminal states, the following
statements are equivalent:

(1) s1 21 =
(2) for all VCTL formulas ®: s, = ® implies s; = ®
(3) for all VCTL* formulas ®: s, = ® implies s, = ®

(3) = (2): obvious as VCTL is a sublogic of VCTL*
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VCTL/VCTL* and the simulation preorder  cuss19s

For finite TS without terminal states, the following
statements are equivalent:

(1) s1 21 =
(2) for all VCTL formulas ®: s, = ® implies s; = ®
(3) for all VCTL* formulas ®: s, = ® implies s, = ®

(3) = (2): obvious as VCTL is a sublogic of VCTL*

(1) = (3): holds for arbitrary (possibly infinite) TS
without terminal states

;

proof by structural induction
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VCTL/VCTL* and the simulation preorder  cuss19s

For finite TS without terminal states, the following
statements are equivalent:

(1) s1 21 =
(2) for all VCTL formulas ®: s, = ® implies s; = ®
(3) for all VCTL* formulas ®: s, = ® implies s, = ®

(1) = (3): show by structural induction:

(i) for all VCTL* state formulas ® and states s;, s):
if ss X7 s and 5; |=® then 5 = @

(ii) for all VCTL* path formulas ¢ and paths 7y, m5:
if 1 <7 m and m | ¢ then m =
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VCTL/VCTL* and the simulation preorder  cuss19s

For finite TS without terminal states, the following
statements are equivalent:

(1) a1 21
(2) for all VCTL formulas ®: s, = ® implies s; = ®
(3) for all VCTL* formulas ®: s, = ® implies s; = ®

(2) = (1): show that for finite TS:

R = {(s1,%) : forall VCTL formulas ®:
5 ® implies s = ¢}

iIs a simulation.

42/122



Duality of VCTL* and JCTL*

GRM5.5-20

ACTL* (state) formulas:

Y = true|faIse|a|—-a|\Ill/\\ll2|\I11V\I12|EI<p
3CTL* path formulas:
o = V|oiAg |1V | Op|eiUe:| o1 We,

analogous: 4CTL

For each VCTL* formula ® there is a ACTL* formula W
st. ® = -W  (and vice versa)

For each VCTL formula ® there is a ACTL formula W
st. ® = -W  (and vice versa)
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Logical characterization of simulation GRAS.5-20A

If s; and s, are states in a finite TS then the following
statements are equivalent:
(1) s1=3rs
(2) for all VCTL formulas ®:
if s = ® then s =&

(3) for all VCTL* formulas ®:
if s, = ® then 5 = @
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Logical characterization of simulation GRAS.5-20A

If s; and s, are states in a finite TS then the following
statements are equivalent:

(1) s=2r=
(2V) for all VCTL formulas ®:
if s = ® then s =&
(3V) for all VCTL* formulas ®:
if s, = ® then 5 = @
(23) for all ICTL formulas W:
ifs1 E WV thens, EW

(33) for all ICTL formulas W:
if s1 | W then 5, W
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Example: VCTL/3CTL and simulation Gms.5-21

A {a}
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Example: VCTL/3CTL and simulation

' gia}

Z {a}

T ¥ YO(VO-a Vv YOa)
T | YO(VO—a Vv VQOa)

T = 30302 A 302)
T 3I0E0-a A 30a)

VCTL formula

ACTL formula

GRM5.5-21



Characterizations of simulation equivalence ...

for finite TS without terminal states:

Th~T iff h XThandD 2T
iff 7Ty, T satisfy the same VCTL* formulas
iff 77, T, satisfy the same VCTL formulas
iff 77, Tp satisfy the same ICTL* formulas

iff 7y, T satisfy the same 3CTL formulas
T

.. even holds for VCTL*\ yw, YCTL\yw,
ElCTL*\U,w, EICTL\U,W
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Simulation equivalence GRM5.5-23

T T

@ ={a}
® ={b}
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Simulation equivalence GRM5.5-23

T T

@ ={a}
® ={b}

12

Ty, T> cannot be distinguished by the temporal logics
VCTL, VCTL*, ACTL, or ACTL*,
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Simulation equivalence GRM5.5-23

T T

~ @ ={a}
76 ® ={b}

Ty, T> cannot be distinguished by the temporal logics
VCTL, VCTL*, ACTL, or ACTL*,

but by CTL:
T = YO@BOa A 30ODb)
T E YO@EOa A 30Db)
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Does there exist ...? S 5
I T OZo
@ = {a}
@ = {b}

Does there exist a ACTL formula ® s.t.
ThE® and L ED?
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Does there exist ...? S 5
I T OZo
@ = {a}
@ = {b}

Does there exist a ACTL formula ® s.t.
ThE® and L ED?

yes, asTh AT, eg., ®=30(30a A 3I0Ob)
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Does there exist ...? S 5
I T OZo
@ = {a}
@ = {b}

Does there exist a ACTL formula ® s.t.
ThE® and L ED?

yes, asTh AT, eg., ®=30(30a A 3I0Ob)

Does there exist a VCTL formula ® s.t.
ThE® and L ED?
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Does there exist ...? S 5
I T OZo
@ = {a}
@ = {b}

Does there exist a ACTL formula ® s.t.
ThE® and L ED?

yes, asTh AT, eg., ®=30(30a A 3I0Ob)

Does there exist a VCTL formula ® s.t.
ThE® and L ED?

no, ash <7
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Does there exist ...? GRMB.5-26

T

T

Does there exist a ACTL formula ® s.t.
TiE® and T lE® ?
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Does there exist ...? GRMB.5-26

T g2

Does there exist a ACTL formula ® s.t.
TiE® and T lE® ?

no, sincel; ~ 1
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Does there exist ...? GRMB.5-26

4 S1 % 52

t v b V2

Does there exist a ACTL formula ® s.t.
TiE® and T lE® ?

no, sincel; ~ 1

simulation for (71, %): {(s1,%), (v1,%), (t1, )}
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Does there exist ...? GRMB.5-26

4 S1 % 52

t v b V2

Does there exist a ACTL formula ® s.t.
TiE® and T lE® ?

no, sincel; ~ 1
simulation for (71, %): {(s1,%), (v1,%), (t1, )}

simulation for (72, T1):
{(52) 51)7 (52) V1)7 (V27 Vl)) (tl7 t2)}

88 /122



Does there exist ...? GRMB.5-27

T g2

Does there exist a CTL formula ® s.t.
TP and HE®?
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Does there exist ...? GRMB.5-27

T g2

Does there exist a CTL formula ® s.t.
TP and HE®?

yes, as Ty & T, e.g., ® = IQVOblue
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Does there exist ...? GRMB.5-27

T g2

Does there exist a CTL formula ® s.t.
TP and HE®?

yes, as Ty & T, e.g., ® = IQVOblue

Does there exist a LTL formula ¢ s.t.
TiFp and @ ?
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Does there exist ...? GRMB.5-27

T g2

Does there exist a CTL formula ® s.t.
TP and HE®?

yes, as Ty & T, e.g., ® = IQVOblue

Does there exist a LTL formula ¢ s.t.
TiFp and @ ?

no, as 71, 7, are simulation equivalent
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Simulation quotient GRMS.5-28

Let T = (S, Act,—, Sp, AP, L) be a TS.

simulation quotient 7 /~:

transition system that arises from 7" by collapsing
all simulation equivalent states
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Simulation quotient GRMS.5-28
Let T = (S, Act,—, So, AP, L) be a TS. Then:
T/~ & (S/~,Act', -, S, AP, L)
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Simulation quotient GRMS.5-28
Let T = (S, Act,—, So, AP, L) be a TS. Then:
T/~ & (S/~,Act', -, S, AP, L)

set of all simulation

e state space S/~ «— :
equivalence classes
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Simulation quotient GRMS.5-28
Let T = (S, Act,—, So, AP, L) be a TS. Then:
T/~ & (S/~,Act', -, S, AP, L)

set of all simulation

e state space S/~ «— :
equivalence classes

e initial states: S§ = {[s] : s € So}

e labeling: AP' = AP and L'([s]) = L(s)

[s]={s'€S:s~rs'}
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Simulation quotient GRMS.5-28

Let T = (S, Act,—, So, AP, L) be a TS. Then:

T/~ & (S/~,Act', -, S, AP, L)

set of all simulation
equivalence classes

initial states: S) = {[s] : s € So}

state space S/~ «—

labeling: AP’ = AP and L'([s]) = L(s)

— ¢
[]—>~[5']

action labels: irrelevant

transition relation:
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Similarity of 7 and 7/~ GrG.5-288
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Similarity of 7 and 7/~ GrG.5-288

Let T = (S, Act,—, So, AP, L) be a TS. Then:
T/~ = (§/~,Act',—~, S5, AP, L)

. . s — ¢
where the transitions are given by [ — 5]

T and T/~ are simulation equivalent, i.e.,

T<XT/~ and T/~ <X T

Proof. provide simulations for (7,7 /~) and (T /~,T)
simulation for (7,7 /~): {(s,[s]) : s € S}
simulation for (7 /~,T): ?
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Example: simulation quotient GRMS.5-28

T
S1 L]

7] w ur

nh w1 b t3 W

ty, t», t3 are simulation equivalent

v1, V» are simulation equivalent
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GRMbH.5-28A

Example: simulation quotient

T
S1 L]

7] w ur

nh w1 b t3 W

ty, t», t3 are simulation equivalent

v1, V» are simulation equivalent

h ~w, w=u,w butw 2 wu,w
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GRMbH.5-28A

Example: simulation quotient

T
S1 L]

7] w ur

h v b 13 W
ty, t», t3 are simulation equivalent
are simulation equivalent

i, »2
w =X u,th, butw % u,wm

n = W,

51 =9
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GRMbH.5-28A

Example: simulation quotient

T T/~

S1 S {517 52}
n w us {U]_, U2} {W}
(5] Vi [5) t3 V2 {Vl, V2} {t17 b, t3}

ty, t», t3 are simulation equivalent
are simulation equivalent

i, »2
w =X u,th, butw % u,wm

n = W,

51 =9
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Example: simulation quotient GRMS.5-28

T T/~
s1 9 {s1,%}

u w 7)) {u, ur} {w}

simulation for (7,7 /=~2):
{(s,[s]) : sis a state in T }
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Example: simulation quotient GRMS.5-28

T T/~
s1 9 {s1,%}

u w 7)) {u, ur} {w}

simulation for (7,7 /=~2):

{(s,[s]) : sis a state in T }
but {([s],s): s isastatein T }

is not a simulation for (7 /~,T)
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Example: simulation quotient GRMS.5-28

T T/~
s1 9 {s1,%}

u w 7)) {u, ur} {w}

show that R = {([s],s) : s is a state in T }
is not a simulation for (7 /~,T)
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Example: simulation quotient GRMS.5-28

T T/~
s1 9 {s1,%}

u w 7)) {u, ur} {w}

show that R = {([s],s) : s is a state in T }
is not a simulation for (7 /~,T)

regard ({s1,%},5) € R and {s1, 5} —~ {w}
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Example: simulation quotient GRMS.5-28

T T/~
s1 9 {s1,%}

u w 7)) {u, ur} {w}

show that R = {([s],s) : s is a state in T }
is not a simulation for (7 /~,T)

regard ({s1,%},5) € R and {s1, 5} —~ {w}
there is no transition s, —» w' in T st. ({w}h,w) ER
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Similarity of 7 and 7/~ G5, 5-28¢

Let T = (S, Act, —, So, AP, L) be a TS. Then:
T/~ = (§/~,Act',—~, S5, AP, L)

N _ s — ¢
where the transitions are given by 6] — [5]

T and T /~ are simulation equivalent, i.e.,

T <XT/~ and T/~ <X T

Proof. provide simulations for (7,7 /~) and (T /~,T)
simulation for (7,7 /~): {(s,[s]) : s € S}
simulation for (7 /~,T): ?
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Similarity of 7 and 7/~ G5, 5-28¢

Let T = (S, Act, —, So, AP, L) be a TS. Then:
T/~ = (§/~,Act',—~, S5, AP, L)

N _ s — ¢
where the transitions are given by 6] — [5]

T and T /~ are simulation equivalent, i.e.,

T <XT/~ and T/~ <X T

Proof. provide simulations for (7,7 /~) and (T /~,T)
simulation for (7,7 /~): {(s,[s]) : s € S}
simulation for (7/~,T): {([s],t):s =27 t}
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