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Bδ(S) =
⋃

x∈S
Bδ(x) and Bδ(ξx) =

⋃

t∈[0,T ]

Bδ(t)(ξx(t))

A sampling of X is a set S = {x1, . . . ,xk} of points in X . The intuitive notion
of the “coverage” of X by S is formalized by

Definition 1 (Dispersion). The dispersion αX (S) is the
smallest radius ε such that the union of all ε radius closed
balls with their center in S covers X .

αX (S) = min
ε>0

{ε | X ⊂ Bε(S)} (2)

ε

We now define the process of refining a sampling, which simply consists in finding
a new sampling with a strictly smaller dispersion.

Definition 2 (Refinement). Let S and S′ be samplings of X . We say that S′

refines S if and only αX (S′) < αX (S).

A refining sampling can be constructed from the set to refine (e.g. by adding
sufficiently many points) or be found independently. In both cases, we can assume
that it is obtained through a refinement operator which we define next.

Definition 3 (Refinement operators). A refinement operator ρ : 2X �→ 2X

maps a sampling S to another sampling S′ = ρX (S) such that S refines S′. A
refinement operator is complete if ∀S,

lim
k→∞

αX
(
ρ
(k)
X (S)

)
= 0

where ρ
(k)
X (S) is the result of k application of ρX to S.

In other terms, a refinement operator is complete if a sampling of X which has
been infinitely refined is dense in X . Until we define one in section 3, we assume
the existence of a complete refinement operator ρ.

2.2 Expansion Function

The intuitive idea is to draw “tubes” around trajectories so that the union
of these tubes will provide an over-approximation of the reachable set. The
expansion function then simply maps time t to the radius of the tube at t, given
an initial state x0 and an initial radius ε.

Definition 4 (Expansion function). Given x0 ∈ X0, and ε > 0, the expan-
sion function of ξx0 , denoted by Ex0,ε : R

+ �→ R
+ maps t to the smallest non-

negative number δ such that all trajectories with initial state in Bε(x0) reach a
point in Bδ(ξx0(t)) at time t:

Ex0,ε(t) = sup
d(x0,x)≤ε

d
(
ξx0(t), ξx(t)

)
(3)
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Clearly, a first property of the expansion functions is that it approaches 0 as ε
tends toward 0:

∀t > 0, lim
ε→0

Ex,ε(t) = 0 (4)

This results directly from the continuity of ξx(t) w.r.t. x.

The expansion function value Ex0,ε(t)
gives the radius of the ball which over-
approximate tightly the reachable set from
the ball Bε(x0) at time t. Obviously, if we
take several such balls so that the initial
set X0 is covered, we obtain a correspond-
ing cover of Reach=t(X0). This is stated in
the following

x0

ξx0(t)

ε

Reach=t

[
Bε(x0)

]

Ex0,ε(t)

Proposition 1. Let S = {x1, . . . ,xk}be a sampling of X0 such that
⋃k

i=1 Bεi(xi)
is a ball cover of X0 for some {ε1, . . . , εk}. Let t > 0 and for each 1 ≤ i ≤ k, let
δi = Exi,εi(t). Then

⋃k
i=1 Bδi(ξxi(t)) is a ball cover of Reach=t(X0).

Proof. By definition, the ball cover of X0 contains X0, and each Bδi(ξxi(t))
contains Reach=t(Bεi(xi)), and the rest follows from the commutativity of the
dynamics with set union and containment. 	


In particular, if S is a sampling of X0 with dispersion ε then we are in the case
where εi = ε for all 1 < i < k and since the result is true for all t ∈ [0, T ], we
have the following

Corollary 1. Let S = {x1,x2, . . . ,xk} be a sampling of X0 with dispersion
αX0(S) = ε. Let δ > 0 be an upper bound for Exi,ε(t) for all 1 < i < k and
t ∈ [0, T ], then the following inclusions hold

Reach[0,T ](X0) ⊆
⋃

x∈S
BEx,ε(ξx) ⊆

⋃

x∈S
Bδ(ξx) ⊆ Bδ

(
Reach[0,T ](X0)

)
(5)

Proof. The first inclusion is a direct application of the proposition. The second
results from the fact that δ is an upper-bound and the third inclusion is due to
the fact that ∀(xi, t) ∈ S × [0, T ], ξxi(t) ∈ Reach[0,T ](X0). 	


In other terms, if we bloat the sampling trajectories starting from S with a radius
δ, which is an upper bound for expansion functions of these trajectories, then
we get an over-approximation of the reachable set which is between the exact
reachable set and the reachable set bloated with δ. Because of (4), it is clear
that δ, and then the over-approximation error, decreases when ε gets smaller.

The second corollary of proposition 1 underlies our verification strategy.

Corollary 2. Let S = {x1, . . . ,xk} be a sampling of X such that
⋃k

i=1 Bεi(xi)
is a ball cover of X0. For t ∈ [0, T ] and 1 ≤ i ≤ k, let δi(t) = Exi,εi(t). If for all
t ∈ [0, T ],

Bδi(t)(ξxi(t)) ∩ F = ∅,
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