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Algorithm 1: Simulation-based Verification for Delayed Dynamical Systems

input : The dynamics f(x, u), delay term r, initial set Xy, unsafe set 2/, time bound T',
precision €.

/+ initialization =/

1 S X, R+ 0 0+ dia(Xo)/2; 7 705

2 while S # () do

3 X + d-Partition(5);

4 if & < e then

5 | return (UNKNOWN, R);

for B;s(xo) € X do

3
7 (t,y,d) « Simulation(Bs(x), f(x,w),r,7,T);
8 T « Uf;ol conv(Bqg,, (yn) U Bdn+1 (¥nt1));

9 if 7N = () then

10 | S+ S\Bs(x0); Re=RUT;

1 else if 3i. Ba, (y:) € U then

12 | return (UNSAFE, T);

13 else

14 L S« S\Bs(xg); 64 48/2;

15 return (SAFE, R);
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Algorithm 2: Simulation: a validated DDE solver producing rigorous bounds
input : The initial set Bs(xo), dynamics f(x,u), delay term , step size 7, time bound

output: A triple (t,y, d), where the components represent lists, with the same length,
respectively for the time points, numerical approximations (possibly
multi-dimensional), and the rigorous local error bounds.
/* initializing the lists, whose indices start from -1 +*/
1t [-7,0]; ¥ + [x0,%0]; d+ [0,6];
/+ r has to be divisible by 7 (in FP numbers) =/
2 n+0; m+r/m;
3 whilet, < T do
4 bpp1 —tn+ 75
/* approximating yn+1 using forward Euler method «/
5 Yni1 4 ¥n + F(¥n Ynom) *7;

/* computing error slope by constrained optimization =*/

6 en, ¢ Find minimum e s.t.
lf(x+t+futtxg) = f(yn,yn-ml < e—o, for
vt e [0,7]
Vx € B, (¥n) (9)

Vu € Ba,_,. (¥n—m)
VE € Be(f(¥n, Yn—m))
Vg € Bep i (F (¥n—m, Yn—2m));
dnt1 ¢ dn + Ten;
/* updating the lists by appending the extrapolation =/
7|t [ttanals ¥ [y, gnnals d 4+ [d dnsa];
8 n+mn+1;

9 return (t,y,d);
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(a) An initial over-approximaion of trajectories start- (b) Al tajectories starting from Bp 125(1.375) (c) Initial state set By 125(1.125) is verified to be safe
ing from Bo.225(1.25). It overlaps with the unsafe set  are proven safe within the time bound. as the over-  aswell.
(s. circle). Initial set is consequently split (cf. Figs. 3b, approximation does not intersect with the unsafe set.
3¢

(d) Bo.25(0.75) yields overlap w. unsafe: the ball is (e) All trajectories originating from Bo.125(0.875) () All wajectories originating from By 125 (0.625)
partitioned again (Figs. 3e, 31). are provably safe are provably safe as well

Fig. 3: The logistic system (13) is proven safe through 6 rounds of
initial state set Xop = {N|N € [0.5, 1.5]}. time bound 7" = 5s,

mulation with base stepsize 79 = 0.1. Delay 7 = 1.3,
unsafe set {N|N > 1.6}
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