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@ Introduction

© Local Formulas and Path Expressions
@ Syntax
@ Formal Semantics

© PDL Formulas

@ Verification problems for PDL
@ Model checking MSCs
@ Model checking CFMs
@ Model checking MSGs
o Satisfiability
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Overview

@ Introduction
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A logic for MSCs

@ This lecture will be devoted to a logic that is interpreted over MSCs
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A logic for MSCs

@ This lecture will be devoted to a logic that is interpreted over MSCs

@ The logic is used to umambigously express properties of MSCs
o does a given MSC M satisfy the logical formula ¢?

o And to characterise a set of MSCs by means of a logical formula
o all MSCs that satisfy the formula ¢

@ Based on propositional dynamic logic (PDL) [Fischer & Ladner, 1979]
@ combines easy-to-grasp concepts such as regular expressions and
Boolean operators *> wode\l \o 3; ¢
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A logic for MSCs

This lecture will be devoted to a logic that is interpreted over MSCs

The logic is used to umambigously express properties of MSCs
o does a given MSC M satisfy the logical formula ¢?

And to characterise a set of MSCs by means of a logical formula
o all MSCs that satisfy the formula ¢

Based on propositional dynamic logic (PDL) [Fischer & Ladner, 1979]

@ combines easy-to-grasp concepts such as regular expressions and
Boolean operators

@ Syntax, semantics, examples and various verification problems.
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Some informal example properties
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© The (unique) maximal event of M is labeled by 7(2,1,a) Yes. No.
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Some informal example properties
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© The (unique) maximal event of M is labeled by 7(2,1,a) Yes. No.
@ The maximal event on process 2 is labeled by 7(2,1,a) Yes. Yes.

Joost-Pieter Katoen Theoretical Foundations of the UML 5/41



Some informal example properties

.

Melle  Pegue

© The (unique) maximal event of M is labeled by 7(2,1,a) Yes. No.
@ The maximal event on process 2 is labeled by 7(2,1,a) Yes. Yes.
© No two consecutive events are labeled with 7(2, 3, ¢) No. Yes.
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Some informal example properties

: L E‘ z*
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b€l
I |

H\e‘-k Mﬁa\\k
© The (unique) maximal event of M is labeled by 7(2,1,a) Yes. No.
@ The maximal event on process 2 is labeled by 7(2,1,a) Yes. Yes.

© No two consecutive events are labeled with 7(2, 3, ¢) No. Yes.
@ The number of send events at process 3 is odd. No. No.
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The need for logics

@ Properties stated in natural language are ambiguous.
o We prefer to use a formal language for expressing properties.
o A formal semantics yields an unambiguous interpretation.

@ This provides the basis for verification algorithms and common
understanding.

o As formal language for properties we use logic.
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Overview

© Local Formulas and Path Expressions
@ Syntax
@ Formal Semantics
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The logic PDL

@ Local formulas
o Statements interpreted for single events in an MSC
o Express properties about other events at the same process
@ Express properties about send and matched receive events
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The logic PDL

@ Local formulas

o Statements interpreted for single events in an MSC
o Express properties about other events at the same process
@ Express properties about send and matched receive events

]

o
o Path expressions —
o Used to'navi ate’throu h an MSC [ 2 \l = lP'
g g |

@ Use choice, concatenation and repetition

@ Can be (embraced it box and diamﬁid modalities l', ¢
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The logic PDL

eseks
@ Local formulas /

o Statements interpreted for single events in an MSC
o Express properties about other events at the same process
@ Express properties about send and matched receive events

o Path expressions

@ Used to navigate through an MSC
@ Use choice, concatenation and repetition
@ Can be embraced in box and diamond modalities

o PDL-formulas

o Express properties about an entire MSC
O QRS MISIY
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Local formulas

Local formulas

These are statements over single events in an MSC. That is, an event
either satisfies or refutes such formula.

V.

Example local formulas

0 !(1,2,a) The current event is labeled with (1,2, a)

A 2
e —t e’ e & ()

e' # \-(4'le)

V.
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Local formulas

Local formulas

These are statements over single events in an MSC. That is, an event
either satisfies or refutes such formula.

Example local formulas

o !(1,2,a) The current event is labeled with (1,2, a)
@ (proc)true There is a next event at the same process
A (B 3
e e & <proed e
| ;
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Local formulas

Local formulas

These are statements over single events in an MSC. That is, an event
either satisfies or refutes such formula.
Example local formulas
o !(1,2,a) The current event is labeled with (1, 2, a)
@ (proc)true There is a next event at the same process
@ (proc; proc)true There are (at least) two next events at this process
(& 2
L e = ( poc r«oc) e
e’ L
e’
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Local formulas

Local formulas

These are statements over single events in an MSC. That is, an event
either satisfies or refutes such formula.
Example local formulas
o !(1,2,a) The current event is labeled with (1,2, a)
@ (proc)true There is a next event at the same process
@ (proc; proc)true There are (at least) two next events at this process
@ [proc]~!false T There is no preceding event at this process
=1
e e = [poc]  fodse
/’\m\‘ 3
L4
.1
bockuwaads e’ e’ # E‘wocl false

Joost-Pieter Katoen Theoretical Foundations of the U



Local formulas

Local formulas

These are statements over single events in an MSC. That is, an event
either satisfies or refutes such formula.

Example local formulas

o !(1,2,a) The current event is labeled with (1,2, a)
@ (proc)true There is a next event at the same process
@ (proc; proc)true There are (at least) two next events at this process
[proc] ~!false There is no preceding event at this process
o (m sg> true This event is a send matching a (next) receive event
> J., & FE<madbue
C ’re
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Local formulas

Local formulas

These are statements over single events in an MSC. That is, an event
either satisfies or refutes such formula.

Example local formulas

o !(1,2,a) e 1 = The current event is labeled with (1, 2, a)
@ (proc)true Jc b There is a next event at the same process
@ (proc; proc)true There are (at least) two next events at this process
@ [proc]~!false There is no preceding event at this process
o (msg)true This event is a send matching a (next) receive event
@ (proc) 7(1,2,b) Event 7(1,2,b) is a possible next event on this process
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Local formulas

Local formulas

These are statements over single events in an MSC. That is, an event

either satisfies or refutes such formula.
0 !(1,2,a) The current event is labeled with (1,2, a)
@ (proc)true There is a next event at the same process
@ (proc; proc)true There are (at least) two next events at this process
@ [proc]~!false There is no preceding event at this process
o (msg)true This event is a send matching a (next) receive event
@ (proc) 7(1,2,b) Event 7(1,2,b) is a possible next event on this process
) [{;'( 1,2,a) }]1%3 An event is possible after any event different from !(1, 2, a)

—

Joost-Pieter Katoen Theoretical Foundations of the UML 9/41



Local formulas

Definition (Syntax of local formulas)

For communication action o € Act and path expressio
of local formulas is given py:

@ u= true i\ -0 | eV | {(p | <0‘>_1‘P

e ——mm

The syntax of path expressions « will be deﬁned\ later on. \

!

/(ncw{sa\t " Qno.&Jq\th
! (“ ' ¢ Q) «‘:Mora\j backoeds
b | ? (z' 3) \)
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Local formulas

Definition (Syntax of local formulas)

For communication action o € Act and path expression «, the grammar
of local formulas is given by:

@ == true | o | —p | g‘p_\/_go | <oz><,0 | <a)_1<,0

The syntax of path expressions a will be defined later on.

Definition (Derived operators)

false = —true
p1 N\ p2 = :'(__"f_l V =) De MOSQ«'\
a\ Nole —_ ere IS WO POILb\e
& sjzzmrs [04](,0 = _‘(Oé)_'sD — of - SaCcestor Sn%*abh
ssty P B = )1 ~ P
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Intuitive meaning of local formulas

true Valid statement. Satisfied by every event.
o Current event is labelled with o
=P Current event does not satisfy ¢
w1 Vo Current event satisfies 1 or o
Some forward path satisfying « reaches an event satisfying ¢
<
Cou-— R = pecypoc; m.sa_
l 5% = e
—>
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Intuitive meaning of local formulas

true Valid statement. Satisfied by every event.
o Current event is labelled with o
=P Current event does not satisfy ¢
w1 Vo Current event satisfies 1 or o
() Some forward path satisfying « reaches an event satisfying ¢
<a>'{ % Some backward path « reaches an event satisfying
[ ol = proc) m.scb_
— T
—  —>s%e
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Intuitive meaning of local formulas

true Valid statement. Satisfied by every event.
o Current event is labelled with o
=P Current event does not satisfy ¢
w1 Vo Current event satisfies 1 or o
() Some forward path satisfying « reaches an event satisfying ¢

%) Some backward path « reaches an event satisfying

[ All forward paths satisfying a reach an event satisfying ¢

Cad = exslelial quekificahon o posshle
V\OJ\\SQ\-\:QnS B“'Q\t)\\ a wsc”

’r

te&} — % uAlwenclL 5_\\@\\\"1’{«5\)/\ 5 0 0o o g
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Intuitive meaning of local formulas

true Valid statement. Satisfied by every event.
o Current event is labelled with o
=P Current event does not satisfy ¢
w1 Vo Current event satisfies 1 or o
(a)p Some forward path satisfying « reaches an event satisfying ¢
(@)=L Some backward path « reaches an event satisfying
[ All forward paths satisfying a reach an event satisfying
[a] 1 All backward paths satisfying « reach an event satisfying

How are path expressions like av defined?
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Path expressions

Definition (Syntax of local formulas)

For communication action o € Act and path expression «, the grammar of
local formulas is given by:

B = true | o | ~p | Vo | {a)p | (&)

Definition (Syntax of path expressions)

For local formula ¢, the grammar of path expressions is given by:

{¢} | proc | msg | asa | at+a | «

VAR S = T e

keﬂw&s aliemehve sher /
\-Q‘,{\s\\'\:m
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Intuitive meaning of path expressions

o { ¢} specifies an event that satisfies ¢

@ proc requires a (direct) successor relation between events at the
same process

@ msg requires a matching between current event and a receive event

@ The composition «; 3 defines the set of pairs (e, e’) for which there
exist event e’ such that (e,e”) =« and (¢”,¢') E 5
[

e
“ |
S
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Intuitive meaning of path expressions

o { ¢} specifies an event that satisfies ¢

@ proc requires a (direct) successor relation between events at the
same process

@ msg requires a matching between current event and a receive event

@ The composition «; 3 defines the set of pairs (e, e’) for which there
exist event e’ such that (e,e”) =« and (¢”,¢') E 5

@ « + [ denotes the union of the relations « and /3
2eco OFf more Bwmes o

o o denotes the reflexive and transitive closure of the relation o
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Intuitive meaning of local formulas

o Local formulas are interpreted over MSC events

o Event e satisfies (p, g, a) iff e is labelled with action !(p, ¢, a)
~—— ——

[ea (e

@ Path expression « defines a binary relation between events:

© {¢} is the set of pairs (e, e’) such that e satisfies ¢

Q (e,€) = prociff e and ¢’ reside at the same process (p, say)
and e’ is a direct successor of e wrt. <,

© (e,¢’) = msg iff ¢’ is the matching event of e, i.e.] ¢/ = m(e)
WEII =S =2 j
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Forward and backward local formulas

o Event e satisfies ()¢ iff there is an event e’ such that (e,e’)
satisfies o and ¢’ satisfies ¢

L) e/ ca-be rrached Hom e hwen macjr\\b
occoA\\'j o .
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Forward and backward local formulas

o Event e satisfies ()¢ iff there is an event e’ such that (e,e’)
satisfies o and ¢’ satisfies ¢

Formula ()¢ looks “forward” along the partial order of the MSC
starting from the current event

@ The interpretation of (o) "1y is dual, i.e., e satisfies it iff there is an
event e’ such that (¢’,e) satisfies o and ¢’ satisfies ¢

Formula (a)~!¢ looks “backward” along the partial order of the
MSC starting from the current event
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1] [2] (3]
ue < ¢
\ b,
a C
v
— —
Q@ ukE!(1,2,a) u is labelled with the action !(1,2,a)
Q u |= [proc] ! false u is the first event on u’s process
Q ul (msg)?(2,1,a) event u matches with the event v

—_—mm

— v E 1(210)
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(1] [2] 3]
u e < ¢ ¢ ><
) \ b
— 'J’
a c Ye— = \ (3:2,¢)
W)
v
— — — et
Ny,
w F Cpeeymsgypee) ! (32.¢)
Q@ ukE!(1,2,a) u is labelled with the action !(1,2,a)
Q u |= [proc] ! false u is the first event on u’s process
Q ulE (msg)?(2,1,a / event u matches with the event v
Q u | {(proc + msg)*)!(3,2,¢) event u happens before (3,2, ¢)
— —

o~
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Semantics of local formulas (1)

Definition (Syntax of local formulas)

For communication action o € Act and path expression a:

o = true | 0 | ¢ | eV o) | (@) le

Definition (Semantics of base local formulas)
Let M = (P,E,C,l,m,<) € M be an MSC and e € E.

Binary relation |= is defined such that ((M,e),p) € |= iff event e of MSC M
satisfies local formula . We write M, e = @ for ((M,e),p) € .

. M, e |= true forallee E
v M,el=o iff I(e) =0
- M,e =~ iff not(M,e = gp)

o MekEp1 Vs iff Melpor Mel= ¢
= — 4




Semantics of local formulas (2)
<P

Definition (Semantics of path formulas)

Let M = (P,E,C,l,m,<) e Mbe an MSC and e € E. Ne = > P

. R it cFPandeF® o

. e = (proc)p iff Je’ € Eexpe and ¢ =4 proc

- el (msglp iff ' € E.¢/ =m(e) and ¢ EFop nag
. e {a;an)p iff el (ar1){a2)e AL
. e (o +ao)p iff el {aq)porel= () ok, ¥,
. el (o) if heNek (@)@ * |

e (o) e (e Sy € RS
Where e <€ iff e<pe and s(Fe’ve<, e’ <p€), ie., € is a direct
successor of e under <,,.

<
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Semantics of local formulas (3)

<> P

path formulas)

Definition (Semantics of
Let M =

(P,E,C,l,m,<) € M be an MSC and e € E.

el -defned |

o e e iff eE¢andegp as Randson
e = (proc) Mg iff 3¢ € E.¢ < eande o s bjectia
el=(msg)~lp iff '€ E.e/ =m~ ()ande Ee

¢ el f{asan) Tty iff el (1) THa) Tl

e +a)lp iff e (o) lporel (a) Ty
ek (o) lp i IneNek (@) )e 4

{
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Overview

© PDL Formulas
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PDL formulas

Pogetes oger an
ecbre MASC

Definition (Syntax of PDL formulas)
For local formula ¢, the grammar of PDL formulas is given by:

du=3p | Vo | PAD | DV D

Negation
Negation is absent. As existential and universal quantification, as well as
conjunction and disjunction are present, PDF-formulas are closed under

negation.

Joost-Pieter Katoen Theoretical Foundations of the UML 21/41



Intuitive meaning of PDL formulas

o MSC M satisfies 3y if M has some event e satisfying ¢
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Intuitive meaning of PDL formulas

o MSC M satisfies Jp if M has some event e satisfying ¢

o MSC M satisfies ()¢ if from some event e in M, there exists an
a-labelled path from e to an event €, say, satisfying ¢
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Intuitive meaning of PDL formulas

o MSC M satisfies Jp if M has some event e satisfying ¢

o MSC M satisfies I(a)¢ if from some event e in M, there exists an
a-labelled path from e to an event €, say, satisfying ¢

o MSC M satisfies J[aep if from some event e in M, every event that
can be reached via anaslabelled path satisfies ¢
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Semantics of PDL formulas

Definition (Semantics of PDL formulas)
Let M = (P, E,C,l,m,<) € M be an MSC.
(M, ®) €  iff PDL formula ® holds in MSC M.

. ME3Jp iff Jec E.M,eE=e@

. MEVe iff Yee E.M,e=¢

o ME® A, iff ME® and M E ®,
o ME® V® iff MES o ME S,
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Example (1)

: L E‘ z*
C C
C C
b€l
I |

o The (unique) maximal event of M is labeled by 7(2,1,a) Yes. No.

o V ({(proc 4+ msg)*)([proc]| false A ?(2,1,a))) Yes. No.
[
?
- mMaximel @uenk
Sk\pc\b wﬂ-ﬁ\\vo\b Yocel
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Example (2)

: L E‘ z*
C C
C C
b€l
I |

@ The maximal event on process 2 is labeled by 7(2,1,a) VYes. Yes.

¥ %

o J([proc] false N?(2,1,a)) Yes. Yes.

———

CGxme\L A (e)
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SEMBINE))

(3] (3]
C C
C C
b€l
I |
e No two consecutive events are labeled with 7(2, 3, ¢) No. Yes.
o V([{7(2,3,¢) };proc; { (2,3, ¢) }] false) No. Yes.

oo nsettnve eents ? \\MP&)‘.\\Q
\eoaded  7(e3<) oot
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