
Do MSGs have an MSC in common?

Theorem: undecidability of empty intersection

The decision problem:

for MSGs G1 and G2, do we have L(G1) \ L(G2) = ??

is undecidable.

Proof: Reduction from Post’s Correspondence Problem (PCP)

. . . black board . . .
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Claim : for MSG s Gig and Gz ,
the decision

-

4

problem : is LTG, ) n L ( Ga )

¥0
"

is undecidable

Poot : ① Post 's Correspondence Problem
"

( Pcp )

② Reduction : PCP → the emptiness problem

for MS Cos

③ Prove that the reduction CD is correct
.



① Post 's Correspondence Problem
" ( PCP )

Emil Post
, rg46

Intuition
.

- consider the following puzzle .
we are

given a finite set of  
.

G- Les of the form

aba bbb aab bb
←

a aaa abab babba

the
, tree the

, tiles

Assume there are unbounded ly may
instances of every

tile
. Q .

. And a combination of tiles ( instances

thereof ) such that the word intine upper pots is the

saree as the word in the lower pots when
"

reading
"

the tiles from left to right .

- . .  i

aba bb aab aba ababbaababa
=

a babba abab a ababbaebaba

I 4 3 I

-

a solution to the 74,47

gives PCP puzzle
g. 4,3 ,

n
, 14,37



Formalise Gun of the PCP problem :

Given : a .

I a finite alphabet , e.g .

E = { a
, b s - . . rt)

2
.

U = { U
, ,

. . .  . gun } with .UiEE*

o .  .

W = { Wy ,
. . , Wn ) with w

,
. c- Et

4 .

h > 0
,

number of tiles

←
finite

Def ( Pcp ) : does there exist a sequence of

indices is
, , iz

,
. . .

,
ik such that for k > Oi

?
Ui Wiz - - - - . win = we ; Wiz .

. . . Wik a

-

word concatenation

of Ui
, , - - . guile

Eaapte Us { aba
,

bbb
,

aab
,

bb )
E - Lab )

we { a
, aaazabab ,

babba$
-

- - -

=w
, Ewa =Wg =w4

Solution is , iz
,

is ,is = 1,4
, 3,1



Theorem E Post
, ng 46 ] : PCP is undecidable

-
-

.

importance of this result : PCP is a popular decision

problem that can be used to show the undecidability

of other decision problems .

✓
undecidable

How ? take decision problems P ( eg .
PCP ) and

Q ( eg .
LCG

, )n 4623=0 ? for Msas Gr and Gz )

Aim : prove that decision problem Q is undecidable

£ ( P is reducible to Q ) implies Q is (A)
-

/ J undecidable

v

e.g PCP problem for

( undecidable ) which we wat

to prove undecidability

.

what is a reduction ? Need a total
, computable

function

①
such that :

X E Inst C P ) iff fcx ) e Inst C Q )
- -

e.g .

X is a gives PCP e.g .

instance of LCQ ) n

instance 4021=0 for Msas G
, tq .



In our setting ,
we are looking for a reduction f that

maps a given PCP instance on to an emptiness problem

instance for two MSGS
. Idea :

f

② ( u
,

W ) 1- C Gu
,

ow )
- -

PCP instance of aptness
instance problem

such that

( u
,

w ) is a solution
iff L ( Gu ) n L ( Gw )-44to the Pcp instance

This is the correctness statement that we need to③
prove of our reduction .



Claim i for MSG s Gi
,

and Gz ,
the decision

problem :

"
is LTG, ) n L ( Ga ) = 0

"
is undecidable

Poot : ① Post 's Correspondence Problem
"

( Pcp ) ✓

② Reduction : PCP → the emptiness problem

for Msas ✓

→ ③ Prove that the reduction CD is correct
.



Reduction : PCP instance ( U
,

W ) 1→ MSG s ( Gu
,6

Ephrin for It

¥ , msgset of
finite words

{ u
, . . .

, un }
*

R

941eggs
" on

i Be . . ¥2
,

Cmj . • F

o - →
④

"

¥

:Example i let U = Laba
,

bbb
,

aab
,

bb )
I

,
I

. Is In

set of processes
D= { Pi , Pz

, B ,
Pm )



Ed%BeEh
B

U={ us ,
. .

.

, uh , )
D- ⇒

- - -
-

to
→I

.

Pi PL
-

-  - Mz Ms PLI
m

m
.

" " '

. . .*  -

I
EIPzPIF € -0

-
- - -

b C Mi ) = u ;

d ( Ri ) =
"

p ,
sends index i to pg

"

rite : Mj . Rj
- Mj involves p ,

and pz

\
Rj involves pg and pg



explains U 1-3 MSG Gee

in a similar way W t MSG Gw

③ Correctness of the reduction .

Claim :

X. w ) has a solution iff 'Ll Gu ) n Law )

to
proof :

"
⇒

"

assume ( 6. w ) has a solution
.

That is
,

there exists a sequence in ,
. . .

, ik

such that Ui
, Uiz . . . Vik = We

, Vez - - - - Weh

Then
,

we cos traverse MSG s Gu and Gw

accordingly ,
i. e

, by ohosiy branch I
,

iz
,

.  - sik

( in that order ) and by construction of Gu and

Gw
,

it follows L ( Gu ) n Law ) = ¢ .

Formally ,

u u U U U a

Mu = B - ( Me; .Re ;) . ( Miz . Rc ;) .
.

. .

. (Mike Rin ) . F

-

in MSG Gee



Similarly ,

u w w u w w

Mw =D . ( Me
, .Ri ;) .C Miz .Riz) .

- - . . .

. ( Mik . Ripe ) . F

-

vertices in MSG Gw .

It follows that MSC Mu = Mw

W

since MIT .
- . .

. Mik =
M ! .

- - .  -

•

Men
-

-

encodes encodes

Ui
,

- - - - . Yik = Wi
,

- - - Wik

and
u W w

Ri? .  
- - -

- Rin = Ri
,

-
- - -

• Rik
- -

encodes encodes

is , - . sik = Es
,

. .  . sik



✓ v v ✓

Example u= aba bb aab aba 1,4 , 3,1
- - - - -

-

=U
, =ug

= Ug EU
,

index

MSC of P ' k start B p ,
order

a
> )B is ,

. . ,ia
run of >

MSG
I3)

Mo
1

s ) R
,

Gu
bya)My 4

, } Ru
>

a

ya
! fryIa)Rs
>

a

!
:}

Mi "
s ) R

,

>

<
end ) F

MSC E LC Gu )

in a similar way ,
we traverse Gw where

a b abb a aba a

- - - -

WI = Wy Ewg EW ,

MSC E Lauryn law ) # 0



6 4

⇐ Assume Lou ) n L C Gw ) -40 .

Then by construction of Gu and Gw

the message
contents between

pg

and pg yield
B Pg

it
>

Ez

:

:
w

Rio . .  .

OR !h = R ! •
- - -

•

Rin

as Rig? = Rig
? - for all a Ejsk



Gu and Gw can only produce the same

index sequence 4 , iz ,
. .  - sik if the

Corresponding message between p ,
and pz

are exchanged ,
so M C- L Cow ) n Law )

-

yields ¥0

Ui
, 4oz - - . Uik - Wi

, Wiz - - - Wik

Thus
,

@,W ) has a solution
.

D
.


