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Recap: Compiler Correctness

Compiler Correctness

. compiler )
programming language —— machine code
semantics \L i/ (simple) semantics
. ? .
meaning =  meaning

To do:

1. Definition of abstract machine

2. Definition of (operational) semantics of machine instructions

3. Definition of translation WHILE — machine code (“compiler”)

4. Proof: semantics of generated machine code = semantics of original source code
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Recap: Compiler Correctness

The Abstract Machine

Definition (Abstract machine)

The abstract machine (AM) is given by
e programs P &€ Code and instructions p:
P:=p*
p ::= PUSH(Z) | PUSH(t) | ADD | SUB | MULT | EQ | GT | NOT | AND | OR |
LOAD(x) | STO(x) | JMP (k) | JMPF (k)

(where z, k € Z,t € B, and x € Var)
e configurations of the form (pc, e, o) € Cnf where
— pc € Z is the program counter (i.e., address of next instruction to be executed)
— e € Stk := (Z U B)" is the evaluation stack (top to the right)
— 0 € ¥ = (Var — Z) is the (storage) state

(thus Cnf = 7Z x Stk x Y)
e initial configurations of the form (0, ¢, o)
e final configurations of the form (|P|, e, o)
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Recap: Compiler Correctness

Semantics of AM Instructions
Definition (Transition relation of AM)

For P=pg; ... ;pn1 € Code and 0 < pc < n, the transition relation > C Cnf x Cnf is given by

Pt (pc,e, o) > (pc+1,e: z,0) if ppc = PUSH(Z)
Pt (pc,e,o) > (pc+1,e:t, o) if ppe = PUSH(?)
Pt (pc,e:zy:z,0)> (pc+1,e:(z1 + 2),0) if ppc = ADD
P {(pc,e:z :z,0)> (pc+1,e:(z1 — 22),0) if ppc = SUB
Pt (pc,e:zy:2z0)> (pc+1,e:(z - 2),0) if ppc = MULT
PF(pc,e:z :z,0)> (pc+1,e:(z1 = 2),0)  if ppc =EQ
Pt (pc,e:zy:z,0)> (pc+1,e:(z1 > 22),0)  if ppc =GT
P (pc,e:t,o)> (pc+1,e:(—t),0) if ppc = NOT
PF (pc,e:ti:b,o)> (pc+1,e:(ti ANb), o) if ppc = AND
PI—(pce t:b,o)y > (pc+1,e:(t Vi) o) if ppc = OR
= (pc,e,0) > (pc+1,e: 0(x),0) if ppc = LOAD(x)
P|—<pce za>><pc+1 e, o[x — z|) if ppe = STO(X)
P+ {(pc,e, o) > (pc+ k, e, o) if ppe = JMP (k)
Pt (pc,e:true,o) > (pc + 1,e,0) if ppc = JMPF (k)
P+ {(pc, e : false, o) > (pc + k e, o) if ppc = JMPF (k)
e ., .. |RWIH
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Recap: Compiler Correctness

Determinism of Execution

Lemma

The semantics of AM is deterministic: for all v,~',~" € Cnf,
P~>~"and Pt~ 1>+ implies~ = ~".

Proof.

e Instruction to be executed is unambiguously given by program counter
e Topmost stack entries and storage state then yield unique successor configuration L]

Thus the following function is well defined:
Definition (Semantics of AM Programs)
The semantics of an AM program is given by 9[.] : Code — (¥ --+ ¥) as follows:

e if PF (0,e,0) >* (|P|, e,d’) for some e € Stk
Dﬁ[[P]]a T {undefined otherwise

RWTH
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The Compiler

Outline of Lecture 5

The Compiler
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The Compiler

Recap: Syntax of WHILE Programs
Definition (Syntax of WHILE (Definition 1.2))

The syntax of WHILE programs is defined by the following context-free grammar:

a.—=2z | X ‘ aitao ‘ a|—as | ar*xa, € AExp
b=t | a{=as ‘ ai>ao | —b ‘ b1 /\b2 ‘ b1 \/b2 € BEXp
c:=skip|x:=a|ci;c | if bthen ¢y else ¢, end | while bdo cend € Cmd

RWTH
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The Compiler

Translation of Arithmetic Expressions

Definition 5.1 (Translation of arithmetic expressions)

The translation function

T[] : AExp — Code
IS given by
T.lz]] :=PUSH(2)
Talx] := LOAD(x)
Ta[[aﬁag; L= za[[éh]] ;‘Za[[ag]] ; ADD
Tolai-as] = Talai]; Tala:] ; SUB
Tola*xas] = Talai] ; %ol @] ; MULT
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The Compiler

Translation of Arithmetic Expressions

Definition 5.1 (Translation of arithmetic expressions)

The translation function

Tal.] : AExo — Code
IS given by )
T.lz]] :=PUSH(2)
Talx]] := LOAD(x)
Ta[[aﬁag: L= za[[éh]] ;‘Za[[ag]] ; ADD
Talai-a] = Talar]; Talaz] ; SUB
Talarxa] := Talai] ; Talae] ; MULT
Example 5.2
Talx + 1]

Summer Semester 2019

Lecture 5: Operational Semantics of WHILE IV
(The Compiler & Its Correctness)

: Software Modeling

Il and Verification Chair

RWTH



The Compiler

Translation of Arithmetic Expressions

Definition 5.1 (Translation of arithmetic expressions)

The translation function

Tal.] : AExo — Code
IS given by )
T.lz]] :=PUSH(2)
Talx]] := LOAD(x)
Talai-a] = Talar]; Talaz] ; SUB
Talarxa] := Talai] ; Talae] ; MULT
Example 5.2
Tax + 1] =%F,[x];F,[1] ; ADD
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The Compiler

Translation of Arithmetic Expressions

Definition 5.1 (Translation of arithmetic expressions)

The translation function

Tal.] : AExo — Code
IS given by )
T.lz]] :=PUSH(2)
Talx]] := LOAD(x)
Talai-a] = Talar]; Talaz] ; SUB
Talarxa] := Talai] ; Talae] ; MULT
Example 5.2
Tax + 1] =%F,[x];F,[1] ; ADD
— LOAD(x) ;PUSH(1) ; ADD
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The Compiler

Translation of Boolean Expressions

Definition 5.3 (Translation of Boolean expressions)

The translation function

Tp.] : BExp — Code

is given by
Tp[true] := PUSH (true)
Tp|false| := PUSH (false)
Tplar=ap] := Taar] ; Talan] ; EQ
Tolar>az] = Ta| ] ; Tal 22] ; GT
Ib[[_'b = Ib b]] ;NDT
Tollbr V bo] = Tp[[ 1] ; Tp[ L] ; OR
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The Compiler

Translation of Statements

Definition 5.4 (Translation of statements)

The translation function T,[.| : Cmd — Code is given by

Tc[skip] =€
SCHX .= a:: = ‘Za
gc[[C‘] ;02 = (‘-ZC
Tc[if b then ¢y else ¢ end] := T,

Tc[while bdo c end] := T,
e

[a] ; STO (x)
1G]l ;Tc[[Cz]]
[b] ; IMPF (|Zc[cq]| + 2 ;
Tel
Telca
[b]; IMPF (|Z,[c]| + 2) ;

c1]; IMP(|Tee]| + 1)
Co

[c]; IMP (—(|Zp[b]| + |Zcle]| + 1))
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The Compiler

Translation of Statements

Example 5.5 (Translation of factorial program)

Tely:=1; while —(x=1) do y:=y*x; x:=x-1 end]
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The Compiler

Translation of Statements

Example 5.5 (Translation of factorial program)

Tely:=1; while —(x=1) do y:=y*x; x:=x-1 end]
= T lly:=1];%[while —1(32=1) do y:=y*x;vx:=x—1j end]
c
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The Compiler

Translation of Statements
Example 5.5 (Translation of factorial program)
Tely:=1; while —(x=1) do y:=y*x; x:=x-1 end]
= T lly:=1];%[while - (x=1) do y:=y*x;vx:=x—1j end]

— PUSH(1);STO(y) ; ’ °
Tpb] ; IMPF (|Z;[c]| +2);
Telcll; MP (—(|Tp[b]| + |Fe[e]| + 1))

12 of 25 Semantics and Verification of Software o Rm
Summer Semester 2019 Software Modeling

Lecture 5: Operational Semantics of WHILE IV Bl and Verification Chair
(The Compiler & Its Correctness)



The Compiler

Translation of Statements
Example 5.5 (Translation of factorial program)

Tely:=1; while —(x=1) do y:=y*x; x:=x-1 end]
= T lly:=1];%[while - (x=1) do y:=y*x;vx:=x—1j end]

c

= PUSH(1) ;STO(y) ;

Tplb] ; IMPF (| Tc[c]| + 2) ;

Tele] s MP(—(|Zp[b]| + [Fele]| +1))
= PUSH(1) ;STO(y) ;

LOAD(x) ;PUSH(1) ;EQ;NQT; JMPF(8 + 2) ;

LOAD(y) ;LOAD(x) ;MULT;STO(y) ;

LOAD(x) ;PUSH(1) ; SUB;STO(x) ; IJMP(—(4 +8 + 1))

RWTH
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The Compiler

Translation of Statements

Example 5.5 (Translation of factorial program)

Tely:=1; while —(x=1) do y:=y*x; x:=x-1 end]
= T lly:=1];%[while - (x=1) do y:=y*xirx:=x—£ end]

c

= PUSH(1) ;STO(y) ;

Tplb] ; IMPF (| Tc[c]| + 2) ;

Tele] s MP(—(|Zp[b]| + [Fele]| +1))
= PUSH(1) ;STO(y) ;

LOAD(x) ;PUSH(1) ;EQ;NQT; JMPF(8 + 2) ;

LOAD(y) ;LOAD(x) ;MULT;STO(y) ;

LOAD(x) ;PUSH(1) ; SUB;STO(x) ; IJMP(—(4 +8 + 1))

= PUSH(1) ;STO(y) ;
LOAD(x) ;PUSH(1) ;EQ;NOT; JMPF (10) ;
LOAD(y) ; LOAD(x) ;MULT;STO(y) ;
LOAD(x) ;PUSH(1) ;SUB;STO(x) ; JMP(-13)
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The Compiler

Execution of Factorial Program

Example 5.6 (Execution of factorial program)

Let P:= 0:PUSH(1); 1:STO(y); 2:LOAD(x); 3:PUSH(1); 4:EQ; 5:NOT; 6:JMPF(10);
7:LOAD(y); 8:LOAD(x); 9:MULT; 10:STO(y);
11:LOAD(x); 12:PUSH(1); 13:SUB; 14:STO(x); 15:JMP(-13)

and o € ¥ with o(x) = 2.
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The Compiler

Execution of Factorial Program

Example 5.6 (Execution of factorial program)

Let P:= 0:PUSH(1); 1:STO(y); 2:LOAD(x); 3:PUSH(1); 4:EQ; 5:NOT; 6:JMPF(10);
7:LOAD(y); 8:LOAD(x); 9:MULT; 10:STO(y);
11:LOAD(x); 12:PUSH(1); 13:SUB; 14:STO(x); 15:JMP(-13)

and o € ¥ with o(x) = 2.

(0,e ,o )
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The Compiler

Execution of Factorial Program

Example 5.6 (Execution of factorial program)

Let P:= 0:PUSH(1); 1:STO(y); 2:LOAD(x); 3:PUSH(1); 4:EQ; 5:NOT; 6:JMPF(10);
7:LOAD(y); 8:LOAD(x); 9:MULT; 10:STO(y);
11:LOAD(x); 12:PUSH(1); 13:SUB; 14:STO(x); 15:JMP(-13)

and o € ¥ with o(x) = 2.

(0,e ,o
>(1,1 o )
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The Compiler

Execution of Factorial Program

Example 5.6 (Execution of factorial program)

Let P:= 0:PUSH(1); 1:STO(y); 2:LOAD(x); 3:PUSH(1); 4:EQ; 5:NOT; 6:JMPF(10);
7:LOAD(y); 8:LOAD(x); 9:MULT; 10:STO(y);
11:LOAD(x); 12:PUSH(1); 13:SUB; 14:STO(x); 15:JMP(-13)

and o € ¥ with o(x) = 2.

(0,e ,o
>(1,1 o )
>(2¢e ,oly—1])
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The Compiler

Execution of Factorial Program

Example 5.6 (Execution of factorial program)

Let P:= 0:PUSH(1); 1:STO(y); 2:LOAD(x); 3:PUSH(1); 4:EQ; 5:NOT; 6:JMPF(10);
7:LOAD(y); 8:LOAD(x); 9:MULT; 10:STO(y);
11:L0OAD(x) ; 12:PUSH(1); 13:SUB; 14:ST0(x); 15:JMP(-13)
and o € ¥ with o(x) =
(0, )
> (1,1 )
>(2¢e ,o[y—1])
>( 3,2 )

9
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The Compiler

Execution of Factorial Program

Example 5.6 (Execution of factorial program)

Let P:= 0:PUSH(1); 1:STO(y); 2:LOAD(x); 3:PUSH(1); 4:EQ; 5:NOT; 6:JMPF(10);
7:LOAD(y); 8:LOAD(x); 9:MULT; 10:STO(y);
11:L0OAD(x) ; 12:PUSH(1); 13:SUB; 14:ST0(x); 15:JMP(-13)

and o € ¥ with o(x) =
(0,e ,o )
>(1,1 o )
>(2¢e ,oly—1])
> (3,2 ,oly—1])
>(4,2:1, 0y — 1])
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The Compiler

Execution of Factorial Program

Example 5.6 (Execution of factorial program)

Let P:= 0:PUSH(1); 1:STO(y); 2:LOAD(x); 3:PUSH(1); 4:EQ; 5:NOT; 6:JMPF(10);
7:LOAD(y); 8:LOAD(x); 9:MULT; 10:STO(y);
11:L0OAD(x) ; 12:PUSH(1); 13:SUB; 14:ST0(x); 15:JMP(-13)
and o € ¥ with o(x) =

(x
0, ¢ )
1,1 >
2, ¢ )
3,2 ,oy—1])
4,2 >
5 )

: false oly — 1]

vV VVVYV

<
(
<
<
<
<

RWTH
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The Compiler

Execution of Factorial Program

Example 5.6 (Execution of factorial program)

Let P:= 0:PUSH(1); 1:STO(y); 2:LOAD(x); 3:PUSH(1); 4:EQ; 5:NOT; 6:JMPF(10);
7:LOAD(y); 8:LOAD(x); 9:MULT; 10:STO(y);
11:L0OAD(x) ; 12:PUSH(1); 13:SUB; 14:ST0(x); 15:JMP(-13)
and o € ¥ with o(x) =
(0,e o0 )
> (1,1 o )
>(2,¢e ,oly—1])
> (3,2 ,ofy—1])
> ( 4,2: )
> ( 5 )
> ( 6 )

Y

Y

,2:1, oy — 1]
, false, oy +— 1]
true , oy +— 1]

Y
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The Compiler

Execution of Factorial Program

Example 5.6 (Execution of factorial program)

Let P:= 0:PUSH(1); 1:STO(y); 2:LOAD(x); 3:PUSH(1); 4:EQ; 5:NOT; 6:JMPF(10);
7:LOAD(y); 8:LOAD(x); 9:MULT; 10:STO(y);
11:L0OAD(x) ; 12:PUSH(1); 13:SUB; 14:ST0(x); 15:JMP(-13)
and o € ¥ with o(x) =
0,e .o )
1,1 o )
2, ,oly—1])
3,2 ,oly—1])
4,2 )
5, f )
6 )
7 )

Y

Y

,2:1, oy — 1]
, false, oy +— 1]
, true | a[y|—>1]

(
<
<
(
(
(
(
<

VVVVVYVYV
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The Compiler

Execution of Factorial Program

Example 5.6 (Execution of factorial program)

Let P:= 0:PUSH(1); 1:STO(y); 2:LOAD(x); 3:PUSH(1); 4:EQ; 5:NOT; 6:JMPF(10);
7:LOAD(y); 8:LOAD(x); 9:MULT; 10:STO(y);
11:L0OAD(x) ; 12:PUSH(1); 13:SUB; 14:ST0(x); 15:JMP(-13)
and o € ¥ with o(x) =
E ,0
1 , O
2 L ofye 1]
2 :
f

)
)
)
)
,2:1, 0y — 1]i
)
)
)

Y

Y

,aBeabF+ﬂ

,true |, oly — 1]

e oy 1]
1

(x
0
1
2
3
4
S5
6
7
8 , oy — 1]

VVVVVVVYV

<
(
<
<
<
<
<
(
<
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The Compiler

Execution of Factorial Program

Example 5.6 (Execution of factorial program)

Let P:= 0:PUSH(1); 1:STO(y); 2:LOAD(x); 3:PUSH(1); 4:EQ; 5:NOT; 6:JMPF(10);
7:LOAD(y); 8:LOAD(x); 9:MULT; 10:STO(y);
11:L0OAD(x) ; 12:PUSH(1); 13:SUB; 14:ST0(x); 15:JMP(-13)

and o € ¥ with o(x) =
(0,e ,o )
>( 1,1 o )
>(2,¢e ,oly—1])
> (3,2 ,oly—1])
>( 4,2:1,0ly—1])
> ( 5, false, oy — 1])
> ( 6,true , o[y — 1])
> (7, ,oly—1])
> ( 8,1 ,a[y|—>1]>
> < 9,1:2 (T[y —> 1]>
R N _ .. |RWIH
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The Compiler

Execution of Factorial Program

Example 5.6 (Execution of factorial program)

Let P:= 0:PUSH(1); 1:STO(y); 2:LOAD(x); 3:PUSH(1); 4:EQ; 5:NOT; 6:JMPF(10);

7:LOAD(y); 8:LOAD(x); 9:MULT; 10:STO(y);

11:L0OAD(x) ; 12:PUSH(1); 13:SUB; 14:ST0(x); 15:JMP(-13)
and o € ¥ with o(x) =
e ,0 )
1 o )
e Loly=1))
2 Loly—=1])
,2:1, 0y = 1))
, false, o[y — 1])
,true | oly — 1])
e Loly=1))
1 oly=1])
,1:2,0[y = 1))
2 )

(x
0
1
2
3
4
5
6
7
8
9
0 , oy — 1]

VVVVVVVVVYV

1

<
(
<
<
<
<
<
(
<
<
<
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The Compiler

Execution of Factorial Program

Example 5.6 (Execution of factorial program)

Let P:= 0:PUSH(1); 1:STO(y); 2:LOAD(x); 3:PUSH(1); 4:EQ; 5:NOT; 6:JMPF(10);
7:LOAD(y); 8:LOAD(x); 9:MULT; 10:STO(y);
11:L0OAD(x); 12:PUSH(1); 13:SUB; 14:ST0(x); 15:JMP(-13)
and o € ¥ with o(x) =
e 0 ) > (11, e oy — 2] )
1 o )
e Loly=1))
2 Loly—=1])
,2:1, 0y = 1))
, false, o[y — 1])
,true | oly — 1])
e Loly=1))
1 oly—=1))
,1:2,0[y = 1))
2 )

(x
0
1
2
3
4
5
6
7
8
9
0 , oy — 1]

VVVVVVVVVYV

1

<
(
<
<
<
<
<
(
<
<
<
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The Compiler

Execution of Factorial Program

Example 5.6 (Execution of factorial program)

Let P:= 0:PUSH(1); 1:STO(y); 2:LOAD(x); 3:PUSH(1); 4:EQ; 5:NOT; 6:JMPF(10);
7:LOAD(y); 8:LOAD(x); 9:MULT; 10:STO(y);
11:L0OAD(x) ; 12:PUSH(1); 13:SUB; 14:ST0(x); 15:JMP(-13)

and o € ¥ with o(x) =

0,e .o ) > (11,e oy~ 2] )
1,1 .o ) > (12,2 o[y — 2] )
2, ,oly—1])
3,2 ,oy—1])
4.2 :1, oy — 1])
5, false, o[y — 1])
6, true , oy — 1])

7, Loly—1])
8,1 ,o[y—1])
9,1:2, 0y — 1])
0,2 ,o[y—1])

1

<
(
<
<
<
<
<
(
<
<
<

VVVVVVVVVYV
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The Compiler

Execution of Factorial Program

Example 5.6 (Execution of factorial program)

Let P:= 0:PUSH(1); 1:STO(y); 2:LOAD(x); 3:PUSH(1); 4:EQ; 5:NOT; 6:JMPF(10);
7:LOAD(y); 8:LOAD(x); 9:MULT; 10:STO(y);
11:L0OAD(x) ; 12:PUSH(1); 13:SUB; 14:STO0(x); 15:JMP(-13)

and o € ¥ with o(x) =
(0,6 o ) > (11,e o[y — 2] )
>(1,1 Lo ) > (12,2, oly — 2] )
>(2,¢e ,oly—1]) > (13,2:1, 0y — 2] )
> (3,2 ,oly—1])
>( 4,2:1, o[y —1])
> ( 5, false, oy — 1])
> ( 6,true , o[y — 1])
> (7, ,oly—1])
> (81 ,ofy—1])
> < 9,1:2 O[y —> 1]>
> (10,2 o[y — 1])
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Execution of Factorial Program
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7:LOAD(y); 8:LOAD(x); 9:MULT; 10:STO(y);
11:L0OAD(x) ; 12:PUSH(1); 13:SUB; 14:ST0(x); 15:JMP(-13)

and o € ¥ with o(x) =
(0,6 o ) > (11,e o[y — 2] )
>(1,1 Lo ) > (12,2, oly — 2] )
>(2,¢e ,oly—1]) > (13,2:1, 0y — 2] )
> (3,2 ,ofy—1]) > (14,1 o[y — 2] )
>( 4,2:1, o[y —1]) > (15,  ,o[x— 1,y — 2])
><5,false oly — 1]) >( 2, ,ox—1,y~2])
> ( 6,true , o[y — 1]) > (3,1 ,ox—1,y—2])
> (7, ,oly—1])
> (81 ,ofy—1])
> < 9,1:2 (T[y —> 1]>
> (10,2 o[y — 1])
R N .. |RWH
Lecture 5: Operational Semantics of WHILE IV ‘ | gl(:IIt‘\’Iv:rri(fei(ﬂgi(::l"gﬂair

(The Compiler & Its Correctness)



The Compiler

Execution of Factorial Program

Example 5.6 (Execution of factorial program)

Let P:= 0:PUSH(1); 1:STO(y); 2:LOAD(x); 3:PUSH(1); 4:EQ; 5:NOT; 6:JMPF(10);
7:LOAD(y); 8:LOAD(x); 9:MULT; 10:STO(y);
11:L0OAD(x) ; 12:PUSH(1); 13:SUB; 14:ST0(x); 15:JMP(-13)

and o € ¥ with o(x) =
(0,e o ) > {(11,e o[y — 2] )
>(1,1 .o ) > (12,2 oy — 2] )
>(2,¢e ,oly—1]) > (13,2:1, 0y — 2] )
> (3,2 ,ofy—1]) > (14,1 o[y — 2] )
>(4,2:1,0ly— 1]) > (15, ,o[x— 1,7y~ 2])
><5,false oly — 1]) >( 2, ,ox—1,y~2])
> ( 6,true , o[y — 1]) > (3,1 ,ox—1,y—2])
> (7, ,oly—1]) >( 4,1:1,0x—1,y— 2])
> (81 ,ofy—1])
>(9,1:2, oy 1])
> (10,2 o[y — 1])
R N .. |RWH
Lecture 5: Operational Semantics of WHILE IV ‘ . gl(::lt‘\llv:rri(fei(ﬂgi(:ﬁl"gﬂair

(The Compiler & Its Correctness)



The Compiler

Execution of Factorial Program
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Execution of Factorial Program

Example 5.6 (Execution of factorial program)

Let P:= 0:PUSH(1); 1:STO(y); 2:LOAD(x); 3:PUSH(1); 4:EQ; 5:NOT; 6:JMPF(10);
7:LOAD(y); 8:LOAD(x); 9:MULT; 10:STO(y);
11:L0OAD(x) ; 12:PUSH(1); 13:SUB; 14:ST0(x); 15:JMP(-13)

and o € ¥ with o(x) =
(0,e o ) > {(11,e o[y — 2] )
>(1,1 .o ) > (12,2 oy — 2] )
>(2,¢e ,oly—1]) > (13,2:1, 0y — 2] )
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>(4,2:1,0ly— 1]) > (15, ,o[x— 1,7y~ 2])
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> (81 o[y~ 1] > ( 5, true , o[x +— 1,y — 2])
>(9,1:2 0y~ 1]) > ( 6, false, o[x — 1,y — 2])
> (10,2 o[y — 1]) > (16, ,o[x+— 1,y 2])
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Correctness of Expression Translation

Outline of Lecture 5

Correctness of Expression Translation
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Correctness of Expression Translation

Correctness of T,[.] |

Definition (Recap: Evaluation of arithmetic expressions (Definition 2.2))

If a € AExpand o € ¥, then (a, o) is called a configuration.

Expression a evaluates to z € 7Z in state o (notation: (a, 0) — z) if this relationship
is derivable by means of the following rules:

Axioms:
(z,0) = z (x,0) — o(x)
a — Z a — Z
Rules: < 1’O>< " 1 <> 2kl ° where z := z, + 2
aita,, o) — 2
<a1,0> — Z{ <32,O' — 2o _
<a1_32 0) s where z .=z — 2
Y
<a1,(7>—>z1 <32,0' — 2o where z — 7. - z
<31*32,0'> — Z A °
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Correctness of Expression Translation

A New Inductive Principle

The correctness proof requires to embed AM computations into extended machine
configurations.

Application: Finite AM computations (Def. 4.7)

Definition: a finite computation v, 1, . . ., Y, has length k

Induction base: property holds for all computations of length O
Induction hypothesis: property holds for all computations of length < k
Induction step: property holds for all computations of length k 4 1

RWTH
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Correctness of Expression Translation

Application: Extension of Code and Stack
Lemma 5.7
If P+ (pc,e o) >*(pc, €, o), then
Pi; P, P, = (|Py| + pc, e : e,0) >" (|Py| + pc’,ep: €,0")
for all P;, P, € Code and ey € SiKk.

Interpretation: both the code and the stack component can be extended without
actually changing the behaviour of the machine
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Correctness of Expression Translation

Application: Extension of Code and Stack
Lemma 5.7
If P+ (pc,e o) >*(pc, €, o), then
Pi; P, P, = (|Py| + pc, e : e,0) >" (|Py| + pc’,ep: €,0")
for all P;, P, € Code and ey € SiKk.

Interpretation: both the code and the stack component can be extended without
actually changing the behaviour of the machine

Proof.

by induction on the length of the computation (on the board)
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Correctness of Expression Translation

Correctness of T[] Il

Lemma 5.8 (Correctness of T,[.])
Foreverya € AExp, 0 € > and z € Z,
(a,0) — z implies T,la] F (0,¢e,0) >" (|T.[4]l, z, o).
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Correctness of Expression Translation

Correctness of T[] Il

Lemma 5.8 (Correctness of T,[.])
Foreverya € AExp, 0 € > and z € Z,
(a,0) — z implies T,la] F (0,¢e,0) >" (|T.[4]l, z, o).

Note: implication sufficient to ensure soundness and completeness as expression
evaluation total and semantics of machine code deterministic (Lemma 4.9)

18 of 25 Semantics and Verification of Software
Summer Semester 2019

RWTH

‘ Software Modeling
Lecture 5: Operational Semantics of WHILE IV Il and Verification Chair

(The Compiler & Its Correctness)



Correctness of Expression Translation

Correctness of T[] Il

Lemma 5.8 (Correctness of T,[.])
Foreverya € AExp, 0 € > and z € Z,
(a,0) — z implies T,la] F (0,¢e,0) >" (|T.[4]l, z, o).

Note: implication sufficient to ensure soundness and completeness as expression
evaluation total and semantics of machine code deterministic (Lemma 4.9)

Proof.

by induction on the syntactic structure of a (on the board)
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Correctness of Expression Translation

Correctness of T,[.] |

Definition (Recap: Semantics of Boolean expressions (Definition 2.7))

For b € BExp, 0 € ¥, and t € B, the evaluation relation (b, o) — t is defined by:

(t,o) — t
(ay,0) >z (ap,0) >z (ay,0) = 2y (@, 0) = 25 |
if zy # 2
(ay=ap, o) — true (ay=ap, o) — false
a — 2z (a — Z a — z; (a — Z
<1>U> 1 <2,0> 2ifz1>22 <1,U> 1 <2,(7> 2ifz1§22
(a1>ap, 0) — true (a>ap, 0) — false
(b,0) — false (b, o) — true
(=b, o) — true (b, o) — false
(by,0) — true (bp, o) — true (by,0) — true (bp, o) — false
(by A\ by, o) — true (by A\ by, o) — false
(by,0) — false (bo, o) — true (by,0) — false (by, o) — false
(by \ ba, o) — false (by N\ ba, o) — false
(V analogously)
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Correctness of Expression Translation

Correctness of T,[.] li

Lemma 5.9 (Correctness of T,[.])
Foreveryb € BExp,c € 2 andt € B,
(b,o)y — t implies Tp[b] - (0,e,0) >" (|Tp[b]|, t,0).
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Correctness of Expression Translation

Correctness of T,[.] li

Lemma 5.9 (Correctness of T,[.])
Foreveryb € BExp,c € 2 andt € B,
(b,o)y — t implies Tp[b] - (0,e,0) >" (|Tp[b]|, t,0).

Again: implication sufficient to ensure soundness and completeness as expression
evaluation total and semantics of machine code deterministic (Lemma 4.9)
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Correctness of Expression Translation

Correctness of T,[.] li

Lemma 5.9 (Correctness of T,[.])
Foreveryb € BExp,c € 2 andt € B,
(b,o)y — t implies Tp[b] - (0,e,0) >" (|Tp[b]|, t,0).

Again: implication sufficient to ensure soundness and completeness as expression
evaluation total and semantics of machine code deterministic (Lemma 4.9)

Proof.

by induction on the syntactic structure of b (omitted)
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Correctness of Command Translation

Outline of Lecture 5

Correctness of Command Translation

21 of 25 Semantics and Verification of Software
Summer Semester 2019

Lecture 5: Operational Semantics of WHILE IV
(The Compiler & Its Correctness)

.

4

Software Modeling
Il and Verification Chair

RWTH



Correctness of Command Translation

Correctness of T [.] |

Definition (Recap: Operational functional (Definition 4.1))
The functional of the operational semantics,
O[] : Cmd — (X --» ¥),

assigns to every statement ¢ € Cmd a partial state transformation Oc] : ¥ --» ¥,

which is defined as follows:
/

oo =47 if (c,0) — o' forsome o’ € ¥
€19 -= Y undefined otherwise
Definition (Recap: Semantics of machine code (Definition 4.10))

The semantics of an AM program is given by 9[.] : Code — (¥ --+ ¥) as follows:

e if PF (0,e,0) >* (|P|, e,0’) for some e € Stk
M|Plo = {undefined otherwise

RWTH
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Correctness of Command Translation

Correctness of T_[.] Il

Theorem 5.10 (Correctness of T.[.])

For every c € Cmd,
Oc] = Mm[Zc[e]].
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Correctness of Command Translation

Correctness of T_[.] Il

Theorem 5.10 (Correctness of T.[.])

For every c € Cmd,
Oc] = Mm[Zc[e]].

Proof.

Carried out in two steps:
Completeness (Lemma 5.11): from source to machine code
Soundness (Lemma 5.12): from machine to source code
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Correctness of Command Translation

Completeness of T[]

Lemma 5.11 (Completeness of T,[.])
Foreveryc € Cmd ando, o’ € ¥,
(c,o) — o' implies T c]tF (0,e,0)>"{|Z[c]|, e, o).
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Correctness of Command Translation

Completeness of T[]

Lemma 5.11 (Completeness of T,[.])

Foreveryc € Cmd ando, o’ € ¥,
(c,o) — o' implies T c]tF (0,e,0)>"{|Z[c]|, e, o).

Proof.

by induction on the derivation tree of (¢, o) — ¢’ (on the board)

Reminder:

Tc[while bdo cend]:

To[skip] :
Tellx == al :
Telers e
Tc[if b then ¢y else ¢, end] :

a

: JMPF (

: JMPF (

[a] ; STO (x)
B
.-b-
[c1
|b]
le]; IMP (—(| T [b]| + |Te[e]| + 1))

zc[[@]” +2);

1; IMP (| T[] | + 1) ;%[ c]

Telell +2);
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Correctness of Command Translation

Soundness of T_[.]

Lemma 5.12 (Soundness of T,[.])
Foreveryc € Cmd, 0,0’ € ¥, and e € Sik,

Tele] F (0, ¢e,0) >* (|Z:[c]|, e, o) implies {c,0) — o' ande = «.
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Correctness of Command Translation

Soundness of T_[.]

Lemma 5.12 (Soundness of T,[.])
Foreveryc € Cmd, 0,0’ € ¥, and e € Sik,

Tele] F (0, ¢e,0) >* (|Z:[c]|, e, o) implies {c,0) — o' ande = «.

Proof.

by induction on the length of the computation sequence
(0,e,0) >" (|Z:[c]|, e, o)

(see exercises)
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