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Expansion law for UUU ltlsf3.1-28

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))
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Expansion laws for UUU and ♦♦♦ ltlsf3.1-28

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))

eventually: ♦ψ♦ψ♦ψ ≡≡≡ ψ ∨ ©♦ψψ ∨ ©♦ψψ ∨ ©♦ψ
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Expansion laws for UUU and ♦♦♦ ltlsf3.1-28

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))

eventually: ♦ψ♦ψ♦ψ ≡≡≡ ψ ∨ ©♦ψψ ∨ ©♦ψψ ∨ ©♦ψ

note: ♦ψ♦ψ♦ψ === true Uψtrue Uψtrue Uψ

ψ ∨ (true ∧ ©(ψ ∨ (true ∧ ©(ψ ∨ (true ∧ ©( true Uψtrue Uψtrue Uψ︸ ︷︷ ︸
= ♦ψ= ♦ψ= ♦ψ

))))))
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Expansion laws for UUU and ♦♦♦ ltlsf3.1-28

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))

eventually: ♦ψ♦ψ♦ψ ≡≡≡ ψ ∨ ©♦ψψ ∨ ©♦ψψ ∨ ©♦ψ

note: ♦ψ♦ψ♦ψ === true Uψtrue Uψtrue Uψ

≡≡≡ ψ ∨ (true ∧ ©(ψ ∨ (true ∧ ©(ψ ∨ (true ∧ ©( true Uψtrue Uψtrue Uψ︸ ︷︷ ︸
= ♦ψ= ♦ψ= ♦ψ

))))))

≡≡≡ ψ ∨ ©♦ψψ ∨ ©♦ψψ ∨ ©♦ψ
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Expansion laws for UUU, ♦♦♦ and ��� ltlsf3.1-29

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))

eventually: ♦ψ♦ψ♦ψ ≡≡≡ ψ ∨ ©♦ψψ ∨ ©♦ψψ ∨ ©♦ψ

always: �ψ�ψ�ψ ≡≡≡ ?
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Expansion laws for UUU, ♦♦♦ and ��� ltlsf3.1-29

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))

eventually: ♦ψ♦ψ♦ψ ≡≡≡ ψ ∨ ©♦ψψ ∨ ©♦ψψ ∨ ©♦ψ

always: �ψ�ψ�ψ ≡≡≡ ψ ∧ ©�ψψ ∧ ©�ψψ ∧ ©�ψ
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Expansion laws for UUU, ♦♦♦ and ��� ltlsf3.1-29

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))

eventually: ♦ψ♦ψ♦ψ ≡≡≡ ψ ∨ ©♦ψψ ∨ ©♦ψψ ∨ ©♦ψ

always: �ψ�ψ�ψ ≡≡≡ ψ ∧ ©�ψψ ∧ ©�ψψ ∧ ©�ψ

�ψ�ψ�ψ === ¬♦¬ψ¬♦¬ψ¬♦¬ψ
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Expansion laws for UUU, ♦♦♦ and ��� ltlsf3.1-29

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))

eventually: ♦ψ♦ψ♦ψ ≡≡≡ ψ ∨ ©♦ψψ ∨ ©♦ψψ ∨ ©♦ψ

always: �ψ�ψ�ψ ≡≡≡ ψ ∧ ©�ψψ ∧ ©�ψψ ∧ ©�ψ

�ψ�ψ�ψ === ¬♦¬ψ¬♦¬ψ¬♦¬ψ
≡≡≡ ¬(¬ψ ∨ ©♦¬ψ)¬(¬ψ ∨ ©♦¬ψ)¬(¬ψ ∨ ©♦¬ψ)←←← expansion law for ♦♦♦
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Expansion laws for UUU, ♦♦♦ and ��� ltlsf3.1-29

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))

eventually: ♦ψ♦ψ♦ψ ≡≡≡ ψ ∨ ©♦ψψ ∨ ©♦ψψ ∨ ©♦ψ

always: �ψ�ψ�ψ ≡≡≡ ψ ∧ ©�ψψ ∧ ©�ψψ ∧ ©�ψ

�ψ�ψ�ψ === ¬♦¬ψ¬♦¬ψ¬♦¬ψ
≡≡≡ ¬(¬ψ ∨ ©♦¬ψ)¬(¬ψ ∨ ©♦¬ψ)¬(¬ψ ∨ ©♦¬ψ)
≡≡≡ ¬¬ψ ∧ ¬©♦¬ψ¬¬ψ ∧ ¬©♦¬ψ¬¬ψ ∧ ¬©♦¬ψ ←←← de Morgan
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Expansion laws for UUU, ♦♦♦ and ��� ltlsf3.1-29

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))

eventually: ♦ψ♦ψ♦ψ ≡≡≡ ψ ∨ ©♦ψψ ∨ ©♦ψψ ∨ ©♦ψ

always: �ψ�ψ�ψ ≡≡≡ ψ ∧ ©�ψψ ∧ ©�ψψ ∧ ©�ψ

�ψ�ψ�ψ === ¬♦¬ψ¬♦¬ψ¬♦¬ψ
≡≡≡ ¬(¬ψ ∨ ©♦¬ψ)¬(¬ψ ∨ ©♦¬ψ)¬(¬ψ ∨ ©♦¬ψ)
≡≡≡ ¬¬ψ ∧ ¬©♦¬ψ¬¬ψ ∧ ¬©♦¬ψ¬¬ψ ∧ ¬©♦¬ψ
≡≡≡ ψ ∧ ¬©♦¬ψψ ∧ ¬©♦¬ψψ ∧ ¬©♦¬ψ ←←← double negation
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Expansion laws for UUU, ♦♦♦ and ��� ltlsf3.1-29

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))

eventually: ♦ψ♦ψ♦ψ ≡≡≡ ψ ∨ ©♦ψψ ∨ ©♦ψψ ∨ ©♦ψ

always: �ψ�ψ�ψ ≡≡≡ ψ ∧ ©�ψψ ∧ ©�ψψ ∧ ©�ψ

�ψ�ψ�ψ === ¬♦¬ψ¬♦¬ψ¬♦¬ψ
≡≡≡ ¬(¬ψ ∨ ©♦¬ψ)¬(¬ψ ∨ ©♦¬ψ)¬(¬ψ ∨ ©♦¬ψ)
≡≡≡ ¬¬ψ ∧ ¬©♦¬ψ¬¬ψ ∧ ¬©♦¬ψ¬¬ψ ∧ ¬©♦¬ψ
≡≡≡ ψ ∧ ©¬♦¬ψψ ∧ ©¬♦¬ψψ ∧ ©¬♦¬ψ ←←← self duality of©©©
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Expansion laws for UUU, ♦♦♦ and ��� ltlsf3.1-29

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))

eventually: ♦ψ♦ψ♦ψ ≡≡≡ ψ ∨ ©♦ψψ ∨ ©♦ψψ ∨ ©♦ψ

always: �ψ�ψ�ψ ≡≡≡ ψ ∧ ©�ψψ ∧ ©�ψψ ∧ ©�ψ

�ψ�ψ�ψ === ¬♦¬ψ¬♦¬ψ¬♦¬ψ
≡≡≡ ¬(¬ψ ∨ ©♦¬ψ)¬(¬ψ ∨ ©♦¬ψ)¬(¬ψ ∨ ©♦¬ψ)
≡≡≡ ¬¬ψ ∧ ¬©♦¬ψ¬¬ψ ∧ ¬©♦¬ψ¬¬ψ ∧ ¬©♦¬ψ
≡≡≡ ψ ∧ ©¬♦¬ψψ ∧ ©¬♦¬ψψ ∧ ©¬♦¬ψ
≡≡≡ ψ ∧ ©�ψψ ∧ ©�ψψ ∧ ©�ψ ←←← definition of ���

16 / 154



Expansion laws are fixed point equations ltlsf3.1-30

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))

eventually: ♦ψ♦ψ♦ψ ≡≡≡ ψ ∨ ©♦ψψ ∨ ©♦ψψ ∨ ©♦ψ

always: �ψ�ψ�ψ ≡≡≡ ψ ∧ ©�ψψ ∧ ©�ψψ ∧ ©�ψ
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Expansion laws are fixed point equations ltlsf3.1-30

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧©ψ ∨ (ϕ ∧©ψ ∨ (ϕ ∧© ϕUψϕUψϕUψ )))

eventually: ♦ψ♦ψ♦ψ ≡≡≡ ψ ∨ ©ψ ∨ ©ψ ∨ ©♦ψ♦ψ♦ψ

always: �ψ�ψ�ψ ≡≡≡ ψ ∧ ©ψ ∧ ©ψ ∧ ©�ψ�ψ�ψ
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Expansion laws are fixed point equations ltlsf3.1-30

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧©ψ ∨ (ϕ ∧©ψ ∨ (ϕ ∧© ϕUψϕUψϕUψ )))

eventually: ♦ψ♦ψ♦ψ ≡≡≡ ψ ∨ ©ψ ∨ ©ψ ∨ ©♦ψ♦ψ♦ψ

always: �ψ�ψ�ψ ≡≡≡ ψ ∧ ©ψ ∧ ©ψ ∧ ©�ψ�ψ�ψ

. . . don’t yield a complete characterization, e.g.,

falsefalsefalse ≡≡≡ a ∧ ©falsea ∧ ©falsea ∧ ©false

�a�a�a ≡≡≡ a ∧ ©�aa ∧ ©�aa ∧ ©�a
consider
ψ = aψ = aψ = a
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Expansion laws are fixed point equations ltlsf3.1-30

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧©ψ ∨ (ϕ ∧©ψ ∨ (ϕ ∧© ϕUψϕUψϕUψ )))
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always: �ψ�ψ�ψ ≡≡≡ ψ ∧ ©ψ ∧ ©ψ ∧ ©�ψ�ψ�ψ

. . . don’t yield a complete characterization, e.g.,

falsefalsefalse ≡≡≡ a ∧ ©falsea ∧ ©falsea ∧ ©false

�a�a�a ≡≡≡ a ∧ ©�aa ∧ ©�aa ∧ ©�a
although
�a 6≡ false�a 6≡ false�a 6≡ false
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Expansion laws are fixed point equations ltlsf3.1-30

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))

least fixed point

eventually: ♦ψ♦ψ♦ψ ≡≡≡ ψ ∨ ©♦ψψ ∨ ©♦ψψ ∨ ©♦ψ
least fixed point

always: �ψ�ψ�ψ ≡≡≡ ψ ∧ ©�ψψ ∧ ©�ψψ ∧ ©�ψ

. . . don’t yield a complete characterization, e.g.,

falsefalsefalse ≡≡≡ a ∧ ©falsea ∧ ©falsea ∧ ©false

�a�a�a ≡≡≡ a ∧ ©�aa ∧ ©�aa ∧ ©�a
although
�a 6≡ false�a 6≡ false�a 6≡ false
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Expansion laws are fixed point equations ltlsf3.1-30

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))

least fixed point

eventually: ♦ψ♦ψ♦ψ ≡≡≡ ψ ∨ ©♦ψψ ∨ ©♦ψψ ∨ ©♦ψ
least fixed point

always: �ψ�ψ�ψ ≡≡≡ ψ ∧ ©�ψψ ∧ ©�ψψ ∧ ©�ψ
greatest fixed point

. . . don’t yield a complete characterization, e.g.,

falsefalsefalse ≡≡≡ a ∧ ©falsea ∧ ©falsea ∧ ©false

�a�a�a ≡≡≡ a ∧ ©�aa ∧ ©�aa ∧ ©�a
although
�a 6≡ false�a 6≡ false�a 6≡ false
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Expansion law for UUU ltlsf3.1-31

The LTL formula χ = ϕUψχ = ϕUψχ = ϕUψ is the least solution of

χ ≡ ψ ∨ (ϕ ∧©χ)χ ≡ ψ ∨ (ϕ ∧©χ)χ ≡ ψ ∨ (ϕ ∧©χ)
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Expansion law for UUU ltlsf3.1-31

The LTL formula χ = ϕUψχ = ϕUψχ = ϕUψ is the least solution of

χ ≡ ψ ∨ (ϕ ∧©χ)χ ≡ ψ ∨ (ϕ ∧©χ)χ ≡ ψ ∨ (ϕ ∧©χ)

i.e., Words(ϕUψ)Words(ϕUψ)Words(ϕUψ) least LT-property EEE s.t.

E = Words(ψ) ∪
{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
E = Words(ψ) ∪

{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
E = Words(ψ) ∪

{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
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Expansion law for UUU ltlsf3.1-31

The LTL formula χ = ϕUψχ = ϕUψχ = ϕUψ is the least solution of

χ ≡ ψ ∨ (ϕ ∧©χ)χ ≡ ψ ∨ (ϕ ∧©χ)χ ≡ ψ ∨ (ϕ ∧©χ)

i.e., Words(ϕUψ)Words(ϕUψ)Words(ϕUψ) least LT-property EEE s.t.

E = Words(ψ) ∪
{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
E = Words(ψ) ∪

{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
E = Words(ψ) ∪

{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}

It even holds that Words(ϕUψ)Words(ϕUψ)Words(ϕUψ) least LT-property EEE s.t.

(1) Words(ψ) ⊆ EWords(ψ) ⊆ EWords(ψ) ⊆ E

(2)
{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊆ E

{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊆ E

{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊆ E
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The weak until operator WWW ltlsf3.1-weakuntil
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The weak until operator WWW ltlsf3.1-weakuntil

ϕ W ψ
def
= (ϕUψ ) ∨ �ϕϕ W ψ
def
= (ϕUψ ) ∨ �ϕϕ W ψ
def
= (ϕUψ ) ∨ �ϕ
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The weak until operator WWW ltlsf3.1-weakuntil

ϕ W ψ
def
= (ϕUψ ) ∨ �ϕϕ W ψ
def
= (ϕUψ ) ∨ �ϕϕ W ψ
def
= (ϕUψ ) ∨ �ϕ

deriving “always” and “until” from “weak until”:

�ϕ ≡ ?�ϕ ≡ ?�ϕ ≡ ?
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The weak until operator WWW ltlsf3.1-weakuntil

ϕ W ψ
def
= (ϕUψ ) ∨ �ϕϕ W ψ
def
= (ϕUψ ) ∨ �ϕϕ W ψ
def
= (ϕUψ ) ∨ �ϕ

deriving “always” and “until” from “weak until”:

�ϕ ≡ ϕW false�ϕ ≡ ϕW false�ϕ ≡ ϕW false
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The weak until operator WWW ltlsf3.1-weakuntil

ϕ W ψ
def
= (ϕUψ ) ∨ �ϕϕ W ψ
def
= (ϕUψ ) ∨ �ϕϕ W ψ
def
= (ϕUψ ) ∨ �ϕ

deriving “always” and “until” from “weak until”:

�ϕ ≡ ϕW false

ϕUψ ≡ ?

�ϕ ≡ ϕW false

ϕUψ ≡ ?

�ϕ ≡ ϕW false

ϕUψ ≡ ?
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The weak until operator WWW ltlsf3.1-weakuntil

ϕ W ψ
def
= (ϕUψ ) ∨ �ϕϕ W ψ
def
= (ϕUψ ) ∨ �ϕϕ W ψ
def
= (ϕUψ ) ∨ �ϕ

deriving “always” and “until” from “weak until”:

�ϕ ≡ ϕW false

ϕUψ ≡ (ϕ W ψ) ∧ ♦ψ

�ϕ ≡ ϕW false

ϕUψ ≡ (ϕ W ψ) ∧ ♦ψ

�ϕ ≡ ϕW false

ϕUψ ≡ (ϕ W ψ) ∧ ♦ψ
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Does T |= aW bT |= aW bT |= aW b hold? ltlsf3.1-32

=̂̂=̂= {a}{a}{a}
=̂̂=̂= {b}{b}{b}
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Does T |= aW bT |= aW bT |= aW b hold? ltlsf3.1-32

|= aW b|= aW b|= aW b =̂̂=̂= {a}{a}{a}
=̂̂=̂= {b}{b}{b}
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Does T |= aW bT |= aW bT |= aW b hold? ltlsf3.1-32

|= aW b|= aW b|= aW b =̂̂=̂= {a}{a}{a}
=̂̂=̂= {b}{b}{b}
=̂̂=̂= ∅∅∅
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Does T |= aW bT |= aW bT |= aW b hold? ltlsf3.1-32

|= aW b|= aW b|= aW b =̂̂=̂= {a}{a}{a}
=̂̂=̂= {b}{b}{b}
=̂̂=̂= ∅∅∅

|= aW b|= aW b|= aW b (even aU baU baU b)
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Does T |= aW bT |= aW bT |= aW b hold? ltlsf3.1-32
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Does T |= aW bT |= aW bT |= aW b hold? ltlsf3.1-32

|= aW b|= aW b|= aW b =̂̂=̂= {a}{a}{a}
=̂̂=̂= {b}{b}{b}
=̂̂=̂= ∅∅∅

|= aW b|= aW b|= aW b (even aU baU baU b)

6|= aW b6|= aW b6|= aW b
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Example: simple communication protocol ltlsf3.1-33

start

try to send

lost delivered
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Example: simple communication protocol ltlsf3.1-33

start

try to send

lost delivered

T 6|= �(blue −→ blue U delivered)T 6|= �(blue −→ blue U delivered)T 6|= �(blue −→ blue U delivered)
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Example: until versus weak until ltlsf3.1-33

start

try to send

lost delivered

T 6|= �(blue −→ blue U delivered)T 6|= �(blue −→ blue U delivered)T 6|= �(blue −→ blue U delivered)

T |= �(blue −→ blueW delivered)T |= �(blue −→ blueW delivered)T |= �(blue −→ blueW delivered)
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Example: until versus weak until ltlsf3.1-33

start

try to send

lost delivered

constrained liveness:

T 6|= �(blue −→ blue U delivered)T 6|= �(blue −→ blue U delivered)T 6|= �(blue −→ blue U delivered)

safety: T |= �(blue −→ blueW delivered)T |= �(blue −→ blueW delivered)T |= �(blue −→ blueW delivered)
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Duality of UUU and WWW ltlsf3.1-weakuntil2

ϕ W ψ
def
= (ϕUψ ) ∨ �ϕϕ W ψ
def
= (ϕUψ ) ∨ �ϕϕ W ψ
def
= (ϕUψ ) ∨ �ϕ

goal: express ¬(ϕUψ)¬(ϕUψ)¬(ϕUψ) via WWW, and vice versa
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Duality of UUU and WWW ltlsf3.1-weakuntil2

ϕ W ψ
def
= (ϕUψ ) ∨ �ϕϕ W ψ
def
= (ϕUψ ) ∨ �ϕϕ W ψ
def
= (ϕUψ ) ∨ �ϕ

¬(ϕUψ)

≡ ( (ϕ ∧ ¬ψ) U (¬ϕ ∧ ¬ψ) ) ∨ �(ϕ ∧ ¬ψ)
¬(ϕUψ)

≡ ( (ϕ ∧ ¬ψ) U (¬ϕ ∧ ¬ψ) ) ∨ �(ϕ ∧ ¬ψ)
¬(ϕUψ)

≡ ( (ϕ ∧ ¬ψ) U (¬ϕ ∧ ¬ψ) ) ∨ �(ϕ ∧ ¬ψ)
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Duality of UUU and WWW ltlsf3.1-weakuntil2

ϕ W ψ
def
= (ϕUψ ) ∨ �ϕϕ W ψ
def
= (ϕUψ ) ∨ �ϕϕ W ψ
def
= (ϕUψ ) ∨ �ϕ

¬(ϕUψ)

≡ ( (ϕ ∧ ¬ψ) U (¬ϕ ∧ ¬ψ) ) ∨ �(ϕ ∧ ¬ψ)
≡ (ϕ ∧ ¬ψ) W (¬ϕ ∧ ¬ψ)

¬(ϕUψ)

≡ ( (ϕ ∧ ¬ψ) U (¬ϕ ∧ ¬ψ) ) ∨ �(ϕ ∧ ¬ψ)
≡ (ϕ ∧ ¬ψ) W (¬ϕ ∧ ¬ψ)

¬(ϕUψ)

≡ ( (ϕ ∧ ¬ψ) U (¬ϕ ∧ ¬ψ) ) ∨ �(ϕ ∧ ¬ψ)
≡ (ϕ ∧ ¬ψ) W (¬ϕ ∧ ¬ψ)
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Duality of UUU and WWW ltlsf3.1-weakuntil2

ϕ W ψ
def
= (ϕUψ ) ∨ �ϕϕ W ψ
def
= (ϕUψ ) ∨ �ϕϕ W ψ
def
= (ϕUψ ) ∨ �ϕ

¬(ϕUψ)

≡ ( (ϕ ∧ ¬ψ) U (¬ϕ ∧ ¬ψ) ) ∨ �(ϕ ∧ ¬ψ)
≡ (ϕ ∧ ¬ψ) W (¬ϕ ∧ ¬ψ)
≡ (¬ψ) W (¬ϕ ∧ ¬ψ)

¬(ϕUψ)

≡ ( (ϕ ∧ ¬ψ) U (¬ϕ ∧ ¬ψ) ) ∨ �(ϕ ∧ ¬ψ)
≡ (ϕ ∧ ¬ψ) W (¬ϕ ∧ ¬ψ)
≡ (¬ψ) W (¬ϕ ∧ ¬ψ)

¬(ϕUψ)

≡ ( (ϕ ∧ ¬ψ) U (¬ϕ ∧ ¬ψ) ) ∨ �(ϕ ∧ ¬ψ)
≡ (ϕ ∧ ¬ψ) W (¬ϕ ∧ ¬ψ)
≡ (¬ψ) W (¬ϕ ∧ ¬ψ)
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Duality of UUU and WWW ltlsf3.1-weakuntil2

ϕ W ψ
def
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¬(ϕUψ)

≡ ( (ϕ ∧ ¬ψ) U (¬ϕ ∧ ¬ψ) ) ∨ �(ϕ ∧ ¬ψ)
≡ (ϕ ∧ ¬ψ) W (¬ϕ ∧ ¬ψ)
≡ (¬ψ) W (¬ϕ ∧ ¬ψ)

¬(ϕUψ)

≡ ( (ϕ ∧ ¬ψ) U (¬ϕ ∧ ¬ψ) ) ∨ �(ϕ ∧ ¬ψ)
≡ (ϕ ∧ ¬ψ) W (¬ϕ ∧ ¬ψ)
≡ (¬ψ) W (¬ϕ ∧ ¬ψ)

¬(ϕ U ψ) ≡ (¬ψ) W (¬ϕ ∧ ¬ψ)

¬(ϕ W ψ) ≡ ?

¬(ϕ U ψ) ≡ (¬ψ) W (¬ϕ ∧ ¬ψ)

¬(ϕ W ψ) ≡ ?

¬(ϕ U ψ) ≡ (¬ψ) W (¬ϕ ∧ ¬ψ)

¬(ϕ W ψ) ≡ ?
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Duality of UUU and WWW ltlsf3.1-weakuntil2

ϕ W ψ
def
= (ϕUψ ) ∨ �ϕϕ W ψ
def
= (ϕUψ ) ∨ �ϕϕ W ψ
def
= (ϕUψ ) ∨ �ϕ

¬(ϕUψ)

≡ ( (ϕ ∧ ¬ψ) U (¬ϕ ∧ ¬ψ) ) ∨ �(ϕ ∧ ¬ψ)
≡ (ϕ ∧ ¬ψ) W (¬ϕ ∧ ¬ψ)
≡ (¬ψ) W (¬ϕ ∧ ¬ψ)

¬(ϕUψ)

≡ ( (ϕ ∧ ¬ψ) U (¬ϕ ∧ ¬ψ) ) ∨ �(ϕ ∧ ¬ψ)
≡ (ϕ ∧ ¬ψ) W (¬ϕ ∧ ¬ψ)
≡ (¬ψ) W (¬ϕ ∧ ¬ψ)

¬(ϕUψ)

≡ ( (ϕ ∧ ¬ψ) U (¬ϕ ∧ ¬ψ) ) ∨ �(ϕ ∧ ¬ψ)
≡ (ϕ ∧ ¬ψ) W (¬ϕ ∧ ¬ψ)
≡ (¬ψ) W (¬ϕ ∧ ¬ψ)

¬(ϕ U ψ) ≡ (¬ψ) W (¬ϕ ∧ ¬ψ)
¬(ϕ W ψ) ≡ (¬ψ) U (¬ϕ ∧ ¬ψ)

¬(ϕ U ψ) ≡ (¬ψ) W (¬ϕ ∧ ¬ψ)
¬(ϕ W ψ) ≡ (¬ψ) U (¬ϕ ∧ ¬ψ)
¬(ϕ U ψ) ≡ (¬ψ) W (¬ϕ ∧ ¬ψ)
¬(ϕ W ψ) ≡ (¬ψ) U (¬ϕ ∧ ¬ψ)
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Expansion laws for UUU and WWW ltlsf3.1-34
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Expansion laws for UUU and WWW ltlsf3.1-34

ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))

ϕ W ψ ≡ϕ W ψ ≡ϕ W ψ ≡ ?
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Expansion laws for UUU and WWW ltlsf3.1-34

ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))

ϕ W ψ ≡ϕ W ψ ≡ϕ W ψ ≡ ψ ∨ (ϕ ∧©(ϕWψ))ψ ∨ (ϕ ∧©(ϕWψ))ψ ∨ (ϕ ∧©(ϕWψ))
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Expansion laws for UUU and WWW ltlsf3.1-34

ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))
smallest
solution

ϕ W ψ ≡ϕ W ψ ≡ϕ W ψ ≡ ψ ∨ (ϕ ∧©(ϕWψ))ψ ∨ (ϕ ∧©(ϕWψ))ψ ∨ (ϕ ∧©(ϕWψ))
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Expansion laws for UUU and WWW ltlsf3.1-34

ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))
smallest
solution

ϕ W ψ ≡ϕ W ψ ≡ϕ W ψ ≡ ψ ∨ (ϕ ∧©(ϕWψ))ψ ∨ (ϕ ∧©(ϕWψ))ψ ∨ (ϕ ∧©(ϕWψ))
largest
solution
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Expansion laws for UUU and WWW ltlsf3.1-34

ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))
smallest
solution

ϕ W ψ ≡ϕ W ψ ≡ϕ W ψ ≡ ψ ∨ (ϕ ∧©(ϕWψ))ψ ∨ (ϕ ∧©(ϕWψ))ψ ∨ (ϕ ∧©(ϕWψ))
largest
solution

Words(ϕUψ)Words(ϕUψ)Words(ϕUψ) smallest LT-property EEE s.t.
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Expansion laws for UUU and WWW ltlsf3.1-34

ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))
smallest
solution

ϕ W ψ ≡ϕ W ψ ≡ϕ W ψ ≡ ψ ∨ (ϕ ∧©(ϕWψ))ψ ∨ (ϕ ∧©(ϕWψ))ψ ∨ (ϕ ∧©(ϕWψ))
largest
solution

Words(ϕUψ)Words(ϕUψ)Words(ϕUψ) smallest LT-property EEE s.t.

(1) Words(ψ) ⊆ EWords(ψ) ⊆ EWords(ψ) ⊆ E

(2)
{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊆ E

{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊆ E

{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊆ E
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Expansion laws for UUU and WWW ltlsf3.1-34

ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))
smallest
solution

ϕ W ψ ≡ϕ W ψ ≡ϕ W ψ ≡ ψ ∨ (ϕ ∧©(ϕWψ))ψ ∨ (ϕ ∧©(ϕWψ))ψ ∨ (ϕ ∧©(ϕWψ))
largest
solution

Words(ϕUψ)Words(ϕUψ)Words(ϕUψ) smallest LT-property EEE s.t.

(1) Words(ψ) ⊆ EWords(ψ) ⊆ EWords(ψ) ⊆ E

(2)
{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊆ E

{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊆ E

{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊆ E

mmm
Words(ψ) ∪

{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊆ EWords(ψ) ∪

{
A0A1A2... ∈Words(ϕ) : A1A2... ∈ E

}
⊆ EWords(ψ) ∪

{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊆ E
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Expansion laws for UUU and WWW ltlsf3.1-34b

ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))
smallest
solution

ϕ W ψ ≡ϕ W ψ ≡ϕ W ψ ≡ ψ ∨ (ϕ ∧©(ϕWψ))ψ ∨ (ϕ ∧©(ϕWψ))ψ ∨ (ϕ ∧©(ϕWψ))
largest
solution

Words(ϕUψ)Words(ϕUψ)Words(ϕUψ) smallest LT-property EEE s.t.

Words(ψ) ∪
{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊆ EWords(ψ) ∪

{
A0A1A2... ∈Words(ϕ) : A1A2... ∈ E

}
⊆ EWords(ψ) ∪

{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊆ E
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Expansion laws for UUU and WWW ltlsf3.1-34b

ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))
smallest
solution

ϕ W ψ ≡ϕ W ψ ≡ϕ W ψ ≡ ψ ∨ (ϕ ∧©(ϕWψ))ψ ∨ (ϕ ∧©(ϕWψ))ψ ∨ (ϕ ∧©(ϕWψ))
largest
solution

Words(ϕUψ)Words(ϕUψ)Words(ϕUψ) smallest LT-property EEE s.t.

Words(ψ) ∪
{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊆ EWords(ψ) ∪

{
A0A1A2... ∈Words(ϕ) : A1A2... ∈ E

}
⊆ EWords(ψ) ∪

{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊆ E

Words(ϕWψ)Words(ϕWψ)Words(ϕWψ) largest LT-property EEE s.t.
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Expansion laws for UUU and WWW ltlsf3.1-34b

ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))
smallest
solution

ϕ W ψ ≡ϕ W ψ ≡ϕ W ψ ≡ ψ ∨ (ϕ ∧©(ϕWψ))ψ ∨ (ϕ ∧©(ϕWψ))ψ ∨ (ϕ ∧©(ϕWψ))
largest
solution

Words(ϕUψ)Words(ϕUψ)Words(ϕUψ) smallest LT-property EEE s.t.

Words(ψ) ∪
{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊆ EWords(ψ) ∪

{
A0A1A2... ∈Words(ϕ) : A1A2... ∈ E

}
⊆ EWords(ψ) ∪

{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊆ E

Words(ϕWψ)Words(ϕWψ)Words(ϕWψ) largest LT-property EEE s.t.

Words(ψ) ∪
{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊇ EWords(ψ) ∪

{
A0A1A2... ∈Words(ϕ) : A1A2... ∈ E

}
⊇ EWords(ψ) ∪

{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊇ E
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Expansion laws for UUU and WWW ltlsf3.1-34b

ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))
smallest
solution

ϕ W ψ ≡ϕ W ψ ≡ϕ W ψ ≡ ψ ∨ (ϕ ∧©(ϕWψ))ψ ∨ (ϕ ∧©(ϕWψ))ψ ∨ (ϕ ∧©(ϕWψ))
largest
solution

Words(ϕUψ)Words(ϕUψ)Words(ϕUψ) smallest LT-property EEE s.t.

Words(ψ) ∪
{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊆ EWords(ψ) ∪

{
A0A1A2... ∈Words(ϕ) : A1A2... ∈ E

}
⊆ EWords(ψ) ∪

{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊆ E

Words(ϕWψ)Words(ϕWψ)Words(ϕWψ) largest LT-property EEE s.t.

E ⊆ Words(ψ) ∪
{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
E ⊆ Words(ψ) ∪

{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
E ⊆ Words(ψ) ∪

{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
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Expansion laws for UUU and WWW ltlsf3.1-34a

ϕUψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))ϕUψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))ϕUψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))
smallest solution

ϕWψ ≡ϕWψ ≡ϕWψ ≡ ψ ∨ (ϕ ∧©(ϕWψ))ψ ∨ (ϕ ∧©(ϕWψ))ψ ∨ (ϕ ∧©(ϕWψ))
largest solution
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Expansion laws for UUU, WWW, ♦♦♦, and ��� ltlsf3.1-34a

ϕUψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))ϕUψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))ϕUψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))
smallest solution

♦ψ ≡ ψ ∨ ©♦ψ♦ψ ≡ ψ ∨ ©♦ψ♦ψ ≡ ψ ∨ ©♦ψ
smallest solution

ϕWψ ≡ϕWψ ≡ϕWψ ≡ ψ ∨ (ϕ ∧©(ϕWψ))ψ ∨ (ϕ ∧©(ϕWψ))ψ ∨ (ϕ ∧©(ϕWψ))
largest solution

�ϕ ≡�ϕ ≡�ϕ ≡ ϕ ∧©�ϕϕ ∧©�ϕϕ ∧©�ϕ
largest solution

remind: ♦ψ = true Uψ♦ψ = true Uψ♦ψ = true Uψ, �ϕ ≡ ϕW false�ϕ ≡ ϕW false�ϕ ≡ ϕW false
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Positive normal form (PNF) ltlsf3.1-35
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Positive normal form (PNF) ltlsf3.1-35

• negation only on the level of literals

• uses for each operator its dual
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PNF for propositional logic ltlsf3.1-35

• negation only on the level of literals

• uses for each operator its dual

syntax of propositional formulas in PNF:

ϕ ::= true
∣∣ false

∣∣ a
∣∣ ¬a

∣∣ ϕ1 ∧ ϕ2

∣∣ ϕ1 ∨ ϕ2ϕ ::= true
∣∣ false

∣∣ a
∣∣ ¬a

∣∣ ϕ1 ∧ ϕ2

∣∣ ϕ1 ∨ ϕ2ϕ ::= true
∣∣ false

∣∣ a
∣∣ ¬a

∣∣ ϕ1 ∧ ϕ2

∣∣ ϕ1 ∨ ϕ2
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PNF for propositional logic ltlsf3.1-35

• negation only on the level of literals

• uses for each operator its dual

syntax of propositional formulas in PNF:

ϕ ::= true
∣∣ false

∣∣ a
∣∣ ¬a

∣∣ ϕ1 ∧ ϕ2

∣∣ ϕ1 ∨ ϕ2ϕ ::= true
∣∣ false

∣∣ a
∣∣ ¬a

∣∣ ϕ1 ∧ ϕ2

∣∣ ϕ1 ∨ ϕ2ϕ ::= true
∣∣ false

∣∣ a
∣∣ ¬a

∣∣ ϕ1 ∧ ϕ2

∣∣ ϕ1 ∨ ϕ2

¬true ≡ false¬true ≡ false¬true ≡ false duality of the
constant truth values

¬(ϕ1 ∧ ϕ2) ≡ ¬ϕ1 ∨ ¬ϕ2¬(ϕ1 ∧ ϕ2) ≡ ¬ϕ1 ∨ ¬ϕ2¬(ϕ1 ∧ ϕ2) ≡ ¬ϕ1 ∨ ¬ϕ2 duality of ∨∨∨ and ∧∧∧
(de Morgan’s law)
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LTL in positive normal form (PNF) ltlsf3.1-35a

• negation only on the level of literals

• uses for each operator its dual
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LTL in positive normal form (PNF) ltlsf3.1-35a

• negation only on the level of literals

• uses for each operator its dual

ϕϕϕ ::=::=::= true
∣∣ false

∣∣ a
∣∣ ¬a

∣∣ ϕ1 ∧ ϕ2

∣∣ ϕ1 ∨ ϕ2true
∣∣ false

∣∣ a
∣∣ ¬a

∣∣ ϕ1 ∧ ϕ2

∣∣ ϕ1 ∨ ϕ2true
∣∣ false

∣∣ a
∣∣ ¬a

∣∣ ϕ1 ∧ ϕ2

∣∣ ϕ1 ∨ ϕ2

using duality of constants and duality of ∨∨∨ and ∧∧∧
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LTL in positive normal form (PNF) ltlsf3.1-35a

• negation only on the level of literals

• uses for each operator its dual

ϕϕϕ ::=::=::= true
∣∣ false

∣∣ a
∣∣ ¬a

∣∣ ϕ1 ∧ ϕ2

∣∣ ϕ1 ∨ ϕ2true
∣∣ false

∣∣ a
∣∣ ¬a

∣∣ ϕ1 ∧ ϕ2

∣∣ ϕ1 ∨ ϕ2true
∣∣ false

∣∣ a
∣∣ ¬a

∣∣ ϕ1 ∧ ϕ2

∣∣ ϕ1 ∨ ϕ2

∣∣∣∣∣∣

©ϕ©ϕ©ϕ +++ dual operator for©©©

using duality of constants and duality of ∨∨∨ and ∧∧∧
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LTL in positive normal form (PNF) ltlsf3.1-35a

• negation only on the level of literals

• uses for each operator its dual

ϕϕϕ ::=::=::= true
∣∣ false

∣∣ a
∣∣ ¬a

∣∣ ϕ1 ∧ ϕ2

∣∣ ϕ1 ∨ ϕ2true
∣∣ false

∣∣ a
∣∣ ¬a

∣∣ ϕ1 ∧ ϕ2

∣∣ ϕ1 ∨ ϕ2true
∣∣ false

∣∣ a
∣∣ ¬a

∣∣ ϕ1 ∧ ϕ2

∣∣ ϕ1 ∨ ϕ2

∣∣∣∣∣∣

©ϕ©ϕ©ϕ←←← no new operator needed for ¬©¬©¬©

using duality of constants and duality of ∨∨∨ and ∧∧∧
¬© ϕ ≡ ©¬ϕ¬© ϕ ≡ ©¬ϕ¬© ϕ ≡ ©¬ϕ self-duality of the next operator
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LTL in positive normal form (PNF) ltlsf3.1-35a

• negation only on the level of literals

• uses for each operator its dual

ϕϕϕ ::=::=::= true
∣∣ false

∣∣ a
∣∣ ¬a

∣∣ ϕ1 ∧ ϕ2

∣∣ ϕ1 ∨ ϕ2true
∣∣ false

∣∣ a
∣∣ ¬a

∣∣ ϕ1 ∧ ϕ2

∣∣ ϕ1 ∨ ϕ2true
∣∣ false

∣∣ a
∣∣ ¬a

∣∣ ϕ1 ∧ ϕ2

∣∣ ϕ1 ∨ ϕ2

∣∣∣∣∣∣

©ϕ©ϕ©ϕ
∣∣ ϕ1 Uϕ2

∣∣ ϕ1Uϕ2

∣∣ ϕ1Uϕ2 +++ dual operator for UUU

using duality of constants and duality of ∨∨∨ and ∧∧∧
¬© ϕ ≡ ©¬ϕ¬© ϕ ≡ ©¬ϕ¬© ϕ ≡ ©¬ϕ self-duality of the next operator
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LTL in positive normal form (PNF) ltlsf3.1-35a

• negation only on the level of literals

• uses for each operator its dual

ϕϕϕ ::=::=::= true
∣∣ false

∣∣ a
∣∣ ¬a

∣∣ ϕ1 ∧ ϕ2

∣∣ ϕ1 ∨ ϕ2true
∣∣ false

∣∣ a
∣∣ ¬a

∣∣ ϕ1 ∧ ϕ2

∣∣ ϕ1 ∨ ϕ2true
∣∣ false

∣∣ a
∣∣ ¬a

∣∣ ϕ1 ∧ ϕ2

∣∣ ϕ1 ∨ ϕ2

∣∣∣∣∣∣

©ϕ©ϕ©ϕ
∣∣ ϕ1 Uϕ2

∣∣ ϕ1Uϕ2

∣∣ ϕ1Uϕ2

∣∣ ϕ1Wϕ2

∣∣ ϕ1Wϕ2

∣∣ ϕ1Wϕ2

using duality of constants and duality of ∨∨∨ and ∧∧∧
¬© ϕ ≡ ©¬ϕ¬© ϕ ≡ ©¬ϕ¬© ϕ ≡ ©¬ϕ self-duality of the next operator

¬(ϕ1Uϕ2) ≡ (¬ϕ2)W(¬ϕ1 ∧ ¬ϕ2)¬(ϕ1Uϕ2) ≡ (¬ϕ2)W(¬ϕ1 ∧ ¬ϕ2)¬(ϕ1Uϕ2) ≡ (¬ϕ2)W(¬ϕ1 ∧ ¬ϕ2)
duality of UUU and WWW
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Derivation of ♦♦♦ and ��� in LTL-PNF ltlsf3.1-35b

ϕϕϕ ::=::=::= true
∣∣ false

∣∣ a
∣∣ ¬a

∣∣ ϕ1 ∧ ϕ2

∣∣ ϕ1 ∨ ϕ2

∣∣true
∣∣ false

∣∣ a
∣∣ ¬a

∣∣ ϕ1 ∧ ϕ2

∣∣ ϕ1 ∨ ϕ2

∣∣true
∣∣ false

∣∣ a
∣∣ ¬a

∣∣ ϕ1 ∧ ϕ2

∣∣ ϕ1 ∨ ϕ2

∣∣

©ϕ
∣∣ ϕ1 Uϕ2

∣∣ ϕ1Wϕ2©ϕ
∣∣ ϕ1Uϕ2

∣∣ ϕ1Wϕ2©ϕ
∣∣ ϕ1Uϕ2

∣∣ ϕ1Wϕ2
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Derivation of ♦♦♦ and ��� in LTL-PNF ltlsf3.1-35b

ϕϕϕ ::=::=::= true
∣∣ false

∣∣ a
∣∣ ¬a

∣∣ ϕ1 ∧ ϕ2

∣∣ ϕ1 ∨ ϕ2

∣∣true
∣∣ false

∣∣ a
∣∣ ¬a

∣∣ ϕ1 ∧ ϕ2

∣∣ ϕ1 ∨ ϕ2

∣∣true
∣∣ false

∣∣ a
∣∣ ¬a

∣∣ ϕ1 ∧ ϕ2

∣∣ ϕ1 ∨ ϕ2

∣∣

©ϕ
∣∣ ϕ1 Uϕ2

∣∣ ϕ1Wϕ2©ϕ
∣∣ ϕ1Uϕ2

∣∣ ϕ1Wϕ2©ϕ
∣∣ ϕ1Uϕ2

∣∣ ϕ1Wϕ2

∣∣ ♦ϕ
∣∣ �ϕ

∣∣ ♦ϕ
∣∣ �ϕ

∣∣ ♦ϕ
∣∣ �ϕ

♦♦♦ and ��� can (still) be derived:

♦ϕ♦ϕ♦ϕ
def
=
def
=
def
= true Uϕtrue Uϕtrue Uϕ

�ϕ�ϕ�ϕ
def
=
def
=
def
= ϕW falseϕW falseϕW false
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Universality of LTL-PNF ltlsf3.1-36
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Universality of LTL-PNF ltlsf3.1-36

Each LTL formula can be transformed into

an equivalent LTL formula in PNF
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Universality of LTL-PNF ltlsf3.1-36

Each LTL formula can be transformed into

an equivalent LTL formula in PNF

LTL formula ϕϕϕ   LTL formula in PNF ϕ′ϕ′ϕ′

by successive application of the following rules:
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Universality of LTL-PNF ltlsf3.1-36

Each LTL formula can be transformed into

an equivalent LTL formula in PNF

LTL formula ϕϕϕ   LTL formula in PNF ϕ′ϕ′ϕ′

by successive application of the following rules:

¬true¬true¬true    falsefalsefalse

¬¬ϕ¬¬ϕ¬¬ϕ    ϕϕϕ

¬(ϕ1 ∧ ϕ2)¬(ϕ1 ∧ ϕ2)¬(ϕ1 ∧ ϕ2)    ¬ϕ1 ∨ ¬ϕ2¬ϕ1 ∨ ¬ϕ2¬ϕ1 ∨ ¬ϕ2

¬© ϕ¬© ϕ¬© ϕ    ©¬ϕ©¬ϕ©¬ϕ
¬(ϕ1Uϕ2)¬(ϕ1Uϕ2)¬(ϕ1Uϕ2)    (¬ϕ2)W(¬ϕ1 ∧ ¬ϕ2)(¬ϕ2)W(¬ϕ1 ∧ ¬ϕ2)(¬ϕ2)W(¬ϕ1 ∧ ¬ϕ2)
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Universality of LTL-PNF ltlsf3.1-36

Each LTL formula can be transformed into

an equivalent LTL formula in PNF

LTL formula ϕϕϕ   LTL formula in PNF ϕ′ϕ′ϕ′

by successive application of the following rules:

¬true¬true¬true    falsefalsefalse

¬¬ϕ¬¬ϕ¬¬ϕ    ϕϕϕ

¬(ϕ1 ∧ ϕ2)¬(ϕ1 ∧ ϕ2)¬(ϕ1 ∧ ϕ2)    ¬ϕ1 ∨ ¬ϕ2¬ϕ1 ∨ ¬ϕ2¬ϕ1 ∨ ¬ϕ2

¬© ϕ¬© ϕ¬© ϕ    ©¬ϕ©¬ϕ©¬ϕ
¬(ϕ1Uϕ2)¬(ϕ1Uϕ2)¬(ϕ1Uϕ2)    (¬ϕ2)W(¬ϕ1 ∧ ¬ϕ2)(¬ϕ2)W(¬ϕ1 ∧ ¬ϕ2)(¬ϕ2)W(¬ϕ1 ∧ ¬ϕ2)

exponential-blow up is possible
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Example: LTL    LTL-PNF ltlsf3.1-37

¬true¬true¬true    falsefalsefalse
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Recall: action-based fairness ltlsf3.1-38

fairness assumption for TS T = (S ,Act,→, S0,AP, L)T = (S ,Act,→, S0,AP, L)T = (S ,Act,→, S0,AP , L):
F = (Fucond ,Fstrong ,Fweak)F = (Fucond ,Fstrong ,Fweak)F = (Fucond ,Fstrong ,Fweak)

where FucondFucondFucond , FstrongFstrongFstrong , Fweak ⊆ 2ActFweak ⊆ 2ActFweak ⊆ 2Act

FucondFucondFucond unconditional fairness assumption
FstrongFstrongFstrong strong fairness assumption

FweakFweakFweak weak fairness assumption
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α3−→ . . . FFF-fair if
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• for all A ∈ FucondA ∈ FucondA ∈ Fucond :
∞
∃ i ≥ 1. αi ∈ A
∞
∃ i ≥ 1. αi ∈ A
∞
∃ i ≥ 1. αi ∈ A
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Recall: action-based fairness ltlsf3.1-38

fairness assumption for TS T = (S ,Act,→, S0,AP, L)T = (S ,Act,→, S0,AP, L)T = (S ,Act,→, S0,AP , L):
F = (Fucond ,Fstrong ,Fweak)F = (Fucond ,Fstrong ,Fweak)F = (Fucond ,Fstrong ,Fweak)

where FucondFucondFucond , FstrongFstrongFstrong , Fweak ⊆ 2ActFweak ⊆ 2ActFweak ⊆ 2Act

satisfaction relation for LT-properties under fairness:

T |=F ET |=F ET |=F E iff for all FFF -fair paths πππ of TTT :
trace(π) ∈ Etrace(π) ∈ Etrace(π) ∈ E
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Process fairness is LTL-definable ltlsf3.1-5
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Process fairness is LTL-definable ltlsf3.1-5

ϕ ::= true
∣∣ a

∣∣ ϕ1 ∧ ϕ2

∣∣ ¬ϕ
∣∣ © ϕ

∣∣ ϕ1Uϕ2ϕ ::= true
∣∣ a

∣∣ ϕ1 ∧ ϕ2

∣∣ ¬ϕ
∣∣ © ϕ

∣∣ ϕ1Uϕ2ϕ ::= true
∣∣ a

∣∣ ϕ1 ∧ ϕ2

∣∣ ¬ϕ
∣∣ © ϕ

∣∣ ϕ1 Uϕ2

eventually ♦ϕ♦ϕ♦ϕ
def
=
def
=
def
= true Uϕtrue Uϕtrue Uϕ

always �ϕ�ϕ�ϕ
def
=
def
=
def
= ¬♦¬ϕ¬♦¬ϕ¬♦¬ϕ

infinitely often �♦ϕ�♦ϕ�♦ϕ

eventually forever ♦�ϕ♦�ϕ♦�ϕ
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=
def
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infinitely often �♦ϕ�♦ϕ�♦ϕ
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LTL fairness assumptions ltlsf3.1-39

. . .. . .. . . are conjunctions of LTL formulas of the form:

• unconditional fairness �♦φ�♦φ�♦φ

• strong fairness �♦φ1 → �♦φ2�♦φ1 → �♦φ2�♦φ1 → �♦φ2
• weak fairness ♦�φ1 → �♦φ2♦�φ1 → �♦φ2♦�φ1 → �♦φ2
where φ1, φ2, φφ1, φ2, φφ1, φ2, φ are propositional formulas
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and ϕϕϕ an LTL formula then
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where φ1, φ2, φφ1, φ2, φφ1, φ2, φ are propositional formulas

If fairfairfair is a LTL fairness assumption, sss a state in a TS,

and ϕϕϕ an LTL formula then

s |=fair ϕs |=fair ϕs |=fair ϕ iff for all π ∈ Paths(s)π ∈ Paths(s)π ∈ Paths(s):
if π |= fairπ |= fairπ |= fair then π |= ϕπ |= ϕπ |= ϕ

iff s |= fair → ϕs |= fair → ϕs |= fair → ϕ
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Randomized arbiter for MUTEX ltlsf3.1-40

T1T1T1
noncrit1

crit1crit1crit1

enter1 release

T2T2T2
noncrit2

crit2crit2crit2

enter2 release
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headheadhead tailtailtail

lockenter1 enter2
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T2T2T2
noncrit2

crit2crit2crit2

enter2 release

106 / 154



Randomized arbiter for MUTEX ltlsf3.1-40

T1T1T1
noncrit1

crit1crit1crit1

enter1 release

Arbiter
toss coin

headheadhead tailtailtail

lockenter1 enter2

rel

T2T2T2
noncrit2

crit2crit2crit2

enter2 release

(T1 ||| T2) ‖Arbiter(T1 ||| T2) ‖Arbiter(T1 ||| T2) ‖Arbiter

noncrit1 toss coin noncrit2

noncrit1 headheadhead noncrit2 noncrit1 tailtailtail noncrit2

crit1crit1crit1 lock noncrit2 noncrit1 lock crit2crit2crit2
release

enter1 enter2
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T1T1T1
noncrit1

crit1crit1crit1

enter1 release

Arbiter
toss coin

headheadhead tailtailtail

lockenter1 enter2

rel

T2T2T2
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enter2 release

(T1 ||| T2) ‖Arbiter(T1 ||| T2) ‖Arbiter(T1 ||| T2) ‖Arbiter 6|= �♦crit1 ∧ �♦crit26|= �♦crit1 ∧ �♦crit26|= �♦crit1 ∧ �♦crit2

noncrit1 toss coin noncrit2

noncrit1 headheadhead noncrit2 noncrit1 tailtailtail noncrit2

crit1crit1crit1 lock noncrit2 noncrit1 lock crit2crit2crit2
release

enter1 enter2
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Randomized arbiter for MUTEX ltlsf3.1-40

T1T1T1
noncrit1

crit1crit1crit1

enter1 release

Arbiter
toss coin

headheadhead tailtailtail

lockenter1 enter2

rel

T2T2T2
noncrit2

crit2crit2crit2

enter2 release

unconditional LTL-fairness:

fair = �♦head ∧ �♦tailfair = �♦head ∧ �♦tailfair = �♦head ∧ �♦tail
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Randomized arbiter for MUTEX ltlsf3.1-40

T1T1T1
noncrit1

crit1crit1crit1

enter1 release

Arbiter
toss coin

headheadhead tailtailtail

lockenter1 enter2

rel

T2T2T2
noncrit2

crit2crit2crit2

enter2 release

unconditional LTL-fairness:

fair = �♦head ∧ �♦tailfair = �♦head ∧ �♦tailfair = �♦head ∧ �♦tail
(T1 ||| T2) ‖Arbiter |=fair �♦crit1 ∧ �♦crit2(T1 ||| T2) ‖Arbiter |=fair �♦crit1 ∧ �♦crit2(T1 ||| T2) ‖Arbiter |=fair �♦crit1 ∧ �♦crit2
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Correct or wrong? ltlsf3.1-41

TTT LTL fairness assumption

fair = ♦�a→ �♦bfair = ♦�a→ �♦bfair = ♦�a→ �♦b

=̂{a}=̂{a}=̂{a} =̂{b}=̂{b}=̂{b}
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Correct or wrong? ltlsf3.1-41

TTT LTL fairness assumption

fair = ♦�a→ �♦bfair = ♦�a→ �♦bfair = ♦�a→ �♦b

=̂{a}=̂{a}=̂{a} =̂{b}=̂{b}=̂{b}

TTT |=fair|=fair|=fair ©b©b©b ?
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Correct or wrong? ltlsf3.1-41

TTT LTL fairness assumption

fair = ♦�a→ �♦bfair = ♦�a→ �♦bfair = ♦�a→ �♦b

=̂{a}=̂{a}=̂{a} =̂{b}=̂{b}=̂{b}

TTT 6|=fair6|=fair6|=fair ©b©b©b as •••→→→•••→→→•••→→→•••→→→•••→→→•••→ . . .→ . . .→ . . . is fair
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Correct or wrong? ltlsf3.1-41

TTT LTL fairness assumption

fair = ♦�a→ �♦bfair = ♦�a→ �♦bfair = ♦�a→ �♦b

=̂{a}=̂{a}=̂{a} =̂{b}=̂{b}=̂{b}

TTT 6|=fair6|=fair6|=fair ©b©b©b as •••→→→•••→→→•••→→→•••→→→•••→→→•••→ . . .→ . . .→ . . . is fair

T |=fair aU bT |=fair aU bT |=fair aU b ?
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Correct or wrong? ltlsf3.1-41

TTT LTL fairness assumption

fair = ♦�a→ �♦bfair = ♦�a→ �♦bfair = ♦�a→ �♦b

=̂{a}=̂{a}=̂{a} =̂{b}=̂{b}=̂{b}

TTT 6|=fair6|=fair6|=fair ©b©b©b as •••→→→•••→→→•••→→→•••→→→•••→→→•••→ . . .→ . . .→ . . . is fair

T |=fair aU bT |=fair aU bT |=fair aU b
√√√
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Correct or wrong? ltlsf3.1-41

TTT LTL fairness assumption

fair = ♦�a→ �♦bfair = ♦�a→ �♦bfair = ♦�a→ �♦b

=̂{a}=̂{a}=̂{a} =̂{b}=̂{b}=̂{b}

TTT 6|=fair6|=fair6|=fair ©b©b©b as •••→→→•••→→→•••→→→•••→→→•••→→→•••→ . . .→ . . .→ . . . is fair

T |=fair aU bT |=fair aU bT |=fair aU b
√√√

TTT |=fair|=fair|=fair aU�(b ↔©aaU�(b ↔©aaU�(b ↔©a) ?
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Correct or wrong? ltlsf3.1-41

TTT LTL fairness assumption

fair = ♦�a→ �♦bfair = ♦�a→ �♦bfair = ♦�a→ �♦b

=̂{a}=̂{a}=̂{a} =̂{b}=̂{b}=̂{b}

TTT 6|=fair6|=fair6|=fair ©b©b©b as •••→→→•••→→→•••→→→•••→→→•••→→→•••→ . . .→ . . .→ . . . is fair

T |=fair aU bT |=fair aU bT |=fair aU b
√√√

TTT 6|=fair6|=fair6|=fair aU�(b ↔©aaU�(b ↔©aaU�(b ↔©a)

as •••→→→•••→→→•••→→→•••→→→•••→→→•••→ . . .→ . . .→ . . . is fair
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LTL-fairness assumptions ltlsf3.1-50

• can be necessary to prove liveness properties, e.g.,

mutual exclusion with arbiter/semaphore

TsemTsemTsem 6|=6|=6|= �♦crit1 ∧ �♦crit2�♦crit1 ∧ �♦crit2�♦crit1 ∧ �♦crit2
TsemTsemTsem |=fair|=fair|=fair �♦crit1 ∧ �♦crit2�♦crit1 ∧ �♦crit2�♦crit1 ∧ �♦crit2
for appropriate fairness condition
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LTL-fairness assumptions ltlsf3.1-50

• can be necessary to prove liveness properties, e.g.,

mutual exclusion with arbiter/semaphore

TsemTsemTsem 6|=6|=6|= �♦crit1 ∧ �♦crit2�♦crit1 ∧ �♦crit2�♦crit1 ∧ �♦crit2
TsemTsemTsem |=fair|=fair|=fair �♦crit1 ∧ �♦crit2�♦crit1 ∧ �♦crit2�♦crit1 ∧ �♦crit2
for appropriate fairness condition, e.g.,

fairfairfair ===
∧

i=1,2

∧
i=1,2

∧
i=1,2

(
(�♦waiti → �♦criti) ∧
(
(�♦waiti → �♦criti) ∧
(
(�♦waiti → �♦criti) ∧

(♦�noncriti → �♦waiti)
)

(♦�noncriti → �♦waiti)
)

(♦�noncriti → �♦waiti)
)
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LTL-fairness assumptions ltlsf3.1-50

• can be necessary to prove liveness properties, e.g.,

mutual exclusion with arbiter/semaphore

TsemTsemTsem 6|=6|=6|= �♦crit1 ∧ �♦crit2�♦crit1 ∧ �♦crit2�♦crit1 ∧ �♦crit2
TsemTsemTsem |=fair|=fair|=fair �♦crit1 ∧ �♦crit2�♦crit1 ∧ �♦crit2�♦crit1 ∧ �♦crit2
for appropriate fairness condition

• can be verifiable system properties

e.g., Peterson algorithm guarantees strong fairness

TPet |= �♦wait1 → �♦crit1TPet |= �♦wait1→ �♦crit1TPet |= �♦wait1 → �♦crit1
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LTL-fairness assumptions ltlsf3.1-50

• can be necessary to prove liveness properties, e.g.,

TsemTsemTsem 6|=6|=6|= �♦crit1 ∧ �♦crit2�♦crit1 ∧ �♦crit2�♦crit1 ∧ �♦crit2
TsemTsemTsem |=fair|=fair|=fair �♦crit1 ∧ �♦crit2�♦crit1 ∧ �♦crit2�♦crit1 ∧ �♦crit2
for appropriate fairness condition

• can be verifiable system properties, e.g.,

TPet |= �♦wait1 → �♦crit1TPet |= �♦wait1→ �♦crit1TPet |= �♦wait1 → �♦crit1
• are irrelevant for verifying safety properties

T |= ϕsafeT |= ϕsafeT |= ϕsafe iff T |=fair ϕsafeT |=fair ϕsafeT |=fair ϕsafe

if fairfairfair is realizable
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Correct or wrong? ltlsf3.1-42

Each strong LTL fairness assumption

fair = �♦a→ �♦bfair = �♦a→ �♦bfair = �♦a→ �♦b
is realizable for each TS over AP = {a, b, . . .}AP = {a, b, . . .}AP = {a, b, . . .}.
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Correct or wrong? ltlsf3.1-42

Each strong LTL fairness assumption

fair = �♦a→ �♦bfair = �♦a→ �♦bfair = �♦a→ �♦b
is realizable for each TS over AP = {a, b, . . .}AP = {a, b, . . .}AP = {a, b, . . .}.

recall: a fairness condition is called realizable
if for each reachable state sss there exists
a fair path starting in sss
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Correct or wrong? ltlsf3.1-42

Each strong LTL fairness assumption

fair = �♦a→ �♦bfair = �♦a→ �♦bfair = �♦a→ �♦b
is realizable for each TS over AP = {a, b, . . .}AP = {a, b, . . .}AP = {a, b, . . .}.

wrong

{a}{a}{a}

{b}{b}{b} fair = �♦a→ �♦bfair = �♦a→ �♦bfair = �♦a→ �♦b
is not realizable
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Action-based fairness    LTL-fairness ltlsf3.1-43
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Action-based fairness    LTL-fairness ltlsf3.1-43

idea: use new atomic propositions enabled(A)enabled(A)enabled(A) and

taken(A)taken(A)taken(A) and extend the labeling function:

enabled(A) ∈ L(s)enabled(A) ∈ L(s)enabled(A) ∈ L(s) iff s
α−→ . . .s
α−→ . . .s
α−→ . . . for some α ∈ Aα ∈ Aα ∈ A

taken(A) ∈ L(s)taken(A) ∈ L(s)taken(A) ∈ L(s) iff for all transitions . . .
α−→ s. . .
α−→ s. . .
α−→ s :

α ∈ Aα ∈ Aα ∈ A

126 / 154



Action-based fairness    LTL-fairness ltlsf3.1-43

idea: use new atomic propositions enabled(A)enabled(A)enabled(A) and

taken(A)taken(A)taken(A) and extend the labeling function:

enabled(A) ∈ L(s)enabled(A) ∈ L(s)enabled(A) ∈ L(s) iff s
α−→ . . .s
α−→ . . .s
α−→ . . . for some α ∈ Aα ∈ Aα ∈ A

taken(A) ∈ L(s)taken(A) ∈ L(s)taken(A) ∈ L(s) iff for all transitions . . .
α−→ s. . .
α−→ s. . .
α−→ s :

α ∈ Aα ∈ Aα ∈ A

• unconditional AAA-fairness: �♦taken(A)�♦taken(A)�♦taken(A)

• strong AAA-fairness: �♦enabled(A)→ �♦taken(A)�♦enabled(A)→ �♦taken(A)�♦enabled(A)→ �♦taken(A)
• weak AAA-fairness: ♦�enabled(A)→ �♦taken(A)♦�enabled(A)→ �♦taken(A)♦�enabled(A)→ �♦taken(A)
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Action-based fairness    LTL-fairness ltlsf3.1-43

idea: use new atomic propositions enabled(A)enabled(A)enabled(A) and

taken(A)taken(A)taken(A) and extend the labeling function:

enabled(A) ∈ L(s)enabled(A) ∈ L(s)enabled(A) ∈ L(s) iff s
α−→ . . .s
α−→ . . .s
α−→ . . . for some α ∈ Aα ∈ Aα ∈ A

taken(A) ∈ L(s)taken(A) ∈ L(s)taken(A) ∈ L(s) iff for all transitions . . .
α−→ s. . .
α−→ s. . .
α−→ s :

α ∈ Aα ∈ Aα ∈ A

problem: each state sss can have several incoming

transitions

t
α−→ st
α−→ st
α−→ s, u

β−→ s, . . .u
β−→ s, . . .u
β−→ s, . . .
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Action-based fairness    LTL-fairness ltlsf3.1-43

idea: use new atomic propositions enabled(A)enabled(A)enabled(A) and

taken(A)taken(A)taken(A) and extend the labeling function:

enabled(A) ∈ L(s)enabled(A) ∈ L(s)enabled(A) ∈ L(s) iff s
α−→ . . .s
α−→ . . .s
α−→ . . . for some α ∈ Aα ∈ Aα ∈ A

taken(A) ∈ L(s)taken(A) ∈ L(s)taken(A) ∈ L(s) iff for all transitions . . .
α−→ s. . .
α−→ s. . .
α−→ s :

α ∈ Aα ∈ Aα ∈ A

alternative 1: ad-hoc choice of “takentakentaken-predicate”

alternative 2: modify the given transition system

by adding an action component
to the states
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Ad-hoc: action fairness    LTL-fairness ltlsf3.1-44

nc1 nc2 y=1

wait1 nc2 y=1 nc1 wait2 y=1

crit1 nc2 y=0 nc1 crit2 y=0wait1 wait2
y=1

crit1 wait2 y=0 wait1 crit2 y=0

enter1enter1enter1

request2 enter1enter1enter1

TS for mutual exclusion with semaphore
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Ad-hoc: action fairness    LTL-fairness ltlsf3.1-44

nc1 nc2 y=1

wait1wait1wait1 nc2 y=1 nc1 wait2 y=1

crit1 nc2 y=0 nc1 crit2 y=0wait1wait1wait1 wait2
y=1

crit1 wait2 y=0 wait1 crit2 y=0

enter1enter1enter1

request2 enter1enter1enter1

=̂̂=̂= enabled({enter1})enabled({enter1})enabled({enter1})

TS for mutual exclusion with semaphore
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Ad-hoc: action fairness    LTL-fairness ltlsf3.1-44

nc1 nc2 y=1

wait1wait1wait1 nc2 y=1 nc1 wait2 y=1

crit1crit1crit1 nc2 y=0 nc1 crit2 y=0wait1wait1wait1 wait2
y=1

crit1crit1crit1 wait2 y=0 wait1 crit2 y=0

enter1enter1enter1

request2 enter1enter1enter1

=̂̂=̂= taken({enter1})taken({enter1})taken({enter1})
=̂̂=̂= enabled({enter1})enabled({enter1})enabled({enter1})

TS for mutual exclusion with semaphore
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Ad-hoc: action fairness    LTL-fairness ltlsf3.1-44

nc1 nc2 y=1

wait1wait1wait1 nc2 y=1 nc1 wait2 y=1

crit1crit1crit1 nc2 y=0 nc1 crit2 y=0wait1wait1wait1 wait2
y=1

crit1crit1crit1 wait2 y=0 wait1 crit2 y=0

enter1enter1enter1

request2 enter1enter1enter1

=̂̂=̂= taken({enter1})taken({enter1})taken({enter1}) =̂̂=̂= crit1crit1crit1
=̂̂=̂= enabled({enter1})enabled({enter1})enabled({enter1}) =̂̂=̂= wait1 ∧ ¬crit2wait1 ∧ ¬crit2wait1 ∧ ¬crit2
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Ad-hoc: action fairness    LTL-fairness ltlsf3.1-44

nc1 nc2 y=1

wait1wait1wait1 nc2 y=1 nc1 wait2 y=1

crit1crit1crit1 nc2 y=0 nc1 crit2 y=0wait1wait1wait1 wait2
y=1

crit1crit1crit1 wait2 y=0 wait1 crit2 y=0

enter1enter1enter1

request2 enter1enter1enter1

=̂̂=̂= taken({enter1})taken({enter1})taken({enter1}) =̂̂=̂= crit1crit1crit1
=̂̂=̂= enabled({enter1})enabled({enter1})enabled({enter1}) =̂̂=̂= wait1 ∧ ¬crit2wait1 ∧ ¬crit2wait1 ∧ ¬crit2

strong {enter1}{enter1}{enter1}-fairness: LTL formula

�♦�♦�♦ enabled({enter1})enabled({enter1})enabled({enter1})→→→ �♦�♦�♦ taken({enter1})taken({enter1})taken({enter1})
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Ad-hoc: action fairness    LTL-fairness ltlsf3.1-44

nc1 nc2 y=1

wait1wait1wait1 nc2 y=1 nc1 wait2 y=1

crit1crit1crit1 nc2 y=0 nc1 crit2 y=0wait1wait1wait1 wait2
y=1

crit1crit1crit1 wait2 y=0 wait1 crit2 y=0

enter1enter1enter1

request2 enter1enter1enter1

=̂̂=̂= taken({enter1})taken({enter1})taken({enter1}) =̂̂=̂= crit1crit1crit1
=̂̂=̂= enabled({enter1})enabled({enter1})enabled({enter1}) =̂̂=̂= wait1 ∧ ¬crit2wait1 ∧ ¬crit2wait1 ∧ ¬crit2

�♦�♦�♦ enabled({enter1})enabled({enter1})enabled({enter1}) →→→ �♦�♦�♦ taken({enter1})taken({enter1})taken({enter1})
=̂̂=̂= �♦�♦�♦ (wait1 ∧ ¬crit2)(wait1 ∧ ¬crit2)(wait1 ∧ ¬crit2) →→→ �♦�♦�♦ crit1crit1crit1

135 / 154



Action-based fairness    LTL-fairness ltlsf3.1-46a

idea: use new atomic propositions enabled(A)enabled(A)enabled(A) and

taken(A)taken(A)taken(A) and extend the labeling function:

enabled(A) ∈ L(s)enabled(A) ∈ L(s)enabled(A) ∈ L(s) iff s
α→ ...s
α→ ...s
α→ ... for some α ∈ Aα ∈ Aα ∈ A

taken(A) ∈ L(s)taken(A) ∈ L(s)taken(A) ∈ L(s) iff for all transitions . . .
α→ s. . .
α→ s. . .
α→ s:

α ∈ Aα ∈ Aα ∈ A

alternative 1: ad-hoc choice of “takentakentaken-predicate”

alternative 2: modify the given transition system
by adding an action component

to the states
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Action-based fairness    LTL-fairness ltlsf3.1-46a

idea: use new atomic propositions enabled(A)enabled(A)enabled(A) and

taken(A)taken(A)taken(A) and extend the labeling function:

enabled(A) ∈ L(s)enabled(A) ∈ L(s)enabled(A) ∈ L(s) iff s
α→ ...s
α→ ...s
α→ ... for some α ∈ Aα ∈ Aα ∈ A

taken(A) ∈ L(s)taken(A) ∈ L(s)taken(A) ∈ L(s) iff for all transitions . . .
α→ s. . .
α→ s. . .
α→ s:

α ∈ Aα ∈ Aα ∈ A

alternative 1: ad-hoc choice of “takentakentaken-predicate”

alternative 2: modify the given transition system
by adding an action component

to the states
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Action-based fairness    LTL-fairness ltlsf3.1-47

transition system
T = (S ,Act,→, . . .)T = (S ,Act,→, . . .)T = (S ,Act,→, . . .)

... ... ... ...

sss

s ′s ′s ′ s ′′s ′′s ′′
βββ γγγ
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Action-based fairness    LTL-fairness ltlsf3.1-47

transition system
T = (S ,Act,→, . . .)T = (S ,Act,→, . . .)T = (S ,Act,→, . . .)

... ... ... ...

sss

s ′s ′s ′ s ′′s ′′s ′′
βββ γγγ

... ... ... ...

〈s ′, β〉〈s ′, β〉〈s ′, β〉 〈s ′′, γ〉〈s ′′, γ〉〈s ′′, γ〉

〈s , ...〉〈s , ...〉〈s, ...〉
βββ γγγ

transition system
T ′ = (S×Act , . . . ,AP ′, L′)T ′ = (S×Act, . . . ,AP ′, L′)T ′ = (S×Act, . . . ,AP ′, L′)
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Action-based fairness    LTL-fairness ltlsf3.1-47

transition system
T = (S ,Act,→, . . .)T = (S ,Act,→, . . .)T = (S ,Act,→, . . .)

... ... ... ...

sss

s ′s ′s ′ s ′′s ′′s ′′
βββ γγγ

... ... ... ...

〈s ′, β〉〈s ′, β〉〈s ′, β〉 〈s ′′, γ〉〈s ′′, γ〉〈s ′′, γ〉

〈s , ...〉〈s , ...〉〈s, ...〉
βββ γγγ

transition system
T ′ = (S×Act , . . . ,AP ′, L′)T ′ = (S×Act, . . . ,AP ′, L′)T ′ = (S×Act, . . . ,AP ′, L′)

strong AAA-fairness
for A ⊆ ActA ⊆ ActA ⊆ Act

strong LTL-fairness
�♦enabled(A)→ �♦taken(A)�♦enabled(A)→ �♦taken(A)�♦enabled(A)→ �♦taken(A)
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Action-based fairness    LTL-fairness ltlsf3.1-47

transition system
T = (S ,Act,→, . . .)T = (S ,Act,→, . . .)T = (S ,Act,→, . . .)

... ... ... ...

sss

s ′s ′s ′ s ′′s ′′s ′′
βββ γγγ

... ... ... ...

〈s ′, β〉〈s ′, β〉〈s ′, β〉 〈s ′′, γ〉〈s ′′, γ〉〈s ′′, γ〉

〈s , ...〉〈s , ...〉〈s, ...〉
βββ γγγ

transition system
T ′ = (S×Act , . . . ,AP ′, L′)T ′ = (S×Act, . . . ,AP ′, L′)T ′ = (S×Act, . . . ,AP ′, L′)

strong AAA-fairness
for A ⊆ ActA ⊆ ActA ⊆ Act

strong LTL-fairness
�♦enabled(A)→ �♦taken(A)�♦enabled(A)→ �♦taken(A)�♦enabled(A)→ �♦taken(A)

enabled(A) ∈ L′(〈s, α〉)enabled(A) ∈ L′(〈s, α〉)enabled(A) ∈ L′(〈s, α〉) iff s
β−→. . .s
β−→. . .s
β−→. . . for some β ∈ Aβ ∈ Aβ ∈ A

taken(A) ∈ L′(〈s, α〉)taken(A) ∈ L′(〈s, α〉)taken(A) ∈ L′(〈s, α〉) iff α ∈ Aα ∈ Aα ∈ A
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Example: action fairness    LTL-fairness ltlsf3.1-48

action-based fairness    LTL-fairness

sss

ttt uuu

ααα

γγγ δδδ

βββ
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action-based fairness    LTL-fairness

sss

ttt uuu

ααα

γγγ δδδ

βββ

sss begin

t αt αt α u βu βu β

ααα βββ
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action-based fairness    LTL-fairness

sss

ttt uuu

ααα

γγγ δδδ

βββ

sss begin

t αt αt α u βu βu β

s γs γs γ s δs δs δααα
δδδ
βββ

γγγ
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Example: action fairness    LTL-fairness ltlsf3.1-48

action-based fairness    LTL-fairness

sss

ttt uuu

ααα

γγγ δδδ

βββ

sss begin

t αt αt α u βu βu β

s γs γs γ s δs δs δααα

βββ
δδδ

βββ

βββ

ααα
ααα

γγγ
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Example: action fairness    LTL-fairness ltlsf3.1-48

action-based fairness    LTL-fairness

sss

ttt uuu

ααα

γγγ δδδ

βββ

sss begin

t αt αt α u βu βu β

s γs γs γ s δs δs δααα

βββ
δδδ

βββ

βββ

ααα
ααα

γγγ
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Example: mutual exclusion with semaphore ltlsf3.1-49

add additional variable last action with domain Act ∪∪∪ {begin}

wait1 nc2

wait1 wait2
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y=0 y=0
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request
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request
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request
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request
2

request
2

enter2

enter2

enter2

enter1

enter1

enter1
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