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(Pred. Transformer)

Postcondtion

Program

Weakest 
Precondtion

Deductive System
(Logic)

Postcondtion

Program

Yes / No

Precondtion

 Weakest Precondition Calculus  Hoare Logics
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 Hoare Triple (HT)

Validity of Hoare 
Triple {P} c {Q}

Interpretation of Hoare Triples

Examples

Precondition Postcondition
Program

{P} c {Q} P and Q are predicate over 
program states, ie P,Q ✓ P(S)

 Final state from 
executing c in state s 

|= {P} c {Q}
i↵

8s 2 S • s |=P =) JcK(s) |=Q

s

s 0

initial state

final state

s |=P =) s 0 |=Q

c

|= {x � 0} x

:= x+2 {x � 0}

6|= {a=0} a := a+1; b := b�1 {a · b=0}

|= {a=�1} a := a+1; b := b�1 {a · b=0}

  

  

   



Hoare Logic — Connection to Predicate Transformers
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wp[c](Q)

Initial States Final States

Q
Allowed Execution

Forbidden Execution
P

|= {P} c {Q} i↵ P =) wp[c](Q)



Hoare Logic — Deductive System
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The GCL language
C := skip nop

| abort abortion

| x

:= E assignment

| if G then C else C conditional

| while G do C while loop

| C; C sequence

 Proof System H

` {P} skip {P} [skip] ` {false} abort {Q} [abort] ` {Q[x/E ]} x := E {Q} [assgn]

` {P ^ G} c1 {Q} ` {P ^ ¬G} c2 {Q}
` {P} if (G ) then {c1} else {c2} {Q} [if]

|= (P =) P

0) ` {P 0} c {Q 0} |= (Q 0 =) Q)

` {P} c {Q} [cons]

` {P} c1 {Q 0} ` {Q 0} c2 {Q}
` {P} c1; c2 {Q} [seq]

` {I ^ G ^ v=k} c {I ^ v<k} |= (I ^ G =) v�0)

` {I} while (G ) do c {I ^ ¬G} [while]



Hoare Logic — Deductive System
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Soundness and  Relative Completeness of the Deductive System

The proof system H generates valid Hoare triples, ie for GCL program c

` {P} c {Q} =) |= {P} c {Q}

Moreover, if we have access to an oracle that decides the side conditions of the 
form                     , there exists always a derivation in H for valid Hoare triples, i.e.

|= {P} c {Q} =) ` {P} c {Q}

(soundness)

(relative completeness)

We can prove the validity of a triple                  by exhibiting a derivation tree 

in H, where:

{P} c {Q}

Leaves are axioms ([assg], [abort] or [skip])

The root is ` {P} c {Q}

Side conditions of the form                 
must be discharged ([cons],[while])
 ` {P} c {Q}

` {P} c1 {Q 0} ` {Q 0} c2 {Q}
[seq]

[if]

...
...

Target triple

|= (P =) Q)

|= (P =) Q)



Hoare Logic — Example
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 We want to prove the validity of the following Hoare triple:

{y=2 _ y=3} if (y=2) then {x :

= 3·y} else {x :

= 2·y} {x mod 6=0}

` {Q[x/E ]} x := E {Q} [assgn]

` {P ^ G} c1 {Q} ` {P ^ ¬G} c2 {Q}
` {P} if (G ) then {c1} else {c2} {Q} [if]

|= (P =) P

0) ` {P 0} c {Q 0} |= (Q 0 =) Q)

` {P} c {Q} [cons]
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hy=2 _ y=3i
if (y=2) then

x

:

= 3·y

else

x

:

= 2·y

hx mod 6=0i

 We want to prove the validity of the following Hoare triple:

{y=2 _ y=3} if (y=2) then {x :

= 3·y} else {x :

= 2·y} {x mod 6=0}

` {Q[x/E ]} x := E {Q} [assgn]

` {P ^ G} c1 {Q} ` {P ^ ¬G} c2 {Q}
` {P} if (G ) then {c1} else {c2} {Q} [if]

|= (P =) P

0) ` {P 0} c {Q 0} |= (Q 0 =) Q)

` {P} c {Q} [cons]
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hy=2 _ y=3i
if (y=2) then

h(y=2 _ y=3) ^ y=2i

x

:

= 3·y
hx mod 6=0i

else

h(y=2 _ y=3) ^ y 6=2i

x

:

= 2·y
hx mod 6=0i

hx mod 6=0i

 We want to prove the validity of the following Hoare triple:

{y=2 _ y=3} if (y=2) then {x :

= 3·y} else {x :

= 2·y} {x mod 6=0}

` {Q[x/E ]} x := E {Q} [assgn]

` {P ^ G} c1 {Q} ` {P ^ ¬G} c2 {Q}
` {P} if (G ) then {c1} else {c2} {Q} [if]

|= (P =) P

0) ` {P 0} c {Q 0} |= (Q 0 =) Q)

` {P} c {Q} [cons]
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 We want to prove the validity of the following Hoare triple:

{y=2 _ y=3} if (y=2) then {x :

= 3·y} else {x :

= 2·y} {x mod 6=0}

hy=2 _ y=3i
if (y=2) then

h(y=2 _ y=3) ^ y=2i
h3·y mod 6=0i
x

:

= 3·y
hx mod 6=0i

else

h(y=2 _ y=3) ^ y 6=2i
h2·y mod 6=0i
x

:

= 2·y
hx mod 6=0i

hx mod 6=0i

` {Q[x/E ]} x := E {Q} [assgn]

` {P ^ G} c1 {Q} ` {P ^ ¬G} c2 {Q}
` {P} if (G ) then {c1} else {c2} {Q} [if]

|= (P =) P

0) ` {P 0} c {Q 0} |= (Q 0 =) Q)

` {P} c {Q} [cons]
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|= {P} c {Q}
i↵

8s 2 S • s |=P =) JcK(s) |=Q
8µ 2 D(S) • µ |=P =) JcK(µ) |=Q
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View probabilistic programs as 
distribution transformers

JcK : D(S) ! D(S)
|= {P} c {Q}

i↵8s 2 S • s |=P =) JcK(s) |=Q
8µ 2 D(S) • µ |=P =) JcK(µ) |=Q
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View probabilistic programs as 
distribution transformers

JcK : D(S) ! D(S)

Consider probabilistic predicates as 
program assertions

PP ✓ D(S) ! {true, false}

|= {P} c {Q}
i↵8s 2 S • s |=P =) JcK(s) |=Q

8µ 2 D(S) • µ |=P =) JcK(µ) |=Q
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Adapt the proof system

View probabilistic programs as 
distribution transformers

JcK : D(S) ! D(S)

Consider probabilistic predicates as 
program assertions

PP ✓ D(S) ! {true, false}

|= {P} c {Q}
i↵8s 2 S • s |=P =) JcK(s) |=Q

8µ 2 D(S) • µ |=P =) JcK(µ) |=Q
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Adapt the proof system

View probabilistic programs as 
distribution transformers

JcK : D(S) ! D(S)

Consider probabilistic predicates as 
program assertions

PP ✓ D(S) ! {true, false}

|= {P} c {Q}
i↵8 2 S | ) J K |

8µ 2 D(S) • µ |=P =) JcK(µ) |=Q



Probabilistic States — Definition
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DETERMINISTIC  
STATE

Variable valuation

PROBABILISTIC  
STATE

Sub-probability distribution  
over deterministic states

missing probability partial information or  
non-termination

Total mass of 

 Notation for probabilistic states

D(S) ,
�
µ : S ! [0, 1] |

P
s2S µ(s)  1

 

S , PVar ! Val

1� w(µ)

µ = 0.1·hx=1i+ 0.5·hx=2i



Probabilistic States — Operations
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Generalized convex  
combination

Merge

Scaling

Convex combination

Restriction

Derived properties: and

(k 2 [0, 1], µ 2 D(S))

(G?µ)(s) = µ(s) � JGK(s) ⇤ 0
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Generalized convex  
combination

Merge

Scaling

Convex combination

Restriction

Derived properties: and

(k 2 [0, 1], µ 2 D(S))

(G?µ)(s) = µ(s) � JGK(s) ⇤ 0



Programs as Probabilistic State Transformers
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Goal: given pGCL program c, define semantic function

JskipK = �s • ⌘s

JabortK = �s • 0

Jx := EK = �s • ⌘s0 where s

0 = s[E/x ]

Jif G then c1 else c2K = �s • Jc1K(s) C JGK(s) B Jc2K(s)
J{c1} [p] {c2}K = �s •

p · Jc1K(s) + (1�p) · Jc2K(s)
Jc1; c2K = �s • Jc1K(s) I Jc2K
Jwhile G do cK = lfp(F ) where F (f ) = �s • (JcK(s) I f ) C JGK(s) B ⌘s

We define

JcK : D(S) ! D(S)

JcK : D(S) ! D(S)
JcK(µ) = µ I JcK
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Adapt the proof system

View probabilistic programs as 
distribution transformes

JcK : D(S) ! D(S)

Consider probabilistic predicates as 
program assertions

PP ✓ D(S) ! {true, false}

|= {P} c {Q}
i↵8 2 S | ) J K |

8µ 2 D(S) • µ |=P =) JcK(µ) |=Q
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 Intuition

Example:

Interpretation:

Examples of Hoare triples

Pre-/post-conditions

  

  

  

  

probabilistic

predicate

= · · · P
�
deterministic

predicate

�
� r · · ·

q = P(x�1)= 1
4

µ |= q i↵
X

s|=x�1

µ(s) = 1
4

|= {P(true)=1} c {P(x=0 ^ y=1)=0.3}

|= {P(true)=r ^ 0r1} c {P(x=0 ^ y=1)=0.3r}

6|= {P(true)=1} c {P(x=0 ^ y=0)>0}

|= {P(true)=1} c {P(x=0)>0 ^ P(y=0)>0}

c : {x := 0} [0.3] {x := 1};
if (x=0) then {y := 1} else {y := 0}



Probabilistic Predicates as Program Assertions
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Variable x is geometrically distributed

{P(x=1 _ x=2)=1} c {P(true)=1}

{P(true)=1} c {8n •
n�0 =) P(x=n) = (1/2)n}

{P(true)=r} c {P(true)=r}

c is almost sure terminating from any initial 
probabilistic state that “satisfies”  x=1 _ x=2

c preserve the mass of the initial probabilistic state
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  {P(x=1 _ x=2)=1} c {P(true)=1}

  {P(true)=1} c {8n •
n�0 =) P(x=n) = (1/2)n}

  {P(true)=r} c {P(true)=r}

Deterministic Predicates Probabilistic PredicatesReal Expressions

dp ::= true | false
| e = e | e  e | . . .
| ¬dp | dp ) dp | . . .
| 8i • dp | 9i • dp

e 2 ExprhPVar [ LVari

er ::= P(dp) | r | �
| er + er | er ⇤ er
| eer

r 2 LVar, � 2 R
e 2 ExprhLVari

Real-based Conditions
cr ::= c

| er = er | er  er | . . .
| ¬cr | cr ) cr | . . .

Program variables allowed only  
within            expressionsP(. . .)

9j • P(c=true) =
�
1
2

�j ^ P(x=j) = 1P(c=true) =
�
1
2

�
x

c 2 BChLVari

pp ::= cr

| pp ^ pp | pp _ pp

| 8i • pp | 9i • pp
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�
1
2

�j ^ P(x=j) = 1P(c=true) =
�
1
2

�
x

Deterministic Predicates

c 2 BChLVari
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| pp ^ pp | pp _ pp

| 8i • pp | 9i • pp
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  {P(x=1 _ x=2)=1} c {P(true)=1}

  {P(true)=1} c {8n •
n�0 =) P(x=n) = (1/2)n}

  {P(true)=r} c {P(true)=r}

Deterministic Predicates Probabilistic PredicatesReal Expressions

| k · pp
| pp + pp

| pp �k pp

| G?pp

k 2 [0, 1], G 2 BChPVari
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| ¬dp | dp ) dp | . . .
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Probabilistic Predicates
pp ::= cr

| p ^ p | p _ p

| 8i • pp | 9i • pp

| k · pp
| pp + pp

| pp �k pp

| G?pp

k 2 [0, 1], G 2 BChPVari

The satisfiability relation  of a probabilistic state wrt a probabilistic 
predicate is parametrized by an interpretation that assigns values 
to logical variables.

µ |=I p1 ^ p2 i↵ µ |=I p1, µ |=I p2

µ |=I 8i • p i↵ µ |=I[i 7!v ] p[i/v ] for all v

µ |=I k · p i↵ 9µ0 • k · µ0 = µ, µ0 |=I p

µ |=I p1 + p2 i↵ 9µ1,µ2 • µ1 + µ2 = µ, µ1 |=I p1, µ2 |=I p2

µ |=I p1 �k p2 i↵ 9µ1,µ2 • k ·µ1 + (1�k)·µ2 = µ, µ1 |=I p1, µ2 |=I p2

µ |=I G?p i↵ 9µ0 • G?µ0 = µ, µ0 |=I p
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 If p1 and p2 are probabilistic predicates, we define

|= (p1 =) p2) , µ |=I p1 =) µ |=I p2 for all I and µ

Intricacy

p �k p 6=) p

 If we let
p = P(x=1)=1 _ P(x=2)=1

 we have
1
2 ·hx=1i+ 1

2 ·hx=2i |= p �1/2 p

1
2 ·hx=1i+ 1

2 ·hx=2i 6|= p



Probabilistic Hoare Triples
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Validity of Hoare Triples (probabilistic  case)

µ |=I P =) JcK(µ) |=IQ forall µ, I|= {P} c {Q} iff

Let c be a pGCL program and P, Q probabilistic predicates. Then
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Adapt the proof system

View probabilistic programs as 
distribution transformes

JcK : D(S) ! D(S)

Consider probabilistic predicates as 
program assertions

PP ✓ D(S) ! {true, false}



Proof System pH
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` {p} skip {p} [skip] ` {false} abort {q} [abort] ` {q[x/E ]} x := E {q} [assgn]

` {p} c1 {q0} ` {q0} c2 {q}
` {p} c1; c2 {q}

[seq]
|= (p =) p

0) ` {p0} c {q0} |= (q0 =) q)

` {p} c {q} [cons]

` {G?p} c1 {q1} ` {(¬G )?p} c2 {q2}
` {p} if (G ) then {c1} else {c2} {q1 + q2}

[if]
{p} c1 {q1} {p} c2 {q2}
{p} c1 [p] c2 {q1 �p q2}

[pchoice]

` {p} if G then c else skip {p} p is hG , ci-closed
` {p} while (G ) do c {p ^ P(G ) = 0} [while]
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` {p} skip {p} [skip] ` {false} abort {q} [abort] ` {q[x/E ]} x := E {q} [assgn]

` {p} c1 {q0} ` {q0} c2 {q}
` {p} c1; c2 {q}

[seq]
|= (p =) p

0) ` {p0} c {q0} |= (q0 =) q)

` {p} c {q} [cons]

` {G?p} c1 {q1} ` {(¬G )?p} c2 {q2}
` {p} if (G ) then {c1} else {c2} {q1 + q2}

[if]
{p} c1 {q1} {p} c2 {q2}
{p} c1 [p] c2 {q1 �p q2}

[pchoice]

` {p} if G then c else skip {p} p is hG , ci-closed
` {p} while (G ) do c {p ^ P(G ) = 0} [while]

{p1} c {q} {p2} c {q}
{p1 _ p2} c {q} [or]

{p} c {q1} {p} c {q2}
{p} c {q1 ^ q2}

[and]

{p} c {q} j /2 FV (p)

{9j • p} c {q} [exists]
{p} c {q} j /2 FV (q)

{p} c {8j • q} [forall]

{p} c {q}
{r · p} c {r · q} [lin ·]

{p1} c {q1} {p2} c {q2}
{p1 + p2} c {q1 + q2}

[lin+]
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Soundness of the Deductive System

The proof system pH generates valid Hoare triples, ie for pGCL program c
` {p} c {q} =) |= {p} c {q}

The completeness of the system is an open problem.
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c : {x := 0} [0.3] {x := 1};
if (x=0) then {y := 1} else {y := 0}

We want to verify
|= {P(true)=1} c {P(y=0)=0.7}

[seq] [cons]

[cons]

[pchoice]

[if]

[cons+assg]

[cons+assg]

[cons+assg]

[cons+assg]

` {G?p} c1 {q1} ` {(¬G )?p} c2 {q2}
` {p} if (G ) then {c1} else {c2} {q1 + q2}

[if]
{p} c1 {q1} {p} c2 {q2}
{p} c1 [p] c2 {q1 �p q2}

[pchoice]

hP(true)=1i
{x := 0} [0.3] {x := 1};
if (x=0) then

y

:= 1

else

y

:= 0

hP(y=0)=0.7i

hP(true)=1i
{x := 0} [0.3] {x := 1};
hP(x 6=0)=0.7i

hP(x 6=0)=0.7i
if (x=0) then

y

:= 1

else

y

:= 0

hP(y=0)=0.7i

hP(true)=1i
{x := 0} [0.3] {x := 1};
hP(x=0)=1�0.3 P(x 6=0)=1i

hP(x 6=0)=0.7i
if (x=0) then

y

:= 1

else

y

:= 0

hP(y=0)=0 + P(y=0)=0.7i

hP(true)=1i
x

:= 0
hP(x=0)=1i

hP(true)=1i
x

:= 1
hP(x 6=0)=1i

h(x=0)?P(x 6=0)=0.7i
y

:= 1
hP(y=0)=0i

h(x 6=0)?P(x 6=0)=0.7i
y

:= 0
hP(y=0)=0.7i
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` {p} if G then c else skip {p} p is hG , ci-closed
` {p} while (G ) do c {p ^ P(G ) = 0} [while]

Intuition

The sequence of probabilistic states 
obtained by repeated iterations of the loop 
from an initial state satisfying p has a least 
upper bound satisfying p.

hG , ci-closedness of p

If the loop is bounded all invariants are          -closed.hG , ci

Formal denifition

Far from elementary
Requires ad hoc reasoning for being established 



Agenda

Extension of Hoare logic to probabilistic programs

Recap on Hoare logic

Comparison between expectation transformers and probabilistic Hoare logic
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Summary



Predicate Transformers vs Hoare Logic
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Predicate transformer

Allows reasoning about expected values of 
program variables.

Hoare logic

Allows reasoning only about the probability of 
events 

Reasoning about loops is straightforward Closedness property of invariants is involved

Probability of events appear as pre-conditions

0.3 · [P] V wp[c]([Q])

Hoare triples are intuitive and easy to understand

{P(P)=1} c {P(Q)�0.3}

Allows encoding multiple assertions in one 
judgment

{P(P)=1} c {P(Q)�0.3 ^ P(R)�0.8}

Requires independent computations for 
different postconditions

0.3 · [P] V wp[c]([Q])

0.8 · [P] V wp[c]([R])

✔

✘

✔

✔

✔

✘

✘

✘
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Extension of Hoare logic to probabilistic programs

Recap on Hoare logic

Comparison between expectation transformers and probabilistic Hoare logic
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Summary



Summary
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Hoare logic meets probabilistic programs

|= {P(P)=1} c {P(Q1)=0.5 ^ P(Q2)�0.8}


