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Recap: Communicating Sequential Processes

Outline of Lecture 17

Recap: Communicating Sequential Processes
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Recap: Communicating Sequential Processes

Syntax of CSP

Definition (Syntax of CSP)

The syntax of CSP is given by
a..—2 ’ X ’ aitao | a{—a ’ ai{*ar € AEXp
b::=t | a{=as ‘ ai>ao | —b ‘ b1 /\b2 ‘ b1 \/b2 c BEXp
c:=skip|x:=al|a?’x|ala|
ci;c |if gcfi|dogecod|c || & € Cmd
gc:=b—c|bANalx —c|bAala— c|gec0ge € GCmd

e In ¢y || co, commands c¢; and ¢, must not use common variables (only local store)

e Guarded command gc; [ gc, represents an alternative

e In b — ¢, b acts as a guard that enables the execution of ¢ only if evaluated to true

e bAa?’x — cand bA«ala — ¢ additionally require the respective I/O operation to be enabled
e If none of its alternatives is enabled, a guarded command gc fails (configuration fail)

e if nondeterministically picks an enabled alternative

e A do loop is iterated until its body fails

RWTH
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Recap: Communicating Sequential Processes

Semantics of CSP |
Definition (Semantics of CSP — Commands (Cmd))

(a,0) = z
(skip, o) — (,0) (x = a,0) = (L, 0lx = 2])
a,o) — 2z
(a?x,0) “5 (1, olx > 2]) (ala, o) =5 (1, 0)
A A
(c1,0) — (c},0") (gc,0) — (c,0’)
(c1; G, ) = (C}: o, ) (if gc £i,0) = (c,o")
(ge, o) N (c,a’) (gc, o) — fail
(do gc od, o) N (c;do gc od, o’) (do geod, o) = ({,0)
A A
(c1,0) — (c1,0') (C2,0) — (cp,0')
A A
(¢1 || c2,0) — (¢} || e2,0") (e1 || c2,0) — (e1 || &, 0)
<C alz I alz / alz / alz r
170> — <C170> <C2>J> — <027U> <C170> — <C170> <0270> — <027U>
(¢1 || co,0) = (cy || 2, 0") (¢t || e2,0) = (cy || ¢z, 07)
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Recap: Communicating Sequential Processes

Semantics of CSP Il
Definition (Semantics of CSP — Guarded commands (GCmd))

(b, ) — true (b, o) — false
(b—c,0) = (c,0) (b — c,0) — fai
(b, ) — true (b, o) — false
(bAalx — c,o) LA (c,a]x — 2]) (bA a?x — ¢, o) — fail
(b,o) — true (a,0) — z (b,0) — false
(bAala—c,o) oz (c,o) (bA ala— c,o) — fail
(gct, o) 2 (c,a’) (gCs, o) A (c,o”)
<gC1 N gco, O> 4 <C7 OJ> <gC1 [] gcCo, O'> 4 C, 0'/>

(gey, o) — fail {(geo, o) — fall
(gey O geo, o) — fail
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Recap: Communicating Sequential Processes

CSP Examples

Example

(on the board)

1. do (true A a?x — Blx) od

describes a process that repeatedly receives a value along o and forwards it along £ (i.e., a
one-place buffer)

2. do true A a?x — [Blx od || do true A 5?7y — !y od
specifies a two-place buffer that receives along « and sends along ~ (using (3 for internal
communication)
3. Nondeterministic choice between input channels:
.. 1f (true A a?x — ¢y Otrue A B7y — o) fi
i. 1f (true — (a?x; ¢y) Otrue — (B?y; ¢c2)) £
Expected: progress whenever environment provides data on « or (3

I. correct
Il. incorrect (can deadlock)
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Fairness in CSP

Outline of Lecture 17

Fairness in CSP
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Fairness in CSP

Fairness |

e Informally: unfair behaviour excludes processes from being executed

e Here: consider parallel composition of n > 1 sequentlal programs with executions of the
form kg — k1 — Ko — ... Where k; = <C1 [ cy ,a/> and, for some 1 </ < nand
ko € N, ¢ = ¢ for all k > ko

e But: only unfair if ¢; not enabled
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Fairness in CSP

Fairness |

e Informally: unfair behaviour excludes processes from being executed

e Here: consider parallel composition of n > 1 sequentlal programs with executions of the
form kg — k1 — Ko — ... Where k; = <C1 [ cy ,a/> and, for some 1 </ < nand

ko € N, ¢ = ¢ for all k > ko
e But: only unfair if ¢; not enabled

Definition (Enabledness)

c; is enabled in configuration © = (¢; || ... || ¢c,, o) if there exists

={c| ...| c,o") withx — £"and ¢/ # c.
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Fairness in CSP

Fairness |

e Informally: unfair behaviour excludes processes from being executed

e Here: consider parallel composition of n > 1 sequentlal programs with executions of the
form kg — k1 — Ko — ... Where k; = <C1 [ cV ,a/> and, for some 1 </ < nand

ko € N, ¢ = ¢ for all k > ko
e But: only unfair if ¢; not enabled

Definition (Enabledness)

c; is enabled in configuration © = (¢; || ... || ¢c,, o) if there exists
={c| ...| c,o") withx — £"and ¢/ # c.
Example

1. x:=0enabledin (x :=0 || y := 1,0) (actually always enabled)
2. a’x enabled in (a?x || !0, 0)
3. a?x not enabled in (a?x || f!1, o)
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Fairness in CSP

Fairness i

Definition (Fairness)

An execution kg — K1 — Ko — ... Where k; = (01(/) | — c,(f), ;) and, for some
1<i<nandk €N,c" = c" forall k > ks called
(k)

1. strongly unfair if ¢

i

is enabled in x for all k > kg
2. weakly unfair if c,.(k) is enabled in x for infinitely many k > kg
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Fairness in CSP

Fairness lll

Example

1. (dotrue > x:=x+1od||y=y+1,...)
— (x:=x+1;dotrue > x:=x+1od||y=y+1,...)
— (dotrue - x:=x+1od||y=y+1,...) —> ...
is strongly unfair since y := y + 1 is always enabled
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Fairness in CSP

Fairness lll

Example

1.
%
%

(dotrue > x:=x+1od||y=y+1,...)

(x =x+1;dotrue > x:=x+1od|[y:=y+1,...)
(dotrue > x:=x+1od||y=y+1,...) — ...
r
<
<

s strongly unfair since y := y + 1 is always enabled

2. dotrue - x :=x+1od | all| a?y,...)
— (x:=x+1;dotrue - x:=x+1od| a1 | a?y,...)
— (dotrue - x:=x+1od| a1 | a?y,...)— ...

is strongly unfair since both |/O operations are always enabled
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Fairness in CSP

Fairness lll

Example

1. (dotrue > x:=x+1od||y=y+1,...)
— (x:=x+1;dotrue > x:=x+1od||y=y+1,...)
— (dotrue - x:=x+1od||y=y+1,...) —> ...

s strongly unfair since y := y + 1 is always enabled
2. (dotrue = x:=x+1od | all | a?y,...)
— (x:=x+1;dotrue - x:=x+1od| a1 | a?y,...)
— (dotrue - x:=x+1od| a1 | a?y,...)— ...

s strongly unfair since both I/O operations are always enabled

;
3. (do a1 — skip od || do a?x — skip od || a?y,...)

— (skip;do a!1 — skip od || skip;do a?x — skip od || a?y,...)
— (skip;do a!1 — skip od || do a?x — skip od || a?y,...)

— (do a1 — skipod || do a?x — skip od || a?y,...) — ...

is weakly unfair since a7y is enabled in every third configuration
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Correctness Properties for Execution Time

Outline of Lecture 17

Correctness Properties for Execution Time
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Correctness Properties for Execution Time

The Approach

e Definition 11.3: proof system for total correctness

e Can be used to show that program terminates bus does not give any information about
required resources
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Correctness Properties for Execution Time

The Approach

e Definition 11.3: proof system for total correctness

e Can be used to show that program terminates bus does not give any information about
required resources

e Goal: extend proof system to give (order of magnitude of) execution time of a statement

e Details in H.R. Nielson, F. Nielson: Semantics with Applications: An Appetizer, Springer,
Section 10.2
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Correctness Properties for Execution Time

The Approach

e Definition 11.3: proof system for total correctness

e Can be used to show that program terminates bus does not give any information about
required resources

e Goal: extend proof system to give (order of magnitude of) execution time of a statement

e Details in H.R. Nielson, F. Nielson: Semantics with Applications: An Appetizer, Springer,
Section 10.2

e Informal guidelines (idea: each instruction of abstract machine takes one time unit):
— skip: execution time O(1) (that is, bounded by a constant)
— assignment: execution time (O(1) (with maximal size of RHS as constant)
— composition: sum of execution times of constituent statements
— conditional: maximal execution time of branches
— iteration: sum over all iterations of execution times of loop body
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Correctness Properties for Execution Time

The Approach

e Definition 11.3: proof system for total correctness

e Can be used to show that program terminates bus does not give any information about
required resources

e Goal: extend proof system to give (order of magnitude of) execution time of a statement

e Details in H.R. Nielson, F. Nielson: Semantics with Applications: An Appetizer, Springer,
Section 10.2

e Informal guidelines (idea: each instruction of abstract machine takes one time unit):
— skip: execution time O(1) (that is, bounded by a constant)
— assignment: execution time (O(1) (with maximal size of RHS as constant)
— composition: sum of execution times of constituent statements
— conditional: maximal execution time of branches
— iteration: sum over all iterations of execution times of loop body
e Procedure:

1. Extend evaluation relation for expressions to give exact evaluation times
2. Extend execution relation for statements to give exact execution times
3. Extend total correctness proof system to give order of magnitude of execution time of statements
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Operational Semantics with Exact Execution Times

Outline of Lecture 17

Operational Semantics with Exact Execution Times
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Operational Semantics with Exact Execution Times

Recap: Translation of Arithmetic Expressions

Definition (Translation of arithmetic expressions (Definition 5.1))

The translation function

T[] : AExp — Code
is given by ]
Talz] ;= PUSH(2)
Talx]] := LOAD(x)
‘Za[[aﬁag: = ‘Za[[ah]] ;‘Za[[ag]] ; ADD
Talar-as] := Talai]; Talaz] ; SUB
Talar*a] := Talai]; Talae] ; MULT
T e " . .. |RWH
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Operational Semantics with Exact Execution Times

Timed Evaluation of Arithmetic Expressions

Definition 17.1 (Timed Evaluation of arithmetic expressions (extends Definition 2.2))

Expression a evaluates to z € Z in state o in 7 € N steps (notation: (a, o) — z) if
this relationship is derivable by means of the following rules:

Axioms: 1 1
(z,0) — Z (x,0) — o(x)
<a1,0'>LZ1 <82,O'>g22
Rules: po— where z .= z; + 2
(ay+ap, o) 2
(a1,0>7%z1 <82,O'>£22 _
o where z .= z; — 2
<a1 —do, O'> T1%2
<a1,0>7%21 <32,O'>A22 .
E— where z .= z; - 2
<a1 *ap, O'> 1%
18 of 28 :32:]:::; :;:S\t/::ifzijt(:)?téon of .Software o N Rm
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Operational Semantics with Exact Execution Times

Recap: Translation of Boolean Expressions

Definition (Translation of Boolean expressions (Definition 5.3))

The translation function

Tp.] : BExp — Code
is given by
Tp(true] := PUSH (true)
Tp[[false]] := PUSH (false)
Tolar=as] := Talai]; Tal @] ; EQ
Tolar>az] := Tl ai]; Ta @] s GT
‘Zb[[_lb = (Zb b]] ; NOT
Ib[[b1 /\ bg = Ib b1 ;Zb bg ;AND

Summer Semester 2015

Lecture 17: Axiomatic Semantics of WHILE V
(Correctness Properties for Execution Time)
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Operational Semantics with Exact Execution Times

Timed Evaluation of Boolean Expressions

Definition 17.2 (Timed Evaluation of Boolean expressions (extends Definition 2.7))

Forb € BExp,oc € ¥, 7 € N, and t € B, the timed evaluation relation (b, o) — t
is defined by:

;
(t,o) — t
T4 T2 T4 T2
<a1,a>—>z <327O'>—>Z <a1,a>—>z1 <32,0'>—>22.
if zy # 2o
T1+To+1 T1+To+1
(ay=ap,0) '— true (ay=ap,0) '—> false
4 T2 T4 T2
<a1,0>—>z1 <32,O'>—>Zg ] <a1,0>—>z1 <ag,0'>—>22_
ifzy > 2 ifzy < 2z
T1+To3-1 T1+7o+1
(ay>a0,0) '—  true (ay>ap,0) '—> false
(b,c) — false (b,c) — true
+1 +1
(=b, o) == true (=b, o) == false
(by,0) = true (bp, o) —2 true (by, o) = true (by,0) 2 false
741 + 7o
(by A\ by, o) "5 true (by A by, o) "2 false
(by,0) — false (by,0) 2+ true (by,0) — false (by,0) 2> false
+To4-1 +7o41
(by A by, o) "5 false (by A\ by, o) "5 false
(V analogously)
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Operational Semantics with Exact Execution Times

Recap: Translation of Statements

Definition (Translation of statements (Definition 5.4))

The translation function T;[.| : Cmd — Code is given by

Te[x :=a] :=T,[a];STO(X)
Tc[[& ;02; = c;:_C1 ;gc[[Cz]]
Te[if b then ¢y else ¢ end] := T,[b] ; IMPF (|T[ci]| + 2) ;
Teler]; IMP ([T [c] | + 1) ;
‘ZC__C2__
Tc[while bdo ¢ end] := T,[b] ; IMPF (|T [c]| + 2) ;
Tele]; MP(—(|Zp[b]] + [Zele]| + 1))

Lecture 17: Axiomatic Semantics of WHILE V
(Correctness Properties for Execution Time)

21 of 28 Semantics and Verification of Software Rm
Summer Semester 2015
Software Modeling

Il and Verification Chair



Operational Semantics with Exact Execution Times

Timed Execution of Statements
Definition 17.3 (Timed execution relation for statements (extends Definition 3.2))

Forc € Cmd, 0,0’ € ¥, and 7 € N, the timed execution relation (c, o) — o’ is
defined by:

_
ao) — 2
(skip) ] (asgn) < : >7_ 1

(skip,0) — o (x :=a,0) — o|x — Z]
( )<C1,(7> 0’ (e, 0") =5 0" . (b,o) — true (¢, 0) —= o’
seq if-

(cr;0,0) % o (if b then ¢y else ¢ end, o) 237 o

(b, o) — false (b,o) = false (¢, 0) 2+ o
(wh-f) (if-f)

(while bdocend,o) 5 ¢  (if bthen ¢, else ¢, end, o) 25 o

(b,c) — true {(c,0) —= ¢’ (while bdo cend,o’) — o

(wh-t)

. +Ti+Tp 2
(while bdo cend, o) ¥ ¢”
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Timed Correctness Properties

Outline of Lecture 17

Timed Correctness Properties
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Timed Correctness Properties

Recap: Total Correctness Properties

So far: total correctness properties of the form

{A}cilB}

where ¢ € Cmd and A, B € Assn
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Timed Correctness Properties

Recap: Total Correctness Properties

So far: total correctness properties of the form
{A}c{{ B}

where ¢ € Cmd and A, B € Assn

Validity of property {A} ¢ {{/ B}

For all states o € 2 which satisfy A:
the execution of ¢ in o terminates and yields a state which satisfies B.
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Timed Correctness Properties

Timed Correctness Properties
Now: timed correctness properties of the form

{A}c{ell B;

where c € Cmd, A, B € Assn, and e € AExp
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Timed Correctness Properties

Timed Correctness Properties

Now: timed correctness properties of the form
{A}c{elB)

where c € Cmd, A, B € Assn, and e € AExp

Validity of property {A} c {el B}

For all states o € 2 which satisfy A: the execution of ¢ in o terminates in a state
satisfying B, and the required execution time is in O(e)

RWTH
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Timed Correctness Properties

Timed Correctness Properties

Now: timed correctness properties of the form
{A}c{elB)

where c € Cmd, A, B € Assn, and e € AExp

Validity of property {A} c {el B}

For all states o € 2 which satisfy A: the execution of ¢ in o terminates in a state
satisfying B, and the required execution time is in O(e)

Example 17.4

1. {x =3}y:=1; while —(x=1) do y:=y*x; x:=x-1 end {1l true} expresses that for
constant input 3, the execution time of the factorial program is bounded by a constant
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Timed Correctness Properties

Timed Correctness Properties

Now: timed correctness properties of the form
{A}c{elB)

where c € Cmd, A, B € Assn, and e € AExp

Validity of property {A} c {el B}

For all states o € 2 which satisfy A: the execution of ¢ in o terminates in a state
satisfying B, and the required execution time is in O(e)

Example 17.4

1. {x =3}y:=1; while —(x=1) do y:=y*x; x:=x-1 end {1l true} expresses that for
constant input 3, the execution time of the factorial program is bounded by a constant

2. {x > 0}y:=1; while —(x=1) do y:=y*x; x:=x-1 end {x|/true} expresses that for
positive inputs, the execution time of the factorial program is linear in that value
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Timed Correctness Properties

Semantics of Timed Correctness Properties

Definition 17.5 (Semantics of timed correctness properties (extends Definition 11.1))

Let A, B € Assn, ¢ € Cmd, and e € AExp. Then {A} c {el} B} is called valid
(notation: = {A} c {ell B}) if there exists k € N such that for each / € Int and each
o = A there exist o’ € ¥ and 7 < k - [ e]o such that (c,0c) — o’ and o’ =' B

Note: e is evaluated in initial (rather than final) state
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Timed Correctness Properties

Proving Timed Correctness |

Definition 17.6 (Hoare Logic for timed correctness (extends Definition 11.3))
The Hoare rules for timed correctness are given by (where i, u € LVar)
" {A} skip {1} A} {Alx — al} x :=a{11A}
{Ane,=u}lci{erdCNhe <u} {C}c{elB}
{A}ci;00{ey + €51 B}
{ANb}c {ellB} {AN-b}c{el B}
: {A} if b then c; else ¢, end {e| B}
{iZ0NA(i+1)N€E€ =u}c{eAli) N e < u}

{3i.i > 0N A(i)} while bdo c end {el A(0)}
where = (i > 0AA(i+1)) = (bAe> e +€)and = A0) = (-bAe>1)

C (A= (ANIkEN.E <k-e)) {Alc{eB} (B = B)

(asgn)

(seq)

(while)

(cons)

{A}c{le}B
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Timed Correctness Properties

Proving Timed Correctness Il

Remarks:

(asgn) Assignment can be executed in constant time as size of expressions
bounded by a constant

(seq) e, expresses time requirements of ¢, relative to initial state of ¢
—- cannot use ey + e, as time bound for ¢, ; ¢
= replace e, by &, such that value of &, in initial state of ¢; bounds value of
e- in initial state of ¢, (= final state of ¢y)

(while) ep/e represents execution time for body/whole loop
—> cannot use gy + e for total time as e/g, refers to state before/after body is
executed once
— introduce € whose evaluation before body bounds e evaluated after body
— e > gy + € as e has to bound loop execution time independently of
number of iterations (recurrence (in-)equation; cf. examples)
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