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LTL model checking problem LTLMCS 219
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LTL model checking problem

LTLMC3.2-19

given: finite transition system 7" over AP

(without terminal states)
LTL-formula ¢ over AP

question: does T |= ¢ hold ?
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LTL model checking problem

LTLMC3.2-19

given: finite transition system 7" over AP

(without terminal states)
LTL-formula ¢ over AP

question: does T |= ¢ hold ?

basic idea: try to refute T |= ¢
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LTL model checking problem

LTLMC3.2-19

given: finite transition system 7" over AP

(without terminal states)
LTL-formula ¢ over AP

question: does T |= ¢ hold ?

basic idea: try to refute T |= ¢ by searching
for a path 7 in T s.t.

Tl
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LTL model checking problem

LTLMC3.2-19

given: finite transition system 7" over AP

(without terminal states)
LTL-formula ¢ over AP

question: does T |= ¢ hold ?

basic idea: try to refute T |= ¢ by searching
for a path 7 in T s.t.

wEp, e, TE
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The LTL model checking problem LTLMCB.2-19A

given: finite transition system 7" over AP
LTL-formula ¢ over AP

question: does T |= ¢ hold ?

1. construct an NBA A for Words(—)
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The LTL model checking problem LTLMCB.2-19A

given: finite transition system 7" over AP
LTL-formula ¢ over AP

question: does T |= ¢ hold ?

1. construct an NBA A for Words(—)

2. search a path 7 in 7 with
trace(mw) € Words(—y)
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The LTL model checking problem LTLMCB.2-19A

given: finite transition system 7" over AP
LTL-formula ¢ over AP

question: does T |= ¢ hold ?

1. construct an NBA A for Words(—p)
2. search a path 7 in 7 with
trace(mw) € Words(—yp) = L,(A)
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The LTL model checking problem LTLMCB.2-19A

given: finite transition system 7" over AP
LTL-formula ¢ over AP

question: does T |= ¢ hold ?

1. construct an NBA A for Words(—p)
2. search a path w in 7 with
1 trace(m) € Words(—p) = L,,(A)

construct the product-TS 7 ® A
search a path in the product that meets
the acceptance condition of A
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Automata-based LTL model checking LTLMCS 218

finite transition
system T LTL formula ¢

N

LTL model checking

does T |= ¢ hold ?

S N

yes no
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Automata-based LTL model checking LTLMCS 218

finite transition
system T LTL formula ¢

NBA A for -p
“bad behaviors”
, yd

LTL model checking

does T |= ¢ hold ?

S N

yes no
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Automata-based LTL model checking LTLMCS 218

finite transition
system T LTL formula ¢

NBA A for -p
“bad behaviors”
( /

LTL model checking

via persistence checking
T® A E “00 no final state” ?

S N

yes no
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Automata-based LTL model checking LTLMCS 218

finite transition
system T LTL formula ¢

NBA A for -p
“bad behaviors”
f y

LTL model checking

via persistence checking
T® A E “00 no final state” ?

S N\

yes no + error indication
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Safety and LTL model checking
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Safety and LTL model checking

safety property E LTL-formula ¢
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Safety and LTL model checking

safety property E LTL-formula ¢

NFA for the
bad prefixes for E

L(A) € (2*°)*
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Safety and LTL model checking

safety property E LTL-formula ¢
NFA for the NBA for the

bad prefixes for E “bad behaviors”

L(A) C (2#P)*+ L,(A) = Words(—yp)
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Safety and LTL model checking

safety property E LTL-formula ¢
NFA for the NBA for the
bad prefixes for E “bad behaviors”
L(A) C (2#P)*+ L,(A) = Words(—yp)
Tracesi,(T) N L(A) = @
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Safety and LTL model checking

safety property E LTL-formula ¢
NFA for the NBA for the
bad prefixes for E “bad behaviors”
L(A) C (2#P)*+ L,(A) = Words(—yp)
Tracesin(T)NL(A) =2 | Traces(T)NL,(A) =2
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Safety and LTL model checking

safety property E LTL-formula ¢
NFA for the NBA for the

bad prefixes for E “bad behaviors”

L(A) C (2#P)*+ L,(A) = Words(—yp)

Tracesin(T)NL(A) =2 | Traces(T)NL,(A) =2

invariant checking
in the product

21/527



Safety and LTL model checking

safety property E LTL-formula ¢
NFA for the NBA for the

bad prefixes for E “bad behaviors”

L(A) C (2#P)*+ L,(A) = Words(—yp)

Tracesin(T)NL(A) =2 | Traces(T)NL,(A) =2

invariant checking persistence checking
in the product in the product

TRA=0O-F ? TRA = OO-F ?
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Safety and LTL model checking

safety property E LTL-formula ¢
NFA for the NBA for the

bad prefixes for E “bad behaviors”

L(A) C (2#P)*+ L,(A) = Words(—yp)

Tracesin(T)NL(A) =2 | Traces(T)NL,(A) =2

invariant checking persistence checking
in the product in the product
TRA=0O-F ? TRA = OO-F ?

error indication:
7 € Pathsgn(T)
s.t. trace(T) € L(A)
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Safety and LTL model checking

safety property E

LTLMC3.2-20

LTL-formula ¢

NFA for the
bad prefixes for E

L(A) € (2*°)*

NBA for the
“bad behaviors”

L,(A) = Words(—yp)

Tracesgn(T) N L(A) = @

Traces(T)NL,(A) =2

invariant checking
in the product

persistence checking
in the product

error indication:
7 € Pathsgn(T)
s.t. trace(T) € L(A)

error indication:
prefix of a path

s.t. trace(m) € L,(A)
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Safety vs LTL model checking LTLMC3.2-10
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Safety vs LTL model checking LTLMC3.2-10

T |= safety property E
iff Tracesin(T)NL(A) = 2

where A is an NFA for the bad prefixes

T |= LTL-formula ¢
ifft Traces(T)N L,(A) =@

where A is an NBA for —p
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Safety vs LTL model checking

LTLMC3.2-10

T |= safety property E
iff Tracesin(T)NL(A) = 2

iff there is no path fragment (o, qo) {(s1, 1) - - - (Sn, Gn)
n7®As. t. g, €F

T |= LTL-formula ¢
ifft Traces(T)N L,(A) =@

iff there is no path (s, qo) (51, q1) {52, @2) - ..
in7T ® As.t. gi € F for infinitely many i € N
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Safety vs LTL model checking LTLMC3.2-10

iff
iff

iff

T |= safety property E
Tracesin(T) N L(A) = 2

there is no path fragment (s, qo) {s1, q1) - - - {Sn, Gn)
n7®As. t. g, €F

T®AEDO-F

iff
iff

iff

T |= LTL-formula ¢
Traces(T)N L, (A) =D

there is no path (so, qo) {51, q1) (2, @) - - -
in7T ® As.t. gi € F for infinitely many i € N

T® Al 00-F
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Safety vs LTL model checking LTLMC3.2-10

iff
iff

iff

T |= safety property E
Tracesin(T) N L(A) = 2

there is no path fragment (s, qo) {s1, q1) - - - {Sn, Gn)
n7®As. t. g, €F

T Q® AEDO-F «—| invariant checking

iff
iff

iff

T |= LTL-formula ¢
Traces(T)N L, (A) =D

there is no path (so, qo) {51, q1) (2, @) - - -
in7T ® As.t. gi € F for infinitely many i € N

T Q® A OO-F «——| persistence checking
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Recall: nondeterministic Buchi automata ..o

NBA A=(Q,%,4, Q, F)

e @ finite set of states

e 2 alphabet

e d:Q x X — 29 transition relation

e Q C Q set of initial states

o [ C Q@ set of final states, also called accept states

30/527



Recall: nondeterministic Buchi automata ..o

NBA A=(Q,%,4, Q, F)

e @ finite set of states

e 2 alphabet

e d:Q x X — 29 transition relation

e Q C Q set of initial states

o [ C Q@ set of final states, also called accept states

run for a word Ag A1 Ay ... € 2¥:

state sequence T = qo q1 G2 ... where o € @
and gi+1 € 6(qi, A;) fori >0

00
run 7 is accepting if 31 € N. q; € F

31/527



Recall: nondeterministic Buchi automata ..o

NBA A=(Q,%,4, Q, F)

e @ finite set of states

e 2 alphabet

e d:Q x X — 29 transition relation

e Q C Q set of initial states

o [ C Q@ set of final states, also called accept states

accepted language £,(A) C X“ is given by:

L, (A) %f set of infinite words over X that have
an accepting run in A
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Recall: nondeterministic Buchi automata

NBA A = (Q, %, 8, Qo, F)

e @ finite set of states

e 2 alphabet «—

e d:Q x X — 29 transition relation

here: ¥ = 24P

e Q@ C Q@ set of initial states

o [ C Q@ set of final states, also called accept states

DEF-NBA

accepted language £,(A) C X“ is given by:

L,(A) %f set of infinite words over X that have
an accepting run in A
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From LT L tO N B A LTLMC3.2-THM-LTL-2-NBA
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From LT L tO N B A LTLMC3.2-THM-LTL-2-NBA

For each LTL formula ¢ over AP there is an
NBA A over the alphabet 24P such that

Words(p) = L.(A)
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From LT L tO N B A LTLMC3.2-THM-LTL-2-NBA

For each LTL formula ¢ over AP there is an
NBA A over the alphabet 24P such that

o Words(p) = L,(A)
o size(A) = O(exp(|¢|))
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From LT L tO N B A LTLMC3.2-THM-LTL-2-NBA

For each LTL formula ¢ over AP there is an
NBA A over the alphabet 24P such that

o Words(p) = L,(A)
o size(A) = O(exp(|¢|))

proof: ... later ...
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NBA for LTL formulas

(02

LTLMC3.2-3

true

@ true

N

qar

) LuA) = ?
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NBA for LTL formulas LTLMC3.2-3

true
\@ true @ DA lgr D L,(A) = Words((O—a)
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NBA for LTL formulas LTLMC3.2-3

true

qo )—true @ DA lgr D L,(A) = Words((O—a)

aF

PF
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NBA for LTL formulas LTLMC3.2-3

true

qo )—true @ DA lgr D L,(A) = Words((O—a)

aF

PF

L,(A) = Words(aV b)
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NBA for LTL formulas

DEL¥NE g

N

LTLMC3.2-3

L,(A) = Words((O—a)

aF

PF

L,(A) = Words(aV b)

Lo(A)="7
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NBA for LTL formulas

DEL¥NE g

N

LTLMC3.2-3

L,(A) = Words((O—a)

aF

PF

L,(A) = Words(aV b)

L,(A) = Words((a)
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NBA for LTL formulas ]

a

q
9 -a Q L.,(A) = ?

—a a
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NBA for LTL formulas ]

a

9 =3 Cl) L.,(A) = Words(O¢a)

—a a
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NBA for LTL formulas

a

LTLMC3.2-4

9 =3 Cl) L.,(A) = Words(O¢a)
-a a
N\ aA-b

Co) b e L(A)="7
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NBA for LTL formulas ]

a

9 =3 Cl) L.,(A) = Words(O¢a)

—a a

qo0
Oy ew-?
-aVhb -b
eg, BODD...=2%

({a}{b})*

} are accepted by A
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NBA for LTL formulas ]

a

9 =3 Cl) L.,(A) = Words(O¢a)

—a a

do
U L,(A) = Words(O(a — Ob))

-aVb -b

eg, BODD...=2%

({a}{b})*

} are accepted by A
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NBA for LTL formula LTLMC3.2-5

g 3 q
O 8 L,(A)="7

true a true

do a
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NBA for LTL formula LTLMC3.2-5

do a

q 2 @
() L,(A) = Words(¢Oa)

true a true
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NBA for LTL formula

g2 q _'a@
U

true a true

possible runs for {a}*

do 9o 90 qo0 90 90 ---
90 91 41 1 q1 91 -..
90 90 91 1 G1 q1 --.
do 90 90 91 q1 91 ---

LTLMC3.2-5

L,(A) = Words(¢Oa)

not accepting
accepting
accepting
accepting
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NFA and NBA for safety properties LTLMCS.2-6
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NFA and NBA for safety properties LTLMCS.2-6

Let A be an NFA for the language of all bad prefixes
for a safety property E.
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NFA and NBA for safety properties LTLMCS.2-6

Let A be an NFA for the language of all bad prefixes
for a safety property E. Then:

Lo(A) = E = (2*)“\E
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NFA and NBA for safety properties LTLMCS.2-6

Let A be an NFA for the language of all bad prefixes
for a safety property E. Then:

Lo(A) = E = (2*)“\E

Example: E = “never a twice in a row”

a [/~ a
qo \31/ q2

@)

true true
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NFA and NBA for safety properties LTLMCS.2-6

Let A be an NFA for the language of all bad prefixes
for a safety property E. Then:

L,(A) = E = (2”P)°\ E = Words(—y)

Example: E = “never a twice in a row”

qo)—2 @ . ¢=0(a— O—a)

U

true true
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NFA and NBA for safety properties LTLMCS.2-6

Let A be an NFA for the language of all bad prefixes
for a safety property E. Then:
L,(A) = E = (2”P)°\ E = Words(—y)

wrong, if £(.A) = language of minimal bad prefixes

Example: E = “never a twice in a row”

qo)—2 @ . ¢ =0(a— O-a)
U

true true
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NFA and NBA for safety properties LTLMCS.2-6

Let A be an NFA for the language of all bad prefixes
for a safety property E. Then:
L,(A) = E = (2”P)°\ E = Words(—y)

wrong, if £(.A) = language of minimal bad prefixes

Example: E = “never a twice in a row”

0o ) —2 (@1 ) —2 g true@ L,(A) =92

N

—a true
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NFA and NBA for safety properties LTLMCS.2-6

Let A be an NFA for the language of all bad prefixes
for a safety property E. Then:

L,(A) = E = (2”P)°\ E = Words(—y)

wrong, if £(.A) = language of minimal bad prefixes
even if A is a non-blocking DFA

Example: E = “never a twice in a row”

Q0 a @ a @ true @ Lw(A) —

—a true
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NFA and NBA for safety properties LTLMCS.2-6

Let A be an NFA for the language of all bad prefixes
for a safety property E. Then:

L,(A) = E = (2”P)°\ E = Words(—y)

wrong, if £(.A) = language of minimal bad prefixes
even if A is a non-blocking DFA

Example: E = “never a twice in a row”

a
=Sl ””e@ Lo(A) =2
O
-a

true
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LTL model checking LTLMCB.2-24

LTL formula ¢

finite transition

system 7
\ / NBA A for ¢

LTL model checking

persistence checking

TAEOO-F?

/ N

yes no + counterexample
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LTL model checking LTLMCB.2-24

LTL formula ¢

finite transition
system 7

later

\ /NBAAfor —p

LTL model checking

persistence checking

TAEOO-F?

/ N

yes no + counterexample
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Recall: product transition system LTLAC3.2-7

T = (S, Act,—,Sp, AP, L) TS without terminal states

A=(Q,2"P,5, Qv, F) NBA or NFA
non-blocking, Q@ NF =&
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Recall: product transition system LTLAC3.2-7

T = (S, Act,—,Sp, AP, L) TS without terminal states

A=(Q,2"P,5, Qv, F) NBA or NFA
non-blocking, Q@ NF =&

def

product-TST ® A = (5xQ, Act,—', S5, AP, L")
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Recall: product transition system LTLAC3.2-7

T = (S, Act,—,Sp, AP, L) TS without terminal states

A=(Q,2"P,5, Qv, F) NBA or NFA
non-blocking, Q@ NF =&

def

product-TST ® A = (5xQ, Act,—', S5, AP, L")

initial states: Sy = {(s0,9) : 50 € S0, q € 6(Qo, L(0))}
labeling: AP = Q, L'({s,q)) = {q}

65 /527



Recall: product transition system LTLAC3.2-7

T = (S, Act,—,Sp, AP, L) TS without terminal states
A=(Q,2"P,5, Qv, F) NBA or NFA
non-blocking, Q@ NF =&

def

product-TST ® A = (5xQ, Act,—', S5, AP, L")

initial states: Sy = {(s0,9) : 50 € S0, q € 6(Qo, L(0))}
labeling: AP = Q, L'({s,q)) = {q}
transition relation:
s— s A ¢ €d(q,L(s))
(s,q) = (5, 4)
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Example: LTL model checking LTLMCS 2.8

ST LTL formula ¢ = OQgreen

red

green
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Example: LTL model checking LTLMCS 2.8

ST LTL formula ¢ = OQgreen
NBA A for the complement
—p = Q0-green

. —green green
% ar @

true —green true
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Example: LTL model checking LTLMCS 2.8

ST LTL formula ¢ = OQgreen

NBA A for the complement
—p = Q0-green
. o)_green green
° U0
U

true —green true

reachable fragment of the
product TS7T ® A

(dq)  @=ra
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Example: LTL model checking LTLMCS 2.8

ST LTL formula ¢ = OQgreen

NBA A for the complement
—p = Q0-green
. o)_green green
° U0
U

true —green true

initial states:
(red, @) where

q € 4(qo, L(red))

= (90, 2)
— {0, 9}
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Example: LTL model checking LTLMCS 2.8

ST LTL formula ¢ = OQgreen

NBA A for the complement
—p = QL-green

Dgreen o
' U '

—green true

transition
<greena qO) - (red, q)
q € 6(qo, L(red))

= (90, @)
— = {q0, 9r}
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Example: LTL model checking LTLMCS 2.8

ST LTL formula ¢ = OQgreen
NBA A for the complement
—p = Q0-green
. @)_ereen green
° ar @
U

true —green true

atomic propositions

AP’ = {q07 ar, ql}
reen a obvious labeling function
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Example: LTL model checking LTLMCS 2.8

ST LTL formula ¢ = OQgreen

NBA A for the complement
—p = Q0-green
. @)_ereen green
° SO
U

true —green true

(dq) @=ia

T® Al OO-F
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Example: LTL model checking LTLMCS 2.8

ST LTL formula ¢ = OQgreen

NBA A for the complement
—p = Q0-green
. @)_ereen green
° SO
U

true —green true

T® A 0O-F

hence: T |= ¢
(dq) @=ia
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Example: LTL model checking
TS T

try_to_send

(lost) (delivered)

LTL formula ¢ = O(try — Odel)

“each (repeatedly) sent message will
eventually be delivered”
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Example: LTL model checking
TS T

_.{try_to_send

(Iost') (delivered)

LTL formula ¢ = O(try — Odel)

“each (repeatedly) sent message will
eventually be delivered”

Ty
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Example: LTL model checking

ST NBA A for ~p = O(try A O~del)

@tly A —del ar del @
U

(lost) (delivered) true —del true

try_to_send

LTL formula ¢ = O(try — Odel)

“each (repeatedly) sent message will
eventually be delivered”

Ty
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Example: LTL model checking

ST NBA A for ~p = O(try A O~del)

@tly A —del ar del @
U

(lost) (delivered) true —del true

try_to_send

reachable fragment of the product-TS
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Example: LTL model checking

ST NBA A for ~p = O(try A O~del)

@tly A —del = del @
U

(lost) (delivered) true —del true

try_to_send

set of atomic propositions AP' = {qo, 1, qr}
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Example: LTL model checking

ST NBA A for ~p = O(try A O~del)

go) Y A2l g del @

(lost) (delivered) true —udel true

T®A ¥ OO-F
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Example: LTL model checking

ST NBA A for ~p = O(try A O~del)

go) Y A2l g del @

(lost) (delivered) true —udel true

TR®A [ OO-F hence: T [~ ¢
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LTL model checking LTLMCS 2-38

given: finite TS 7, LTL-formula ¢
question: does T |= ¢ hold ?
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LTL model checking

LTLMC3.2-38

given: finite TS 7, LTL-formula ¢
question: does T |= ¢ hold ?

construct an NBA A for =y and the product 7 ® A
check whether T ® A = OO-F
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LTL model checking

LTLMC3.2-38

given: finite TS 7, LTL-formula ¢
question: does T |= ¢ hold ?

construct an NBA A for =y and the product 7 ® A

check whether T ® A |= OO~F «—| persistence
checking
nested DFS
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LTL model checking

LTLMC3.2-38

given: finite TS 7, LTL-formula ¢
question: does T |= ¢ hold ?

construct an NBA A for =y and the product 7 ® A

check whether T ® A |= OO~F «—| persistence
IF T ® A OO-F Chezkgfé .
THEN return “yes” neste

ELSE compute a counterexample

<$07 PO) o0 (507 Pn) te (Sn’ Pn)
for T ® A and OO-F

return “no” and sp...Sp...Sy
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Complexity of LTL model checking

given: finite TS 7, LTL-formula ¢

question: does T |= ¢ hold ?

LTLMC3.2-38

check whether T ® A |= QU0-F «—

IFTQ® AEQOO-F
THEN return “yes”
ELSE compute a counterexample

for T ® A and OO-F
return “no” and sp...sp..

construct for ¢ and the product 7 ® A

persistence
checking
nested DFS

(S0, P0) - - - (Sn, Pn) - - - (Sns Pn)

.Sp

time complexity: O(size(T) - size(A))
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LTL model checking LTLMCS 22

LTL formula ¢

finite transition

system 7
\ / NBA A for ¢

LTL model checking

persistence checking

TAEOO-F?

/ N

yes no + counterexample
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LTL model checking LTLMCS 22

LTL formula ¢

finite transition

system 7
\ NBA A for =g
[

LTL model checking

persistence checking

TAEOO-F?

/ N

yes no + counterexample
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From LTL tO NBA LTLMC3.2-46
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From LTL to NBA LTLMC3.2-46

For each LTL formula ¢ there is an NBA A s.t.
L,(A) = Words(yp)
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From LTL to NBA

LTLMC3.2-46

For each LTL formula ¢ there is an NBA A s.t.
L,(A) = Words(y)

LTL formula ¢

NBA A s.t.
L,(A) = Words(y)

nondeterministic
Buchi automaton
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From LTL to NBA LTLMC3.2-46

For each LTL formula ¢ there is an NBA A s.t.
L,(A) = Words(y)

LTL formula ¢

GNBA G s.t. generalized NBA
L,(G) = Words(yp) several acceptance sets

nondeterministic

L |\(|35Q_A£s.’z.g) Buchi automaton

v o 1 acceptance set
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From LTL to NBA

LTLMC3.2-46

For each LTL formula ¢ there is an NBA A s.t.
L,(A) = Words(y)

LTL formula ¢

GNBA G s.t.
L,(G) = Words(y)

NBA A s.t.

generalized NBA
k acceptance sets

k copies of G

nondeterministic
Buchi automaton
1 acceptance set
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Encoding of LTL semantics in a GNBA LTLMC3.2-39
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Encoding of LTL semantics in a GNBA LTLMC3.2-39

idea: encode the semantics of the operators appearing
in o by appropriate components of the GNBA G
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Encoding of LTL semantics in a GNBA LTLMC3.2-39

idea: encode the semantics of the operators appearing
in o by appropriate components of the GNBA G

semantics of ...

encoding

propositional logic
true, =, A

next O

until U
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Encoding of LTL semantics in a GNBA LTLMC3.2-39

idea: encode the semantics of the operators appearing
in o by appropriate components of the GNBA G

semantics of ...

encoding

propositional logic
true, =, A

in the states

next O

until U
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Encoding of LTL semantics in a GNBA LTLMC3.2-39

idea: encode the semantics of the operators appearing
in o by appropriate components of the GNBA G

semantics of ...

encoding

propositional logic
true, =, A

in the states

next O

in the transition relation

until U
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Encoding of LTL semantics in a GNBA LTLMC3.2-39

idea: encode the semantics of the operators appearing
in o by appropriate components of the GNBA G

semantics of ...

encoding

propositional logic

in the states

true, 0, A
next O in the transition relation
until U via expansion law
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Encoding of LTL semantics in a GNBA LTLMC3.2-39

idea: encode the semantics of the operators appearing
in o by appropriate components of the GNBA G

semantics of ...

encoding

propositional logic

in the states

true, 0, A
next O in the transition relation
until U via expansion law

vl = V(1 AO(¥1Ur))
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Encoding of LTL semantics in a GNBA LTLMC3.2-39

idea: encode the semantics of the operators appearing
in o by appropriate components of the GNBA G

semantics of ...

encoding

propositional logic

in the states

true, 0, A
next O in the transition relation
until U via expansion law

viU = V(1 AO(¥1Ur))
NS

encoded in
the states
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Encoding of LTL semantics in a GNBA LTLMC3.2-39

idea: encode the semantics of the operators appearing
in o by appropriate components of the GNBA G

semantics of ...

encoding

propositional logic

in the states

true, 0, A
next O in the transition relation
until U via expansion law

vl = V(1 AO(¥1U1r))
NS T

encoded in
the states

encoded in the
transition relation
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Encoding of LTL semantics in a GNBA LTLMC3.2-39

idea: encode the semantics of the operators appearing
in o by appropriate components of the GNBA G

semantics of ...

encoding

propositional logic

in the states

true, 0, A
next O in the transition relation
until U expansion law, least fixed point

vl = V(1 AO(¥1Ur)) T
NS T

encoded in
the states

encoded in the acceptance
transition relation condition
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LT L ~> G N BA LTLMC3.2-46A
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LTL ~ GNBA LTLMC3.2-46A
LTL formula ¢ ~ GNBA G for Words(¢y)
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LTL ~ GNBA LTLMC3.2-46A
LTL formula ¢ ~ GNBA G for Words(¢y)

states of G = (certain) sets of subformulas of ¢
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LTL ~ GNBA LTLMC3.2-46A
LTL formula ¢ ~ GNBA G for Words(¢y)

states of G = (certain) sets of subformulas of ¢
s.t. each word 0 = Ag A As... € Words(p) can be
extended to an accepting run By B1B>...in G
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LTL ~ GNBA LTLMC3.2-46A
LTL formula ¢ ~ GNBA G for Words(¢y)

states of G = (certain) sets of subformulas of ¢
s.t. each word 0 = Ag A As... € Words(p) can be
extended to an accepting run By B1B>...in G

Ay Ay Ay Az ... € Words(y)
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LTL ~ GNBA LTLMC3.2-46A
LTL formula ¢ ~ GNBA G for Words(¢y)

states of G = (certain) sets of subformulas of ¢
s.t. each word 0 = Ag A As... € Words(p) can be
extended to an accepting run By B1B>...in G

Ay Ay Ay Az ... € Words(y)

L A
By By B, Bs ... accepting run

where B; = {¢ € c(yp) : AiAinAiza... = ”lﬁ}

109 /527



LTL ~ GNBA LTLMC3.2-46A
LTL formula ¢ ~ GNBA G for Words(¢y)

states of G = (certain) sets of subformulas of ¢
s.t. each word 0 = Ag A As... € Words(p) can be
extended to an accepting run By B1B>...in G

Ay Ay Ay Az ... € Words(y)

L A
By By B, Bs ... accepting run

where B; = {¢ € c(yp) : AiAinAiza... = ”lﬁ}
T

set of subformulas of ¢ and their negations
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LTL ~ GNBA LTLMC3.2-47
LTL formula ¢ ~ GNBA G for Words(¢y)

states of G = (certain) sets of subformulas of ¢
s.t. each word 0 = Ag A; As... € Words(p) can be
extended to an accepting run By B1B>...in G

Example: ¢ = aU(—aA b)
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LTL ~ GNBA LTLMC3.2-47
LTL formula ¢ ~ GNBA G for Words(¢y)

states of G = (certain) sets of subformulas of ¢
s.t. each word 0 = Ag A; As... € Words(p) can be
extended to an accepting run By B1B>...in G

Example: ¢ = aU(—aA b)

{ay {a} {a,b} {b} @& @ .. k¢
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LTL ~ GNBA LTLMC3.2-47
LTL formula ¢ ~ GNBA G for Words(¢y)

states of G = (certain) sets of subformulas of ¢
s.t. each word 0 = Ag A; As... € Words(p) can be
extended to an accepting run By B1B>...in G

Example: ¢ = aU(—aA b)

{a} {a} {ab} {b} @ @ ... Fy
1! ! ! i) ! !
Bo B, B, B3 B, Bs
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LTL ~ GNBA LTLMC3.2-47
LTL formula ¢ ~ GNBA G for Words(¢y)

states of G = (certain) sets of subformulas of ¢
s.t. each word 0 = Ag A; As... € Words(p) can be
extended to an accepting run By B1B>...in G

Example: ¢ = aU(—a A b) Yp=-aAb

{a} {a} {ab} {b} @ @ ... Fy
1! ! ! i) ! !
Bo B, B, B3 B, Bs

where the B;'s are subsets of
{a) —a, ba _'b’ 'l)b, _"9[;’7 P, _'(IO}
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LTL ~ GNBA LTLMC3.2-47
LTL formula ¢ ~ GNBA G for Words(¢y)

states of G = (certain) sets of subformulas of ¢
s.t. each word 0 = Ag A; As... € Words(p) can be
extended to an accepting run By B1B>...in G

Example: ¢ = aU(—a A b) Yp=-aAb

{a} {a} {ap} {)} @ @ ... k¢

l

a
—b just for better readability:
_'Zﬁ tuple rather than set notation
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LTL ~ GNBA LTLMC3.2-47
LTL formula ¢ ~ GNBA G for Words(¢y)

states of G = (certain) sets of subformulas of ¢
s.t. each word 0 = Ag A; As... € Words(p) can be
extended to an accepting run By B1B>...in G

Example: ¢ = aU(—a A b) Yp=-aAb

{a} {a} {ap} {)} @ @ ... kv

1 l
a a
-b| | -b
| [
p $
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LTL ~ GNBA LTLMC3.2-47
LTL formula ¢ ~ GNBA G for Words(¢y)

states of G = (certain) sets of subformulas of ¢
s.t. each word 0 = Ag A; As... € Words(p) can be
extended to an accepting run By B1B>...in G

Example: ¢ = aU(—a A b) Yp=-aAb

{a} {a} {ap} {)} @ @ ... kv

l ! l
a a a
-b| | -b b
Y| || | Y
p $ P

117 /527



LTL ~ GNBA LTLMC3.2-47
LTL formula ¢ ~ GNBA G for Words(¢y)

states of G = (certain) sets of subformulas of ¢
s.t. each word 0 = Ag A; As... € Words(p) can be
extended to an accepting run By B1B>...in G

Example: ¢ = aU(—a A b) Yp=-aAb

{a} {a} {ap} {)} @ @ ... k¢

l ! l l
a a a| [—a
-b| | -b b b
o I e I e I
p $ P P
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LTL ~ GNBA LTLMC3.2-47
LTL formula ¢ ~ GNBA G for Words(¢y)

states of G = (certain) sets of subformulas of ¢
s.t. each word 0 = Ag A; As... € Words(p) can be
extended to an accepting run By B1B>...in G

Example: ¢ = aU(—a A b) Yp=-aAb

{a} {a} {ap} {)} @ @ ... kv

1 l 1 1
a a a —a —a
-b| | -b b b| | -b
ol T B I 2 N B R B
p $ P Pl P

119/527



LTL ~ GNBA
LTL formula ¢ ~ GNBA G for Words(y)

LTLMC3.2-47

states of G = (certain) sets of subformulas of ¢
s.t. each word 0 = Ag A; As... € Words(p) can be

extended to an accepting run By B B> . ..

Example: ¢ = aU(—aA b) Y=-aAb
{a} {a} {ab} {} o o
1 ! ! | !
a a a| |—al| | na| |-a
-b| | -b b bl | -b| | -b
Y| Y| | Y Y| |
Y Y P bl I A

E
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Closure of LTL formulas R

121 /527



Closure of LTL formulas R

Let ¢ be an LTL formula. Then:

subf () %t set of all subformulas of ¢
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Closure of LTL formulas

LTLMC3.2-48

Let ¢ be an LTL formula. Then:

subf () %t set of all subformulas of ¢

dlp) L subf(p)U{—p: ¢ € subf(p)}
where ¥ and =) are identified
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Closure of LTL formulas

LTLMC3.2-48

Let ¢ be an LTL formula. Then:

subf () %t set of all subformulas of ¢

c(g) = subf(p)U{~: ¢ € subf(y)}

where ¥ and =) are identified

Example: if ¢ = aU(—a A b) then
CI(QO) = {31 b,—a A b, 99} U {_'a, -b, _'(_'a A b)7 _'90}
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Closure of LTL formulas

LTLMC3.2-48

Let ¢ be an LTL formula. Then:

subf () %t set of all subformulas of ¢

c(g) = subf(p)U{~: ¢ € subf(y)}

where ¥ and =) are identified

Example: if ¢ = aU(—a A b) then

CI(QO) = {31 b) mERA b7 99} U {_'a, -b, _'(_'a A b)7 _'90}
Example: if ¢' =0a
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Closure of LTL formulas

LTLMC3.2-48

Let ¢ be an LTL formula. Then:

subf () %t set of all subformulas of ¢

c(g) = subf(p)U{~: ¢ € subf(y)}

where ¥ and =) are identified

Example: if ¢ = aU(—a A b) then
CI(QO) = {31 b,—a A b, @0} U {_'a, -b, _'(_'a A b)7 _'90}
Example: if ¢’ = 0a = ~Q—a = —(true U —a)
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Closure of LTL formulas

LTLMC3.2-48

Let ¢ be an LTL formula. Then:

subf () %t set of all subformulas of ¢

c(g) = subf(p)U{~: ¢ € subf(y)}

where ¥ and =) are identified

Example: if ¢ = aU(—a A b) then
cl(p) = {a, b,ma A b, p} U {—a, b, ~(—a A b), ~p}
Example: if ¢’ = 0a = ~Q—a = —(true U —a) then
cl(y¢') = {a, —a, true, ~true, Oa, ~[a}
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Elementary formula-sets LTLACB.2-50

128 /527



Elementary formula-sets LTLACB.2-50

Let B C cl(y). B is called elementary if:
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Elementary formula-sets LTLACB.2-50

Let B C cl(y). B is called elementary if:

(1) B is consistent w.r.t. propositional logic

(2) B is maximal consistent

(3) B is locally consistent with respect to until U:
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Elementary formula-sets LTLACB.2-50

Let B C cl(y). B is called elementary if:

(1) B is consistent w.r.t. propositional logic

if p € B then mp ¢ B

(2) B is maximal consistent

(3) B is locally consistent with respect to until U:
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Elementary formula-sets LTLACB.2-50

Let B C cl(y). B is called elementary if:

(1) B is consistent w.r.t. propositional logic
if p € B then mp ¢ B
if 1 Ao € B then —); ¢ B and 0o ¢ B

(2) B is maximal consistent

(3) B is locally consistent with respect to until U:
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Elementary formula-sets LTLACB.2-50

Let B C cl(y). B is called elementary if:

(1) B is consistent w.r.t. propositional logic
if p € B then mp ¢ B

if 1 Ao € B then —); ¢ B and 0o ¢ B
if 1 € B and 15 € B then ~(¥y A ) ¢ B

(2) B is maximal consistent

(3) B is locally consistent with respect to until U:
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Elementary formula-sets LTLACB.2-50

Let B C cl(y). B is called elementary if:

(1) B is consistent w.r.t. propositional logic
if p € B then mp ¢ B

if 1 Ao € B then —); ¢ B and 0o ¢ B
if 1 € B and 15 € B then ~(¥y A ) ¢ B
if false € cl(y) then false ¢ B

(2) B is maximal consistent

(3) B is locally consistent with respect to until U:
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Elementary formula-sets LTLACB.2-50

Let B C cl(y). B is called elementary if:

(1) B is consistent w.r.t. propositional logic
if p € B then mp ¢ B

if 1 Ao € B then —); ¢ B and 0o ¢ B
if 1 € B and 15 € B then ~(¥y A ) ¢ B
if false € cl(y) then false ¢ B

(2) B is maximal consistent
if 1 € cl(p) \ B then =) € B
(3) B is locally consistent with respect to until U:
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Elementary formula-sets LTLACB.2-50

Let B C cl(y). B is called elementary if:

(1) B is consistent w.r.t. propositional logic
if p € B then mp ¢ B

if 1 Ao € B then —); ¢ B and 0o ¢ B
if 1 € B and 15 € B then ~(¥y A ) ¢ B
if false € cl(y) then false ¢ B

(2) B is maximal consistent
if 1 € cl(p) \ B then =) € B
(3) B is locally consistent with respect to until U:

if Yy U1y, € B and —)» € B then -y € B
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Elementary formula-sets LTLACB.2-50

Let B C cl(y). B is called elementary if:

(1) B is consistent w.r.t. propositional logic
if p € B then mp ¢ B

if 1 Ao € B then —); ¢ B and 0o ¢ B
if 1 € B and 15 € B then ~(¥y A ) ¢ B
if false € cl(y) then false ¢ B

(2) B is maximal consistent
if 1 € cl(p) \ B then =) € B
(3) B is locally consistent with respect to until U:
if Yy U1y, € B and —)» € B then -y € B
if 1o € B and 9, U, € cl(yp) then =(y1 Us) € B
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Elementary formula-sets LTLMCB.2-50A

B C cl(yp) is elementary iff:
(i) B is maximal consistent w.r.t. prop. logic,
i.e., if ¥, U1 Ay € cl(p) then:

véEB iff - € B
AN, €EB iff Y € B and Yy € B
true € cl(p) implies true € B

(ii) B is locally consistent with respect to until U,
i.e., if 11 Uty € cl(yp) then:

if 1 U1y € B and ¥ & B then ¢, € B
if o € B then ¥, Uy € B
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Elementary or not? LTLMCB.2-49
Let ¢ = aU(—a A b).

B, ={a,b,maA b, p}
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Elementary or not? LTLMCB.2-49
Let ¢ = aU(—a A b).

B, ={a,b,maA b, p} not elementary
propositional inconsistent
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Elementary or not? LTLMCB.2-49
Let ¢ = aU(—a A b).

B, ={a,b,maA b, p} not elementary
propositional inconsistent

B2 = {_'37 b7 99}
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Elementary or not? LTLMCB.2-49
Let ¢ = aU(—a A b).

B, ={a,b,maA b, p} not elementary
propositional inconsistent

B, = {—a, b, v} not elementary, not maximal
as ~aAb &€B,
~(maAb) ¢ B
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Elementary or not?
Let ¢ = aU(—a A b).

B, ={a,b,maA b, p}

B2 = {_'37 b7 99}

B;s = {—a, b,ma A b, ~p}

LTLMC3.2-49

not elementary
propositional inconsistent

not elementary, not maximal
as ~aAb &€B,
~(~aAb) & B,
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Elementary or not? LTLMCB.2-49
Let ¢ = aU(—a A b).

B, ={a,b,maA b, p} not elementary
propositional inconsistent

B, = {—a, b, v} not elementary, not maximal
as ~aAb &€B,
~(maAb) ¢ B

B; = {—a, b,ma A b,~¢} not elementary
not locally consistent for U
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Elementary or not? LTLMCB.2-49
Let ¢ = aU(—a A b).

B, ={a,b,maA b, p} not elementary
propositional inconsistent

B, = {—a, b, v} not elementary, not maximal
as ~aAb &€B,
~(maAb) ¢ B

B; = {—a, b,ma A b,~¢} not elementary
not locally consistent for U

By = {—a, ~b,~(—a A b), ~p}
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Elementary or not? LTLMCB.2-49
Let ¢ = aU(—a A b).

B, ={a,b,maA b, p} not elementary
propositional inconsistent

B, = {—a, b, v} not elementary, not maximal
as ~aAb &€B,
~(maAb) ¢ B

B; = {—a, b,ma A b,~¢} not elementary
not locally consistent for U

By = {—a, b, ~(—a A b),~p} elementary
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Example: elementary formula-sets

LTLMC3.2-51

closure cl(p):
e set of all subformulas of ¢ and their negations
e 1 and —— are identified

elementary formula-sets: subsets B of cl(y)
e maximal consistent w.r.t. propositional logic
e locally consistent w.r.t. U

For ¢ = aU(—a A b), the elementary sets are:

{ a, b,~(=aAb),¢} { a, b,~(=aAb),—p}
{ a, b, _'(_'a A b)1 (ID} { a, —b, _'(_'a A b)7 _'(P}
{_'37 b, —aAb, (P} {_'37 —b, _'(_'a A b)7 _'(P}
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Encoding of LTL semantics in a GNBA

idea: encode the semantics of the operators appearing
in o by appropriate components of the GNBA G:

semantics of ...

encoding

propositional logic

in the states

true, 0, A
next O in the transition relation
until U expansion law, least fixed point

iU = ¥V (1 AQW1U,)) 1
N/ 1

encoded in
the states

encoded in the acceptance
transition relation condition
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Encoding of LTL semantics in a GNBA

idea: encode the semantics of the operators appearing
in o by appropriate components of the GNBA G:

semantics of ... encoding
propositional logic 0 the states elementary
true, 0, A\ formula sets
next O in the transition relation
until U expansion law, least fixed point
nilU¥2 = V(% AOY1UY2)) T
A4 T
elementary encoded in the acceptance

formula sets transition relation condition
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GNBA for LTL-formula ¢
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GNBA for LTL-formula ¢
g = (Q, 2AP75’ QO,]:)
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GNBA for LTL-formula ¢

g = (Q, 2AP75’ QO,J:)
state space: Q@ = {B C cl(y) : B is elementary }
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GNBA for LTL-formula ¢

g = (Q, 2AP75’ QO,J:)
state space: Q@ = {B C cl(y) : B is elementary }
initial states: @y = {B EQ:p€ B}
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GNBA for LTL-formula ¢

G =(Q,2%%,6, Q, F)
state space: Q@ = {B C cl(y) : B is elementary }
initial states: @y = {B EQ:p€ B}
transition relation: for B € Q and A € 24P:
if A% BN AP then §(B,A) = o
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GNBA for LTL-formula ¢

G =(Q,2%%,6, Q, F)
state space: Q@ = {B C cl(y) : B is elementary }
initial states: @y = {B EQ:p€ B}
transition relation: for B € Q and A € 24P:

if A# BN AP then §(B,A) =2

if A= BN AP then §(B, A) = set of all B' € Q s.t.

Oy eB iff pebB
Uy € B iff (o€ B)V (11 € BAY1 Uty € B)
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GNBA for LTL-formula ¢

G =(Q,2%%,6, Q, F)
state space: Q@ = {B C cl(y) : B is elementary }
initial states: @y = {B EQ:p€ B}
transition relation: for B € Q and A € 24P:
if A# BN AP then §(B,A) =2
if A= BN AP then §(B, A) = set of all B' € Q s.t.
Oy eB iff pebB
Uy € B iff (o€ B)V (11 € BAY1 Uty € B)

acceptance set F = {Fy,uy, : 1 Ut € cl(¢)}
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GNBA for LTL-formula ¢

G =(Q,2%%,6, Q, F)
state space: Q@ = {B C cl(y) : B is elementary }
initial states: @y = {B EQ:p€ B}
transition relation: for B € Q and A € 24P:
if A# BN AP then §(B,A) =2
if A= BN AP then §(B, A) = set of all B' € Q s.t.
Oy eB iff pebB
Uy € B iff (o€ B)V (11 € BAY1 Uty € B)

acceptance set F = {Fy,uy, : 1 Ut € cl(¢)}
where Fy,yy, = {B € Q: 91 Uy» ¢ BV € B}
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Example: GNBA for ¢ = Qa LGB 252
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Example: GNBA for ¢ = Qa LGB 252
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Example: GNBA for ¢ = Qa LGB 252

initial states: formula-sets B with (a € B
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Example: GNBA for ¢ = Qa LGB 252

~3,0a

initial states: formula-sets B with (a € B

transition relation:

if Oa € B then 8(B,BN{a}) = {B': a€ B}
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Example: GNBA for ¢ = Qa LGB 252

a
() )
(3,04

initial states: formula-sets B with (Qa € B

transition relation:

if Oa € B then §(B,BN{a}) = {B': a€ B}
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Example: GNBA for ¢ = Qa LGB 252

initial states: formula-sets B with (Oa € B

transition relation:

if Oa € B then §(B,BN{a}) = {B': a€ B}
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Example: GNBA for ¢ = Qa LGB 252

initial states: formula-sets B with (Oa € B
transition relation:
if Oa € B then §(B,BN{a})={B':ae B’}
if Oa ¢ B then §(B,BN{a})={B':a¢ B’}
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Example: GNBA for ¢ = Qa LGB 252

.................. =en

initial states: formula-sets B with (Oa € B
transition relation:
if Oa € B then §(B,BN{a})={B':ae B’}
if Oa ¢ B then §(B,BN{a})={B':a¢ B’}
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Example: GNBA for ¢ = Qa LGB 252

initial states: formula-sets B with (Oa € B
transition relation:
if Oa € B then §(B,BN{a})={B':ae B’}
if Oa ¢ B then §(B,BN{a})={B':a¢ B’}
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Example: GNBA for ¢ = Qa LTS 253

set of acceptance sets:
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Example: GNBA for ¢ = Qa LTS 253

set of acceptance sets: F = Q&

hence: all words having an infinite run are accepted
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Example: GNBA for ¢ = Qa LTS 253

set of acceptance sets: F = Q&

o {a} {3} @9 o ... E Qa
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Example: GNBA for ¢ = Qa LTS 253

set of acceptance sets: F = Q&

l@ {a} {a} © @ ... E Qa

-a
QOa
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