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Advice by a Wise Man

©izQuotes

Only relevant to ordinary people’s life ?

Or to scientists, in particular comp. sci. and control folks, too ?

Remember that Canning briefly controlled Great Britain !
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Delayed Coupling in Differential Dynamics

©[Wikipedia]

Vito Volterra

©[J. Pastor, 2016]

Predator-prey dynamics

”Despite [...] very satisfactory state of affairs as far as [ordinary] differential
equations are concerned, we are nevertheless forced to turn to the study of more complex
equations. Detailed studies of the real world impel us, albeit reluctantly, to take account
of the fact that the rate of change of physical systems depends not only on their present
state, but also on their past history.”

[Richard Bellman and Kenneth L. Cooke, 1963]
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Shall I Care about Delays ?

We are no better :
As soon as computer scientists enter the scene, serious delays are ahead…
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Is Instantaneous Coupling Realistic ?

Digital control needs A/D and D/A conversion, which
induces latency in signal forwarding.

Digital signal processing, especially in complex sen-
sors like CV, needs processing time, adding signal de-
lays.

Networked control introduces communication la-
tency into the feedback control loop.

Harvesting, fusing, and forwarding data through sen-
sor networks enlarge the latter by orders of magni-
tude.

Mingshuai Chen · Institute of Software, CAS Taming Delays in Dynamical Systems CAV 2019 · NYC, USA 6 / 17



Why Time Delays Problem Formulation Unbounded Verification Concluding Remarks
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Do Delays Have Observable Effect ?

{
ẋ(t) = −x(t)
x(0) = 1
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Do Delays Have Observable Effect ? – Yes, they have.
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May the Effects be Harmful ?

Delayed logistic equation [G. Hutchinson, 1948] :

Ṅ(t) = N(t)[1− N(t− r)]
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May the Effects be Harmful ? – Yes, delays may well annihilate
control performance.

Delayed logistic equation [G. Hutchinson, 1948] :

Ṅ(t) = N(t)[1− N(t− r)]
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Consequences

Delays in feedback control loops are ubiquitous.

They may well invalidate the safety/stability/…certificates obtained by verifying
delay-free abstractions of the feedback control systems.

Automatic verification methods addressing feedback delays in dynamical
systems should therefore abound !

Surprisingly, they don’t :

1 S. Prajna, A. Jadbabaie :Meth. f. safety verification of time-delay syst. (CDC’05)

2 L. Zou, M. Fränzle, N. Zhan, P.N. Mosaad : Autom. verific. of stabil. and safety (CAV ’15)

3 H. Trinh, P.T. Nam, P.N. Pathirana, H.P. Le : On bwd.s and fwd.s reachable sets bounding for perturbed
time-delay systems (Appl. Math. & Comput. 269, ’15)

4 Z. Huang, C. Fan, S. Mitra : Bounded invariant verification for time-delayed nonlinear networked dynamical
systems (NAHS ’16)

5 P.N. Mosaad, M. Fränzle, B. Xue : Temporal logic verification for DDEs (ICTAC ’16)

6 M. Chen, M. Fränzle, Y. Li, P.N. Mosaad, N. Zhan : Validat. simul.-based verific. (FM ’16)

7 B. Xue, P.N. Mosaad, M. Fränzle, M. Chen, Y. Li, N. Zhan : Safe approx. of reachable sets for DDEs
(FORMATS ’17)

8 E. Goubault, S. Putot, L. Sahlman : Approximating flowpipes for DDEs (CAV ’18)

(plus a handful of related versions)
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Delay Differential Equations (DDEs)

{
ẋ (t) = f (x (t) ,x (t− r1) , . . . ,x (t− rk)) , t ∈ [0,∞)
x (t) = ϕ (t) , t ∈ [−rmax, 0]

The unique solution (trajectory) : ξϕ(t) : [−rmax,∞) 7→ Rn.
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Why DDEs are Hard(er)

x = ϕ

ẋ = −ϕ

d3

dt x = −ϕ

d2

dt x = ϕ

d10

dt x = ϕ

ẋ(t) = −x(t− 1)

DDEs constitute a model of system
dynamics beyond ”state snapshots” :

They feature ”functional state”
instead of state in the Rn.

Thus providing rather infallible,
infinite-dimensional memory of the
past.

N.B. :More complex transformations may be applied to
the initial segment f0 according to the DDE’s right-hand
side. f0 will nevertheless hardly ever vanish from the
state space.

Try only if

to you!
infinite state no longer is scary enough
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Safety Verification Problem

Given T ∈ R, X ⊆ Rn, U ⊆ Rn, weather

∀ϕ ∈ {ϕ | ϕ(t) ∈ X ,∀t ∈ [−rmax, 0]} :

(∪
t≤T

ξϕ(t)
)

∩ U = ∅ ?

©[M. Althoff, 2010]

System is T-safe, if no trajectory enters U within [−rmax, T] ; Unbounded : T = ∞.
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Stability of Linear Dynamics by Spectral Analysis

For linear DDEs :

ẋ (t) = Ax (t) + Bx (t− r)

The characteristic equation :

det (λI− A− ) = 0

Globally exponentially stable if ∀λ : R(λ) < 0, i.e.,

∃K > 0. ∃α < 0:
∥∥ξϕ(t)∥∥ ≤ K ∥ϕ∥ eαt, ∀t ≥ 0, ∀ϕ ∈ Cr
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Reducing Unbounded Verification to Bounded One

1 Identify the rightmost eigenvalue (and hence α) and construct K.

2 Compute T∗ based on the exponential estimation spanned by α and K.

3 Reduce to bounded verifi., i.e., ∀T > T∗,∞-safe⇐⇒ T-safe.ᰦ┎ࣘᘱ㌫㔏Ⲵᖒᔿ傼䇱与᧗ࡦ⭏ᡀ
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ŷ
v̂

∂U
K̂eαt

(c)

മ 4.1 PD-᧗ࡦಘⲴᰐ⭼ᰦ䰤ᆹޘᙗ傼䇱Ǆ(a) ࡙⭘ DDE-BIFTOOL ՠ计 h(z) Ⲵᴰਣ⢩ᖱ

ṩˈ䘋㘼ᗇࡠ┑䏣 maxλ∈σ R (λ) < α < 0 Ⲵк⭼ α = −0.5˗(b) ┑䏣ᔿ(4.9)Ⲵ䰸٬

M = 11.9125ˈ֯ᗇᓄⲴᰐェ〟࠶ਟԕ㻛䖜ॆѪᇊ〟࠶计算˗(c)ᰦ T ∗ = 4.80579sˈ

֯ᗇሩҾԫ T > T ∗ˈ䈕 PD-᧗ࡦಘⲴ∞-ᆹޘᙗㅹԧҾ T-ᆹޘᙗǄ

Figure 4.1 Ubounded safety verification of the PD-controller. (a) The identified rightmost

roots of h(z) in DDE-BIFTOOL and an upper bound α = −0.5 such thatmaxλ∈σ R (λ) <

α < 0; (b) M = 11.9125 that suffices to split and hence upper-bound the improper

integral
∫ ∞
−∞

O (1/z2)
 dν in Eq. (4.9); (c) The obtained time instant T ∗ = 4.80579s guar-

anteeing the equivalence of∞-safety and T-safety of the PD-controller, for any T > T ∗.

⧠൘ˈᡁԜ傼䇱㌫㔏(4.13)ሩҾࡍ⣦ᘱ䳶ਸ X = [−0.1, 0.1] × [0, 0.1] ৺н

ᆹޘ⣦ᘱ䳶ਸ U = {(ŷ; v̂) | | ŷ | > 0.2} ൘ᰐェᰦ䰤кⲴᆹޘᙗǄสҾࡽ᮷Ⲵᶴ
䙐䗷〻৺ਾ᮷ሶ䈖䘠Ⲵ工ާᇎ⧠ˈᡁԜⲴᶴ䙐ᙗᯩ⌅㠚ࣘ⭏ᡀⲴޣ䭞ᑨᮠ˄ྲ

മ4.1所⽪˅ྲл：α = −0.5ˈM = 11.9125ˈK = 7.59162ԕ৺ K̂ = 2.21103Ǆ൘

↔สкˈᡁԜᗇࡠ T ∗ = 4.80579sǄ⭡ᇊ理4.7ˈ䈕 PD-᧗ࡦಘ∞-ᆹޘᙗ傼䇱䰞
仈㻛ㅹԧ䖜ॆѪԫ┑䏣 T > T ∗ = 4.80579sⲴ T-ᆹޘᙗ傼䇱䰞仈Ǆ

һᇎкˈᔿ(4.11)中Ⲵ [−K̂eαt, K̂eαt ]n ᱟ㌫㔏ሩҾࡍ⣦ᘱ䳶ਸ X Ⲵਟ䗮
䳶Ⲵањк䘁լˈণ RX(t) ⊆ [−K̂eαt, K̂eαt ]nǄ❦㘼ˈྲമ4.1(c)中䱤ᖡ䜘࠶所⽪ˈ

䈕䘁լ᰾ᱮ䗷Ҿ؍ᆸˈ֯ަࠐѾᰐ⌅⭘Ҿ䇱᰾ԫօާᴹᇎ䱵ѹⲴᆹޘᙗ䍘Ǆ

նᱟˈᡁԜ所ᨀᯩ⌅ⲴṨᗳ䍑⥞൘Ҿሶᰐ⭼ᰦ䰤ᆹޘᙗ傼䇱䰞仈ᖂ㔃ѪҶᴹ⭼

ᰦ䰤ᆹޘᙗ傼䇱䰞仈ˈণ计算ࠪањᱮᔿⲴᰦ䰤к⭼ T ∗ˈӾ㘼ⴱ৫Ҷ所ᴹ䪸ሩ

t > T ∗ Ⲵ傼䇱ࣚ࣋Ǆ਼ᰦˈᖂ㓖ਾⲴ T-ᆹޘᙗ傼䇱䰞仈ਟԕُࣙ⧠ᴹⲴ䪸ሩᖒ

ྲ(4.1)ᡆ(2.1)Ⲵ DDEsⲴᴹ⭼ᰦ䰤ᆹޘᙗ傼䇱Ⲵᯩ⌅≲䀓Ǆ䘉Ӌᯩ⌅वᤜᡁԜ൘

каㄐ中ᨀࠪⲴ࠶别สҾᮠ٬⁑ᤏ઼䗩⭼计算Ⲵ傼䇱ᯩ⌅ˈԕ৺สҾ Taylor⁑

රⲴ傼䇱ᯩ⌅ [91]ㅹǄ
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1 + ∥B∥

∫ r
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Why Time Delays Problem Formulation Unbounded Verification Concluding Remarks

Reducing Unbounded Verification to Bounded One

1 Identify the rightmost eigenvalue (and hence α) and construct K.

2 Compute T∗ based on the exponential estimation spanned by α and K.

3 Reduce to bounded verifi., i.e., ∀T > T∗,∞-safe⇐⇒ T-safe.ᰦ┎ࣘᘱ㌫㔏Ⲵᖒᔿ傼䇱与᧗ࡦ⭏ᡀ
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Figure 4.1 Ubounded safety verification of the PD-controller. (a) The identified rightmost

roots of h(z) in DDE-BIFTOOL and an upper bound α = −0.5 such thatmaxλ∈σ R (λ) <

α < 0; (b) M = 11.9125 that suffices to split and hence upper-bound the improper

integral
∫ ∞
−∞

O (1/z2)
 dν in Eq. (4.9); (c) The obtained time instant T ∗ = 4.80579s guar-

anteeing the equivalence of∞-safety and T-safety of the PD-controller, for any T > T ∗.
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Fig. 1: Left: the identified rightmost roots of h(z) in DDE-BIFTOOL and an upper bound α = −0.5 such that
maxλ∈σ R(λ) < α < 0; Center: M = 11.9125 that suffices to split and hence upper-bound the improper integral∫∞
−∞

∥∥O (1/z2)∥∥ dν in Eq. (11); Right: the obtained time instant T∗ = 4.80579s guaranteeing the equivalence of
∞-safety and T -safety of the PD-controller, for any T > T∗.

however, is obviously too conservative to be utilized in proving or disproving almost
any safety specifications of practical interest. The contribution of our approach lies in
the reduction of unbounded verification problems to their bounded counterparts, thereby
yielding a quantitative time bound T ∗ that substantially “trims off” the verification ef-
forts pertaining to t > T ∗. The derived T -safety verification task can be tackled effec-
tively by methods dedicated to bounded verification of DDEs of the form (3), or more
generally, (1), e.g., approaches in [17] and [4].

4 Nonlinear Dynamics

In this section, we address a more general form of dynamics featuring substantial non-
linearity, by resorting to linearization techniques and thereby establishing a quantitative
stability criterion, analogous to the linear case, for nonlinear delayed dynamics.

Consider a singly delayed version of Eq. (1):{
ẋ (t) = f (x (t) ,x (t− r)) , t ∈ [0,∞)
x (t) = φ (t) , t ∈ [−r, 0] (16)

with f being a nonlinear vector field involving possibly non-polynomial functions. Let

f (x,y) = Ax+By + g(x,y), with A = fx (0,0) , B = fy (0,0) ,

where fx and fy are the Jacobian matrices of f in terms of x and y, respectively; g is
a vector-valued, high-order term whose Jacobian matrix at (0,0) is O.

By dropping the high-order term g in f , we get the linearized counterpart of Eq. (16):{
ẋ (t) = Ax (t) +Bx (t− r) , t ∈ [0,∞)
x (t) = φ (t) , t ∈ [−r, 0] (17)

which falls in the scope of linear dynamics specified in Eq. (3), and therefore is associ-
ated with a characteristic equation of the same form as that in Eq. (4). Eq. (17) will be
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Reducing Unbounded Verification to Bounded One

1 Identify the rightmost eigenvalue (and hence α) and construct K.

2 Compute T∗ based on the exponential estimation spanned by α and K.

3 Reduce to bounded verifi., i.e., ∀T > T∗,∞-safe⇐⇒ T-safe.ᰦ┎ࣘᘱ㌫㔏Ⲵᖒᔿ傼䇱与᧗ࡦ⭏ᡀ
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Figure 4.1 Ubounded safety verification of the PD-controller. (a) The identified rightmost

roots of h(z) in DDE-BIFTOOL and an upper bound α = −0.5 such thatmaxλ∈σ R (λ) <

α < 0; (b) M = 11.9125 that suffices to split and hence upper-bound the improper

integral
∫ ∞
−∞

O (1/z2)
 dν in Eq. (4.9); (c) The obtained time instant T ∗ = 4.80579s guar-

anteeing the equivalence of∞-safety and T-safety of the PD-controller, for any T > T ∗.

⧠൘ˈᡁԜ傼䇱㌫㔏(4.13)ሩҾࡍ⣦ᘱ䳶ਸ X = [−0.1, 0.1] × [0, 0.1] ৺н

ᆹޘ⣦ᘱ䳶ਸ U = {(ŷ; v̂) | | ŷ | > 0.2} ൘ᰐェᰦ䰤кⲴᆹޘᙗǄสҾࡽ᮷Ⲵᶴ
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മ4.1所⽪˅ྲл：α = −0.5ˈM = 11.9125ˈK = 7.59162ԕ৺ K̂ = 2.21103Ǆ൘

↔สкˈᡁԜᗇࡠ T ∗ = 4.80579sǄ⭡ᇊ理4.7ˈ䈕 PD-᧗ࡦಘ∞-ᆹޘᙗ傼䇱䰞
仈㻛ㅹԧ䖜ॆѪԫ┑䏣 T > T ∗ = 4.80579sⲴ T-ᆹޘᙗ傼䇱䰞仈Ǆ
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Fig. 1: Left: the identified rightmost roots of h(z) in DDE-BIFTOOL and an upper bound α = −0.5 such that
maxλ∈σ R(λ) < α < 0; Center: M = 11.9125 that suffices to split and hence upper-bound the improper integral∫∞
−∞

∥∥O (1/z2)∥∥ dν in Eq. (11); Right: the obtained time instant T∗ = 4.80579s guaranteeing the equivalence of
∞-safety and T -safety of the PD-controller, for any T > T∗.

however, is obviously too conservative to be utilized in proving or disproving almost
any safety specifications of practical interest. The contribution of our approach lies in
the reduction of unbounded verification problems to their bounded counterparts, thereby
yielding a quantitative time bound T ∗ that substantially “trims off” the verification ef-
forts pertaining to t > T ∗. The derived T -safety verification task can be tackled effec-
tively by methods dedicated to bounded verification of DDEs of the form (3), or more
generally, (1), e.g., approaches in [17] and [4].

4 Nonlinear Dynamics

In this section, we address a more general form of dynamics featuring substantial non-
linearity, by resorting to linearization techniques and thereby establishing a quantitative
stability criterion, analogous to the linear case, for nonlinear delayed dynamics.

Consider a singly delayed version of Eq. (1):{
ẋ (t) = f (x (t) ,x (t− r)) , t ∈ [0,∞)
x (t) = φ (t) , t ∈ [−r, 0] (16)

with f being a nonlinear vector field involving possibly non-polynomial functions. Let

f (x,y) = Ax+By + g(x,y), with A = fx (0,0) , B = fy (0,0) ,

where fx and fy are the Jacobian matrices of f in terms of x and y, respectively; g is
a vector-valued, high-order term whose Jacobian matrix at (0,0) is O.

By dropping the high-order term g in f , we get the linearized counterpart of Eq. (16):{
ẋ (t) = Ax (t) +Bx (t− r) , t ∈ [0,∞)
x (t) = φ (t) , t ∈ [−r, 0] (17)

which falls in the scope of linear dynamics specified in Eq. (3), and therefore is associ-
ated with a characteristic equation of the same form as that in Eq. (4). Eq. (17) will be
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Why Time Delays Problem Formulation Unbounded Verification Concluding Remarks

Stability of Nonlinear Dynamics by Linearization

For nonlinear DDEs :

ẋ (t) = f (x (t) ,x (t− r))

= Ax + By + g(x,y), with A = fx (0,0) ,B = fy (0,0)

The linearization yields
ẋ (t) = Ax (t) + Bx (t− r)

Locally exponentially stable if ∀λ : R(λ) < 0, i.e.,

∃δ > 0.∃K > 0.∃α < 0: ∥ϕ∥ ≤ δ =⇒
∥∥ξϕ(t)∥∥ ≤ K ∥ϕ∥ eαt/2, ∀t ≥ 0
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ẋ (t) = Ax (t) + Bx (t− r)

Locally exponentially stable if ∀λ : R(λ) < 0, i.e.,

∃δ > 0.∃K > 0.∃α < 0: ∥ϕ∥ ≤ δ =⇒
∥∥ξϕ(t)∥∥ ≤ K ∥ϕ∥ eαt/2, ∀t ≥ 0

Mingshuai Chen · Institute of Software, CAS Taming Delays in Dynamical Systems CAV 2019 · NYC, USA 15 / 17



Why Time Delays Problem Formulation Unbounded Verification Concluding Remarks

Stability of Nonlinear Dynamics by Linearization

For nonlinear DDEs :
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Why Time Delays Problem Formulation Unbounded Verification Concluding Remarks

Reducing Unbounded Verification to Bounded One

1 Identify the rightmost eigenvalue (and hence α), then construct K and δ.

2 Compute T∗, as well as T′ (by bounded verifiers) s.t. ∥Ω∥ < δ within T′.

3 Reduce to bounded verifi., i.e., ∀T > T′ + T∗,∞-safe⇐⇒ T-safe.ㅜ 4ㄐᰦ┎ᗞࣘ࠶ᘱ㌫㔏Ⲵᰐ⭼ᰦ䰤ᆹޘᙗ傼䇱
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䏣 maxλ∈σ R (λ) < α < 0 Ⲵк⭼ α = −0.5˗(b) สҾ Taylor ⁑රⲴᴹ⭼ᰦ䰤傼䇱ᯩ

⌅ [91]所⭏ᡀⲴ㌫㔏(4.20)ਟ䗮䳶Ⲵк䘁լǄُࣙ䘉а䘁լˈᡁԜ䇱᰾ҶሩҾԫ T >

(T ′ + T ∗) = 15.5sˈ䈕㌫㔏Ⲵ∞-ᆹޘᙗㅹԧҾަ T-ᆹޘᙗǄ

Figure 4.2 Ubounded safety verification of the population dynamics. (a) The identified right-

most eigenvalues of h(z) and an upper bound α = −0.5 such that maxλ∈σ R (λ) < α < 0;

(b) Overapproximation of the reachable set of the system (4.20) produced by the method

in [91] using Taylor models for bounded verification. Together with this overapproxi-

mation we prove the equivalence of ∞-safety and T-safety of the system, for any T >

(T ′ + T ∗) = 15.5s.

४䰤 [−1, 与[15.5 U нӔⲴһᇎˈᡁԜᡀ࣏䇱᰾Ҷ㌫㔏(4.20)൘ᰐェᰦ䰤

ⲴᆹޘᙗǄ

ਜ਼ᴹཊњн਼ᰦᔦᑨᮠⲴ DDEs: ᮷所ᨀࠪⲴ䪸ሩ单њᰦᔦᑨᮠⲴ理论ˈवࡽ

ᤜ指ᮠՠ计઼ㅹԧᆹޘᙗᇊ理ˈਟԕⴤ᧕ൠᢙኅ㠣ᖒྲ(2.1)Ⲵਜ਼ᴹཊњн਼

ᰦᔦᑨᮠⲴа㡜ᖒᔿ DDEsǄѫ㾱Ⲵ४别൘Ҿˈ䴰㾱ሶᓄⲴ ∥B∥ e−rα ᴯᦒѪ∑k
i=1 ∥Ai∥ e−riαˈ㘼 ∥B∥ᴯᦒѪ
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δ = min
{
δϵ, δϵ/

(
K̂e−rα (

1 + ∥B∥
∫ r
0

e−ατ dτ
))}

δϵ = K̂e−rα (
1 + ∥B∥

∫ r
0

e−ατ dτ
)
∥ϕ∥ eϵK̂e−rα t+αt

ϵ≤ −α/(2K̂e−rα)
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Figure 4.2 Ubounded safety verification of the population dynamics. (a) The identified right-

most eigenvalues of h(z) and an upper bound α = −0.5 such that maxλ∈σ R (λ) < α < 0;

(b) Overapproximation of the reachable set of the system (4.20) produced by the method

in [91] using Taylor models for bounded verification. Together with this overapproxi-

mation we prove the equivalence of ∞-safety and T-safety of the system, for any T >

(T ′ + T ∗) = 15.5s.
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(b) Overapproximation of the reachable set of the system (4.20) produced by the method

in [91] using Taylor models for bounded verification. Together with this overapproxi-
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Why Time Delays Problem Formulation Unbounded Verification Concluding Remarks

Concluding Remarks

Problem : We face

increasingly wide-spread use of networked distributed sensing and control,
substantial feedback delays thus affecting dynamical control schemes,
delays impact control performance in continuous evolution.

Status : We present

a constructive method for computing a delay-dependent enclosure of the
infinite-horizon reachable set of a DDE featuring exponential stability,
a reduction of the verification problem over an unbounded temporal horizon to that
over a bounded one,
an extension of the scope of existing bounded verification techniques to unbounded
verification tasks.

Future Work : We plan to

exploit more permissive forms of stabilities, e.g. asymptotical stability,
investigate more general forms of DDEs, e.g., with time-varying, or distributed (i.e., a
weighted average of) delays,
refine the enclosure by, e.g., topologically partitioning the initial functional space.
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