
GNBA for LTL-formula ϕϕϕ ltlmc3.2-57b

G = (Q, 2AP , δ,Q0,F)G = (Q, 2AP , δ,Q0,F)G = (Q, 2AP , δ,Q0,F)

state space: QQQ ===
{
B ⊆ cl(ϕ) : B

{
B ⊆ cl(ϕ) : B

{
B ⊆ cl(ϕ) : B is elementary

}}}
initial states: Q0Q0Q0 ===

{
B ∈ Q : ϕ ∈ B

}{
B ∈ Q : ϕ ∈ B

}{
B ∈ Q : ϕ ∈ B

}
transition relation: for B ∈ QB ∈ QB ∈ Q and A ∈ 2APA ∈ 2APA ∈ 2AP :

if A �= B ∩ APA �= B ∩ APA �= B ∩ AP then δ(B,A) = ∅δ(B ,A) = ∅δ(B ,A) = ∅

if A = B ∩ APA = B ∩ APA = B ∩ AP then δ(B,A) =δ(B ,A) =δ(B ,A) = set of all B ′ ∈ QB ′ ∈ QB ′ ∈ Q s.t.

©ψ ∈ B©ψ ∈ B©ψ ∈ B iff ψ ∈ B ′ψ ∈ B ′ψ ∈ B ′

ψ1 Uψ2 ∈ Bψ1 Uψ2 ∈ Bψ1 Uψ2 ∈ B iff (ψ2 ∈ B) ∨ (ψ1 ∈ B ∧ ψ1 Uψ2 ∈ B ′)(ψ2 ∈ B) ∨ (ψ1 ∈ B ∧ ψ1 Uψ2 ∈ B ′)(ψ2 ∈ B) ∨ (ψ1 ∈ B ∧ ψ1 Uψ2 ∈ B ′)

acceptance set F =
{
Fψ1 Uψ2 : ψ1 Uψ2 ∈ cl(ϕ)

}
F =

{
F ψ1 Uψ2 : ψ1 Uψ2 ∈ cl(ϕ)

}
F =

{
F ψ1 Uψ2 : ψ1 Uψ2 ∈ cl(ϕ)

}
where Fψ1 Uψ2

=
{
B ∈ Q : ψ1 Uψ2 /∈ B ∨ ψ2 ∈ B

}
F ψ1 Uψ2

=
{
B ∈ Q : ψ1 Uψ2 /∈ B ∨ ψ2 ∈ B

}
Fψ1 Uψ2

=
{
B ∈ Q : ψ1 Uψ2 /∈ B ∨ ψ2 ∈ B

}
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Induction step: next step ltlmc3.2-62

Claim: If B0
A0→ B1

A1→ B2
A2→ ...B0

A0→ B1
A1→ B2

A2→ ...B0
A0→ B1

A1→ B2
A2→ ... is a path in GGG s.t.

∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F

then for all formulas ψ ∈ cl(ϕ)ψ ∈ cl(ϕ)ψ ∈ cl(ϕ):

ψ ∈ B0ψ ∈ B0ψ ∈ B0 iff A0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψ

Induction step: for ψ =©ψ′ψ =©ψ′ψ =©ψ′:
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Induction step: next step ltlmc3.2-62

Claim: If B0
A0→ B1

A1→ B2
A2→ ...B0

A0→ B1
A1→ B2

A2→ ...B0
A0→ B1

A1→ B2
A2→ ... is a path in GGG s.t.

∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F

then for all formulas ψ ∈ cl(ϕ)ψ ∈ cl(ϕ)ψ ∈ cl(ϕ):

ψ ∈ B0ψ ∈ B0ψ ∈ B0 iff A0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψ

Induction step: for ψ =©ψ′ψ =©ψ′ψ =©ψ′:
ψ ∈ B0ψ ∈ B0ψ ∈ B0
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Induction step: next step ltlmc3.2-62

Claim: If B0
A0→ B1

A1→ B2
A2→ ...B0

A0→ B1
A1→ B2

A2→ ...B0
A0→ B1

A1→ B2
A2→ ... is a path in GGG s.t.

∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F B1 ∈ δ(B0,A0)B1 ∈ δ(B0,A0)B1 ∈ δ(B0,A0)

then for all formulas ψ ∈ cl(ϕ)ψ ∈ cl(ϕ)ψ ∈ cl(ϕ):

ψ ∈ B0ψ ∈ B0ψ ∈ B0 iff A0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψ

Induction step: for ψ =©ψ′ψ =©ψ′ψ =©ψ′:
ψ ∈ B0ψ ∈ B0ψ ∈ B0

iff ψ′ ∈ B1ψ′ ∈ B1ψ′ ∈ B1 (definition of δδδ)

269 / 527



Induction step: next step ltlmc3.2-62

Claim: If B0
A0→ B1

A1→ B2
A2→ ...B0

A0→ B1
A1→ B2

A2→ ...B0
A0→ B1

A1→ B2
A2→ ... is a path in GGG s.t.

∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F B1 ∈ δ(B0,A0)B1 ∈ δ(B0,A0)B1 ∈ δ(B0,A0)

then for all formulas ψ ∈ cl(ϕ)ψ ∈ cl(ϕ)ψ ∈ cl(ϕ):

ψ ∈ B0ψ ∈ B0ψ ∈ B0 iff A0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψ

Induction step: for ψ =©ψ′ψ =©ψ′ψ =©ψ′:
ψ ∈ B0ψ ∈ B0ψ ∈ B0

iff ψ′ ∈ B1ψ′ ∈ B1ψ′ ∈ B1 (definition of δδδ)

iff A1 A2 A3 . . . |= ψ′A1 A2 A3 . . . |= ψ′A1 A2 A3 . . . |= ψ′ (induction hypothesis)
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Induction step: next step ltlmc3.2-62

Claim: If B0
A0→ B1

A1→ B2
A2→ ...B0

A0→ B1
A1→ B2

A2→ ...B0
A0→ B1

A1→ B2
A2→ ... is a path in GGG s.t.

∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F B1 ∈ δ(B0,A0)B1 ∈ δ(B0,A0)B1 ∈ δ(B0,A0)

then for all formulas ψ ∈ cl(ϕ)ψ ∈ cl(ϕ)ψ ∈ cl(ϕ):

ψ ∈ B0ψ ∈ B0ψ ∈ B0 iff A0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψ

Induction step: for ψ =©ψ′ψ =©ψ′ψ =©ψ′:
ψ ∈ B0ψ ∈ B0ψ ∈ B0

iff ψ′ ∈ B1ψ′ ∈ B1ψ′ ∈ B1 (definition of δδδ)

iff A1 A2 A3 . . . |= ψ′A1 A2 A3 . . . |= ψ′A1 A2 A3 . . . |= ψ′ (induction hypothesis)

iff A0 A1 A2 A3 . . . |= ψA0 A1 A2 A3 . . . |= ψA0 A1 A2 A3 . . . |= ψ (semantics of©©©)
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Induction step: until ltlmc3.2-63
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Recall: elementary formula-sets ltlmc3.2-63

B ⊆ cl(ϕ)B ⊆ cl(ϕ)B ⊆ cl(ϕ) is elementary iff:

(i) BBB is maximal consistent w.r.t. prop. logic,
i.e., if ψψψ, ψ1 ∧ ψ2 ∈ cl(ϕ)ψ1 ∧ ψ2 ∈ cl(ϕ)ψ1 ∧ ψ2 ∈ cl(ϕ) then:

ψ �∈ Bψ �∈ Bψ �∈ B iff ¬ψ ∈ B¬ψ ∈ B¬ψ ∈ B

ψ1 ∧ ψ2 ∈ Bψ1 ∧ ψ2 ∈ Bψ1 ∧ ψ2 ∈ B iff ψ1 ∈ Bψ1 ∈ Bψ1 ∈ B and ψ2 ∈ Bψ2 ∈ Bψ2 ∈ B

true ∈ cl(ϕ)true ∈ cl(ϕ)true ∈ cl(ϕ) implies true ∈ Btrue ∈ Btrue ∈ B

(ii) BBB is locally consistent with respect to until UUU,
i.e., if ψ1 Uψ2 ∈ cl(ϕ)ψ1 Uψ2 ∈ cl(ϕ)ψ1 Uψ2 ∈ cl(ϕ) then:

if ψ1 Uψ2 ∈ Bψ1 Uψ2 ∈ Bψ1 Uψ2 ∈ B and ψ2 �∈ Bψ2 �∈ Bψ2 �∈ B then ψ1 ∈ Bψ1 ∈ Bψ1 ∈ B

if ψ2 ∈ Bψ2 ∈ Bψ2 ∈ B then ψ1 Uψ2 ∈ Bψ1 Uψ2 ∈ Bψ1 Uψ2 ∈ B
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Recall: GNBA for LTL-formula ϕϕϕ ltlmc3.2-57d

G = (Q, 2AP , δ,Q0,F)G = (Q, 2AP , δ,Q0,F)G = (Q, 2AP , δ,Q0,F)

state space: QQQ ===
{
B ⊆ cl(ϕ) : B

{
B ⊆ cl(ϕ) : B

{
B ⊆ cl(ϕ) : B is elementary

}}}
initial states: Q0Q0Q0 ===

{
B ∈ Q : ϕ ∈ B

}{
B ∈ Q : ϕ ∈ B

}{
B ∈ Q : ϕ ∈ B

}
transition relation: for B ∈ QB ∈ QB ∈ Q and A ∈ 2APA ∈ 2APA ∈ 2AP :

if A �= B ∩ APA �= B ∩ APA �= B ∩ AP then δ(B,A) = ∅δ(B ,A) = ∅δ(B ,A) = ∅

if A = B ∩ APA = B ∩ APA = B ∩ AP then δ(B,A) =δ(B ,A) =δ(B ,A) = set of all B ′ ∈ QB ′ ∈ QB ′ ∈ Q s.t.

©ψ ∈ B©ψ ∈ B©ψ ∈ B iff ψ ∈ B ′ψ ∈ B ′ψ ∈ B ′

ψ1 Uψ2 ∈ Bψ1 Uψ2 ∈ Bψ1 Uψ2 ∈ B iff (ψ2 ∈ B) ∨ (ψ1 ∈ B ∧ ψ1 Uψ2 ∈ B ′)(ψ2 ∈ B) ∨ (ψ1 ∈ B ∧ ψ1 Uψ2 ∈ B ′)(ψ2 ∈ B) ∨ (ψ1 ∈ B ∧ ψ1 Uψ2 ∈ B ′)

acceptance set F =
{
Fψ1 Uψ2

: ψ1 Uψ2 ∈ cl(ϕ)
}

F =
{
F ψ1 Uψ2

: ψ1 Uψ2 ∈ cl(ϕ)
}

F =
{
F ψ1 Uψ2

: ψ1 Uψ2 ∈ cl(ϕ)
}

where Fψ1 Uψ2
=

{
B ∈ Q : ψ1 Uψ2 /∈ B ∨ ψ2 ∈ B

}
F ψ1 Uψ2 =

{
B ∈ Q : ψ1 Uψ2 /∈ B ∨ ψ2 ∈ B

}
Fψ1 Uψ2

=
{
B ∈ Q : ψ1 Uψ2 /∈ B ∨ ψ2 ∈ B

}
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Recall: GNBA for LTL-formula ϕϕϕ ltlmc3.2-57d

G = (Q, 2AP , δ,Q0,F)G = (Q, 2AP , δ,Q0,F)G = (Q, 2AP , δ,Q0,F)

state space: QQQ ===
{
B ⊆ cl(ϕ) : B

{
B ⊆ cl(ϕ) : B

{
B ⊆ cl(ϕ) : B is elementary

}}}
initial states: Q0Q0Q0 ===

{
B ∈ Q : ϕ ∈ B

}{
B ∈ Q : ϕ ∈ B

}{
B ∈ Q : ϕ ∈ B

}
transition relation: for B ∈ QB ∈ QB ∈ Q and A ∈ 2APA ∈ 2APA ∈ 2AP :

if A �= B ∩ APA �= B ∩ APA �= B ∩ AP then δ(B,A) = ∅δ(B ,A) = ∅δ(B ,A) = ∅

if A = B ∩ APA = B ∩ APA = B ∩ AP then δ(B,A) =δ(B ,A) =δ(B ,A) = set of all B ′ ∈ QB ′ ∈ QB ′ ∈ Q s.t.

©ψ ∈ B©ψ ∈ B©ψ ∈ B iff ψ ∈ B ′ψ ∈ B ′ψ ∈ B ′

ψ1 Uψ2 ∈ Bψ1 Uψ2 ∈ Bψ1 Uψ2 ∈ B iff (ψ2 ∈ B) ∨ (ψ1 ∈ B ∧ ψ1 Uψ2 ∈ B ′)(ψ2 ∈ B) ∨ (ψ1 ∈ B ∧ ψ1 Uψ2 ∈ B ′)(ψ2 ∈ B) ∨ (ψ1 ∈ B ∧ ψ1 Uψ2 ∈ B ′)

acceptance set F =
{
Fψ1 Uψ2

: ψ1 Uψ2 ∈ cl(ϕ)
}

F =
{
F ψ1 Uψ2

: ψ1 Uψ2 ∈ cl(ϕ)
}

F =
{
F ψ1 Uψ2

: ψ1 Uψ2 ∈ cl(ϕ)
}

where Fψ1 Uψ2
=

{
B ∈ Q : ψ1 Uψ2 /∈ B ∨ ψ2 ∈ B

}
F ψ1 Uψ2 =

{
B ∈ Q : ψ1 Uψ2 /∈ B ∨ ψ2 ∈ B

}
Fψ1 Uψ2

=
{
B ∈ Q : ψ1 Uψ2 /∈ B ∨ ψ2 ∈ B

}
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Induction step: until ltlmc3.2-63
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Induction step: until ltlmc3.2-63

Claim: If B0
A0→ B1

A1→ B2
A2→ ...B0

A0→ B1
A1→ B2

A2→ ...B0
A0→ B1

A1→ B2
A2→ ... is a path in GGG s.t.

∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F

then for all ψ ∈ cl(ϕ)ψ ∈ cl(ϕ)ψ ∈ cl(ϕ): ψ ∈ B0ψ ∈ B0ψ ∈ B0 iff A0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψ

Induction step for ψ = ψ1 Uψ2ψ = ψ1 Uψ2ψ = ψ1 Uψ2:
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Induction step: until (part “⇐=⇐=⇐=”) ltlmc3.2-63

Claim: If B0
A0→ B1

A1→ B2
A2→ ...B0

A0→ B1
A1→ B2

A2→ ...B0
A0→ B1

A1→ B2
A2→ ... is a path in GGG s.t.

∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F

then for all ψ ∈ cl(ϕ)ψ ∈ cl(ϕ)ψ ∈ cl(ϕ): ψ ∈ B0ψ ∈ B0ψ ∈ B0 iff A0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψ

Induction step for ψ = ψ1 Uψ2ψ = ψ1 Uψ2ψ = ψ1 Uψ2:

“⇐=⇐=⇐=”: Suppose A0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψ.
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Induction step: until (part “⇐=⇐=⇐=”) ltlmc3.2-63

Claim: If B0
A0→ B1

A1→ B2
A2→ ...B0

A0→ B1
A1→ B2

A2→ ...B0
A0→ B1

A1→ B2
A2→ ... is a path in GGG s.t.

∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F

then for all ψ ∈ cl(ϕ)ψ ∈ cl(ϕ)ψ ∈ cl(ϕ): ψ ∈ B0ψ ∈ B0ψ ∈ B0 iff A0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψ

Induction step for ψ = ψ1 Uψ2ψ = ψ1 Uψ2ψ = ψ1 Uψ2:

“⇐=⇐=⇐=”: Suppose A0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψ. Let j ≥ 0j ≥ 0j ≥ 0 s.t.

Aj Aj+1 Aj+2 . . .Aj Aj+1 Aj+2 . . .Aj Aj+1 Aj+2 . . . |= ψ2|= ψ2|= ψ2

Aj−1 Aj Aj−1 . . .Aj−1 Aj Aj−1 . . .Aj−1 Aj Aj−1 . . . |= ψ1|= ψ1|= ψ1

Aj−2 Aj−1 Aj . . .Aj−2 Aj−1 Aj . . .Aj−2 Aj−1 Aj . . . |= ψ1|= ψ1|= ψ1
...
...
...

A0 A1 A2 A3 . . .A0 A1 A2 A3 . . .A0 A1 A2 A3 . . . |= ψ1|= ψ1|= ψ1
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Induction step: until (part “⇐=⇐=⇐=”) ltlmc3.2-63

Claim: If B0
A0→ B1

A1→ B2
A2→ ...B0

A0→ B1
A1→ B2

A2→ ...B0
A0→ B1

A1→ B2
A2→ ... is a path in GGG s.t.

∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F

then for all ψ ∈ cl(ϕ)ψ ∈ cl(ϕ)ψ ∈ cl(ϕ): ψ ∈ B0ψ ∈ B0ψ ∈ B0 iff A0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψ

Induction step for ψ = ψ1 Uψ2ψ = ψ1 Uψ2ψ = ψ1 Uψ2:

“⇐=⇐=⇐=”: Suppose A0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψ. Let j ≥ 0j ≥ 0j ≥ 0 s.t.

Aj Aj+1 Aj+2 . . .Aj Aj+1 Aj+2 . . .Aj Aj+1 Aj+2 . . . |= ψ2|= ψ2|= ψ2
IH⇒⇒⇒ ψ2 ∈ Bjψ2 ∈ Bjψ2 ∈ Bj

Aj−1 Aj Aj−1 . . .Aj−1 Aj Aj−1 . . .Aj−1 Aj Aj−1 . . . |= ψ1|= ψ1|= ψ1 ⇒⇒⇒ ψ1 ∈ Bj−1ψ1 ∈ Bj−1ψ1 ∈ Bj−1

Aj−2 Aj−1 Aj . . .Aj−2 Aj−1 Aj . . .Aj−2 Aj−1 Aj . . . |= ψ1|= ψ1|= ψ1 ⇒⇒⇒ ψ1 ∈ Bj−2ψ1 ∈ Bj−2ψ1 ∈ Bj−2
...
...
...

...

...

...
A0 A1 A2 A3 . . .A0 A1 A2 A3 . . .A0 A1 A2 A3 . . . |= ψ1|= ψ1|= ψ1 ⇒⇒⇒ ψ1 ∈ B0ψ1 ∈ B0ψ1 ∈ B0
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Induction step: until (part “⇐=⇐=⇐=”) ltlmc3.2-63

Claim: If B0
A0→ B1

A1→ B2
A2→ ...B0

A0→ B1
A1→ B2

A2→ ...B0
A0→ B1

A1→ B2
A2→ ... is a path in GGG s.t.

∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F BjBjBj is elementary

then for all ψ ∈ cl(ϕ)ψ ∈ cl(ϕ)ψ ∈ cl(ϕ): ψ ∈ B0ψ ∈ B0ψ ∈ B0 iff A0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψ

Induction step for ψ = ψ1 Uψ2ψ = ψ1 Uψ2ψ = ψ1 Uψ2:

“⇐=⇐=⇐=”: Suppose A0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψ. Let j ≥ 0j ≥ 0j ≥ 0 s.t.

Aj Aj+1 Aj+2 . . .Aj Aj+1 Aj+2 . . .Aj Aj+1 Aj+2 . . . |= ψ2|= ψ2|= ψ2
IH⇒⇒⇒ ψ2 ∈ Bjψ2 ∈ Bjψ2 ∈ Bj ⇒⇒⇒ ψ ∈ Bjψ ∈ Bjψ ∈ Bj

Aj−1 Aj Aj−1 . . .Aj−1 Aj Aj−1 . . .Aj−1 Aj Aj−1 . . . |= ψ1|= ψ1|= ψ1 ⇒⇒⇒ ψ1 ∈ Bj−1ψ1 ∈ Bj−1ψ1 ∈ Bj−1

Aj−2 Aj−1 Aj . . .Aj−2 Aj−1 Aj . . .Aj−2 Aj−1 Aj . . . |= ψ1|= ψ1|= ψ1 ⇒⇒⇒ ψ1 ∈ Bj−2ψ1 ∈ Bj−2ψ1 ∈ Bj−2
...
...
...

...

...

...
A0 A1 A2 A3 . . .A0 A1 A2 A3 . . .A0 A1 A2 A3 . . . |= ψ1|= ψ1|= ψ1 ⇒⇒⇒ ψ1 ∈ B0ψ1 ∈ B0ψ1 ∈ B0
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Induction step: until (part “⇐=⇐=⇐=”) ltlmc3.2-63

Claim: If B0
A0→ B1

A1→ B2
A2→ ...B0

A0→ B1
A1→ B2

A2→ ...B0
A0→ B1

A1→ B2
A2→ ... is a path in GGG s.t.

∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F Bj ∈ δ(Bj−1,Aj−1)Bj ∈ δ(Bj−1,Aj−1)Bj ∈ δ(Bj−1,Aj−1)

then for all ψ ∈ cl(ϕ)ψ ∈ cl(ϕ)ψ ∈ cl(ϕ): ψ ∈ B0ψ ∈ B0ψ ∈ B0 iff A0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψ

Induction step for ψ = ψ1 Uψ2ψ = ψ1 Uψ2ψ = ψ1 Uψ2:

“⇐=⇐=⇐=”: Suppose A0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψ. Let j ≥ 0j ≥ 0j ≥ 0 s.t.

Aj Aj+1 Aj+2 . . .Aj Aj+1 Aj+2 . . .Aj Aj+1 Aj+2 . . . |= ψ2|= ψ2|= ψ2
IH⇒⇒⇒ ψ2 ∈ Bjψ2 ∈ Bjψ2 ∈ Bj ⇒⇒⇒ ψ ∈ Bjψ ∈ Bjψ ∈ Bj

Aj−1 Aj Aj−1 . . .Aj−1 Aj Aj−1 . . .Aj−1 Aj Aj−1 . . . |= ψ1|= ψ1|= ψ1 ⇒⇒⇒ ψ1 ∈ Bj−1ψ1 ∈ Bj−1ψ1 ∈ Bj−1 ∧∧∧ ψ ∈ Bj−1ψ ∈ Bj−1ψ ∈ Bj−1

Aj−2 Aj−1 Aj . . .Aj−2 Aj−1 Aj . . .Aj−2 Aj−1 Aj . . . |= ψ1|= ψ1|= ψ1 ⇒⇒⇒ ψ1 ∈ Bj−2ψ1 ∈ Bj−2ψ1 ∈ Bj−2
...
...
...

...

...

...
A0 A1 A2 A3 . . .A0 A1 A2 A3 . . .A0 A1 A2 A3 . . . |= ψ1|= ψ1|= ψ1 ⇒⇒⇒ ψ1 ∈ B0ψ1 ∈ B0ψ1 ∈ B0
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Induction step: until (part “⇐=⇐=⇐=”) ltlmc3.2-63

Claim: If B0
A0→ B1

A1→ B2
A2→ ...B0

A0→ B1
A1→ B2

A2→ ...B0
A0→ B1

A1→ B2
A2→ ... is a path in GGG s.t.

∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F Bj−1 ∈ δ(Bj−2,Aj−2)Bj−1 ∈ δ(Bj−2,Aj−2)Bj−1 ∈ δ(Bj−2,Aj−2)

then for all ψ ∈ cl(ϕ)ψ ∈ cl(ϕ)ψ ∈ cl(ϕ): ψ ∈ B0ψ ∈ B0ψ ∈ B0 iff A0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψ

Induction step for ψ = ψ1 Uψ2ψ = ψ1 Uψ2ψ = ψ1 Uψ2:

“⇐=⇐=⇐=”: Suppose A0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψ. Let j ≥ 0j ≥ 0j ≥ 0 s.t.

Aj Aj+1 Aj+2 . . .Aj Aj+1 Aj+2 . . .Aj Aj+1 Aj+2 . . . |= ψ2|= ψ2|= ψ2
IH⇒⇒⇒ ψ2 ∈ Bjψ2 ∈ Bjψ2 ∈ Bj ⇒⇒⇒ ψ ∈ Bjψ ∈ Bjψ ∈ Bj

Aj−1 Aj Aj−1 . . .Aj−1 Aj Aj−1 . . .Aj−1 Aj Aj−1 . . . |= ψ1|= ψ1|= ψ1 ⇒⇒⇒ ψ1 ∈ Bj−1ψ1 ∈ Bj−1ψ1 ∈ Bj−1 ∧∧∧ ψ ∈ Bj−1ψ ∈ Bj−1ψ ∈ Bj−1

Aj−2 Aj−1 Aj . . .Aj−2 Aj−1 Aj . . .Aj−2 Aj−1 Aj . . . |= ψ1|= ψ1|= ψ1 ⇒⇒⇒ ψ1 ∈ Bj−2ψ1 ∈ Bj−2ψ1 ∈ Bj−2 ∧∧∧ ψ ∈ Bj−2ψ ∈ Bj−2ψ ∈ Bj−2
...
...
...

...

...

...
A0 A1 A2 A3 . . .A0 A1 A2 A3 . . .A0 A1 A2 A3 . . . |= ψ1|= ψ1|= ψ1 ⇒⇒⇒ ψ1 ∈ B0ψ1 ∈ B0ψ1 ∈ B0

283 / 527



Induction step: until (part “⇐=⇐=⇐=”) ltlmc3.2-63

Claim: If B0
A0→ B1

A1→ B2
A2→ ...B0

A0→ B1
A1→ B2

A2→ ...B0
A0→ B1

A1→ B2
A2→ ... is a path in GGG s.t.

∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F B1 ∈ δ(B0,A0)B1 ∈ δ(B0,A0)B1 ∈ δ(B0,A0)

then for all ψ ∈ cl(ϕ)ψ ∈ cl(ϕ)ψ ∈ cl(ϕ): ψ ∈ B0ψ ∈ B0ψ ∈ B0 iff A0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψ

Induction step for ψ = ψ1 Uψ2ψ = ψ1 Uψ2ψ = ψ1 Uψ2:

“⇐=⇐=⇐=”: Suppose A0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψ. Let j ≥ 0j ≥ 0j ≥ 0 s.t.

Aj Aj+1 Aj+2 . . .Aj Aj+1 Aj+2 . . .Aj Aj+1 Aj+2 . . . |= ψ2|= ψ2|= ψ2
IH⇒⇒⇒ ψ2 ∈ Bjψ2 ∈ Bjψ2 ∈ Bj ⇒⇒⇒ ψ ∈ Bjψ ∈ Bjψ ∈ Bj

Aj−1 Aj Aj−1 . . .Aj−1 Aj Aj−1 . . .Aj−1 Aj Aj−1 . . . |= ψ1|= ψ1|= ψ1 ⇒⇒⇒ ψ1 ∈ Bj−1ψ1 ∈ Bj−1ψ1 ∈ Bj−1 ∧∧∧ ψ ∈ Bj−1ψ ∈ Bj−1ψ ∈ Bj−1

Aj−2 Aj−1 Aj . . .Aj−2 Aj−1 Aj . . .Aj−2 Aj−1 Aj . . . |= ψ1|= ψ1|= ψ1 ⇒⇒⇒ ψ1 ∈ Bj−2ψ1 ∈ Bj−2ψ1 ∈ Bj−2 ∧∧∧ ψ ∈ Bj−2ψ ∈ Bj−2ψ ∈ Bj−2
...
...
...

...

...

...
...
...
...

A0 A1 A2 A3 . . .A0 A1 A2 A3 . . .A0 A1 A2 A3 . . . |= ψ1|= ψ1|= ψ1 ⇒⇒⇒ ψ1 ∈ B0ψ1 ∈ B0ψ1 ∈ B0 ∧∧∧ ψ ∈ B0ψ ∈ B0ψ ∈ B0
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Induction step: until (part “=⇒=⇒=⇒”) ltlmc3.2-64
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Induction step: until (part “=⇒=⇒=⇒”) ltlmc3.2-64

Claim: If B0
A0→ B1

A1→ B2
A2→ ...B0

A0→ B1
A1→ B2

A2→ ...B0
A0→ B1

A1→ B2
A2→ ... is a path in GGG s.t.

∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F

then for all ψ ∈ cl(ϕ)ψ ∈ cl(ϕ)ψ ∈ cl(ϕ): ψ ∈ B0ψ ∈ B0ψ ∈ B0 iff A0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψ

Induction step for ψ = ψ1 Uψ2ψ = ψ1 Uψ2ψ = ψ1 Uψ2:
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Induction step: until (part “=⇒=⇒=⇒”) ltlmc3.2-64

Claim: If B0
A0→ B1

A1→ B2
A2→ ...B0

A0→ B1
A1→ B2

A2→ ...B0
A0→ B1

A1→ B2
A2→ ... is a path in GGG s.t.

∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F

then for all ψ ∈ cl(ϕ)ψ ∈ cl(ϕ)ψ ∈ cl(ϕ): ψ ∈ B0ψ ∈ B0ψ ∈ B0 iff A0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψ

Induction step for ψ = ψ1 Uψ2ψ = ψ1 Uψ2ψ = ψ1 Uψ2:

“=⇒=⇒=⇒” Suppose ψ ∈ B0ψ ∈ B0ψ ∈ B0.
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Induction step: until (part “=⇒=⇒=⇒”) ltlmc3.2-64

Claim: If B0
A0→ B1

A1→ B2
A2→ ...B0

A0→ B1
A1→ B2

A2→ ...B0
A0→ B1

A1→ B2
A2→ ... is a path in GGG s.t.

∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F

then for all ψ ∈ cl(ϕ)ψ ∈ cl(ϕ)ψ ∈ cl(ϕ): ψ ∈ B0ψ ∈ B0ψ ∈ B0 iff A0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψ

Induction step for ψ = ψ1 Uψ2ψ = ψ1 Uψ2ψ = ψ1 Uψ2:

“=⇒=⇒=⇒” Suppose ψ ∈ B0ψ ∈ B0ψ ∈ B0. There exists j ≥ 0j ≥ 0j ≥ 0 with ψ2 ∈ Bjψ2 ∈ Bjψ2 ∈ Bj ,
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Induction step: until (part “=⇒=⇒=⇒”) ltlmc3.2-64

Claim: If B0
A0→ B1

A1→ B2
A2→ ...B0

A0→ B1
A1→ B2

A2→ ...B0
A0→ B1

A1→ B2
A2→ ... is a path in GGG s.t.

∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F

then for all ψ ∈ cl(ϕ)ψ ∈ cl(ϕ)ψ ∈ cl(ϕ): ψ ∈ B0ψ ∈ B0ψ ∈ B0 iff A0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψ

Induction step for ψ = ψ1 Uψ2ψ = ψ1 Uψ2ψ = ψ1 Uψ2:

“=⇒=⇒=⇒” Suppose ψ ∈ B0ψ ∈ B0ψ ∈ B0. There exists j ≥ 0j ≥ 0j ≥ 0 with ψ2 ∈ Bjψ2 ∈ Bjψ2 ∈ Bj ,
since otherwise ∀j ≥ 0. ψ2 /∈ Bj∀j ≥ 0. ψ2 /∈ Bj∀j ≥ 0. ψ2 /∈ Bj
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Induction step: until (part “=⇒=⇒=⇒”) ltlmc3.2-64

Claim: If B0
A0→ B1

A1→ B2
A2→ ...B0

A0→ B1
A1→ B2

A2→ ...B0
A0→ B1

A1→ B2
A2→ ... is a path in GGG s.t.

∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F

then for all ψ ∈ cl(ϕ)ψ ∈ cl(ϕ)ψ ∈ cl(ϕ): ψ ∈ B0ψ ∈ B0ψ ∈ B0 iff A0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψ

Induction step for ψ = ψ1 Uψ2ψ = ψ1 Uψ2ψ = ψ1 Uψ2:

“=⇒=⇒=⇒” Suppose ψ ∈ B0ψ ∈ B0ψ ∈ B0. There exists j ≥ 0j ≥ 0j ≥ 0 with ψ2 ∈ Bjψ2 ∈ Bjψ2 ∈ Bj ,
since otherwise ∀j ≥ 0. ψ2 /∈ Bj∀j ≥ 0. ψ2 /∈ Bj∀j ≥ 0. ψ2 /∈ Bj and therefore:

ψ ∈ B0ψ ∈ B0ψ ∈ B0 ∧∧∧ ψ2 �∈ B0ψ2 �∈ B0ψ2 �∈ B0
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Induction step: until (part “=⇒=⇒=⇒”) ltlmc3.2-64

Claim: If B0
A0→ B1

A1→ B2
A2→ ...B0

A0→ B1
A1→ B2

A2→ ...B0
A0→ B1

A1→ B2
A2→ ... is a path in GGG s.t.

∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F Bi+1 ∈ δ(Bi ,Ai)Bi+1 ∈ δ(Bi ,Ai)Bi+1 ∈ δ(Bi ,Ai)

then for all ψ ∈ cl(ϕ)ψ ∈ cl(ϕ)ψ ∈ cl(ϕ): ψ ∈ B0ψ ∈ B0ψ ∈ B0 iff A0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψ

Induction step for ψ = ψ1 Uψ2ψ = ψ1 Uψ2ψ = ψ1 Uψ2:

“=⇒=⇒=⇒” Suppose ψ ∈ B0ψ ∈ B0ψ ∈ B0. There exists j ≥ 0j ≥ 0j ≥ 0 with ψ2 ∈ Bjψ2 ∈ Bjψ2 ∈ Bj ,
since otherwise ∀j ≥ 0. ψ2 /∈ Bj∀j ≥ 0. ψ2 /∈ Bj∀j ≥ 0. ψ2 /∈ Bj and therefore:

ψ ∈ B0ψ ∈ B0ψ ∈ B0 ∧∧∧ ψ2 �∈ B0ψ2 �∈ B0ψ2 �∈ B0

⇒⇒⇒ ψ ∈ B1ψ ∈ B1ψ ∈ B1
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Induction step: until (part “=⇒=⇒=⇒”) ltlmc3.2-64

Claim: If B0
A0→ B1

A1→ B2
A2→ ...B0

A0→ B1
A1→ B2

A2→ ...B0
A0→ B1

A1→ B2
A2→ ... is a path in GGG s.t.

∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F Bi+1 ∈ δ(Bi ,Ai)Bi+1 ∈ δ(Bi ,Ai)Bi+1 ∈ δ(Bi ,Ai)

then for all ψ ∈ cl(ϕ)ψ ∈ cl(ϕ)ψ ∈ cl(ϕ): ψ ∈ B0ψ ∈ B0ψ ∈ B0 iff A0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψ

Induction step for ψ = ψ1 Uψ2ψ = ψ1 Uψ2ψ = ψ1 Uψ2:

“=⇒=⇒=⇒” Suppose ψ ∈ B0ψ ∈ B0ψ ∈ B0. There exists j ≥ 0j ≥ 0j ≥ 0 with ψ2 ∈ Bjψ2 ∈ Bjψ2 ∈ Bj ,
since otherwise ∀j ≥ 0. ψ2 /∈ Bj∀j ≥ 0. ψ2 /∈ Bj∀j ≥ 0. ψ2 /∈ Bj and therefore:

ψ ∈ B0ψ ∈ B0ψ ∈ B0 ∧∧∧ ψ2 �∈ B0ψ2 �∈ B0ψ2 �∈ B0

⇒⇒⇒ ψ ∈ B1ψ ∈ B1ψ ∈ B1 ∧∧∧ ψ2 �∈ B1ψ2 �∈ B1ψ2 �∈ B1
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Induction step: until (part “=⇒=⇒=⇒”) ltlmc3.2-64

Claim: If B0
A0→ B1

A1→ B2
A2→ ...B0

A0→ B1
A1→ B2

A2→ ...B0
A0→ B1

A1→ B2
A2→ ... is a path in GGG s.t.

∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F Bi+1 ∈ δ(Bi ,Ai)Bi+1 ∈ δ(Bi ,Ai)Bi+1 ∈ δ(Bi ,Ai)

then for all ψ ∈ cl(ϕ)ψ ∈ cl(ϕ)ψ ∈ cl(ϕ): ψ ∈ B0ψ ∈ B0ψ ∈ B0 iff A0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψ

Induction step for ψ = ψ1 Uψ2ψ = ψ1 Uψ2ψ = ψ1 Uψ2:

“=⇒=⇒=⇒” Suppose ψ ∈ B0ψ ∈ B0ψ ∈ B0. There exists j ≥ 0j ≥ 0j ≥ 0 with ψ2 ∈ Bjψ2 ∈ Bjψ2 ∈ Bj ,
since otherwise ∀j ≥ 0. ψ2 /∈ Bj∀j ≥ 0. ψ2 /∈ Bj∀j ≥ 0. ψ2 /∈ Bj and therefore:

ψ ∈ B0ψ ∈ B0ψ ∈ B0 ∧∧∧ ψ2 �∈ B0ψ2 �∈ B0ψ2 �∈ B0

⇒⇒⇒ ψ ∈ B1ψ ∈ B1ψ ∈ B1 ∧∧∧ ψ2 �∈ B1ψ2 �∈ B1ψ2 �∈ B1

⇒⇒⇒ ψ ∈ B2ψ ∈ B2ψ ∈ B2
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Induction step: until (part “=⇒=⇒=⇒”) ltlmc3.2-64

Claim: If B0
A0→ B1

A1→ B2
A2→ ...B0

A0→ B1
A1→ B2

A2→ ...B0
A0→ B1

A1→ B2
A2→ ... is a path in GGG s.t.

∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F Bi+1 ∈ δ(Bi ,Ai)Bi+1 ∈ δ(Bi ,Ai)Bi+1 ∈ δ(Bi ,Ai)

then for all ψ ∈ cl(ϕ)ψ ∈ cl(ϕ)ψ ∈ cl(ϕ): ψ ∈ B0ψ ∈ B0ψ ∈ B0 iff A0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψ

Induction step for ψ = ψ1 Uψ2ψ = ψ1 Uψ2ψ = ψ1 Uψ2:

“=⇒=⇒=⇒” Suppose ψ ∈ B0ψ ∈ B0ψ ∈ B0. There exists j ≥ 0j ≥ 0j ≥ 0 with ψ2 ∈ Bjψ2 ∈ Bjψ2 ∈ Bj ,
since otherwise ∀j ≥ 0. ψ2 /∈ Bj∀j ≥ 0. ψ2 /∈ Bj∀j ≥ 0. ψ2 /∈ Bj and therefore:

ψ ∈ B0ψ ∈ B0ψ ∈ B0 ∧∧∧ ψ2 �∈ B0ψ2 �∈ B0ψ2 �∈ B0

⇒⇒⇒ ψ ∈ B1ψ ∈ B1ψ ∈ B1 ∧∧∧ ψ2 �∈ B1ψ2 �∈ B1ψ2 �∈ B1

⇒⇒⇒ ψ ∈ B2ψ ∈ B2ψ ∈ B2 ∧∧∧ ψ2 �∈ B2ψ2 �∈ B2ψ2 �∈ B2
...
...
...
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Induction step: until (part “=⇒=⇒=⇒”) ltlmc3.2-64

Claim: If B0
A0→ B1

A1→ B2
A2→ ...B0

A0→ B1
A1→ B2

A2→ ...B0
A0→ B1

A1→ B2
A2→ ... is a path in GGG s.t.

∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F

then for all ψ ∈ cl(ϕ)ψ ∈ cl(ϕ)ψ ∈ cl(ϕ): ψ ∈ B0ψ ∈ B0ψ ∈ B0 iff A0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψ

Induction step for ψ = ψ1 Uψ2ψ = ψ1 Uψ2ψ = ψ1 Uψ2:

“=⇒=⇒=⇒” Suppose ψ ∈ B0ψ ∈ B0ψ ∈ B0. There exists j ≥ 0j ≥ 0j ≥ 0 with ψ2 ∈ Bjψ2 ∈ Bjψ2 ∈ Bj ,
since otherwise ∀j ≥ 0. ψ2 /∈ Bj∀j ≥ 0. ψ2 /∈ Bj∀j ≥ 0. ψ2 /∈ Bj and therefore:

ψ ∈ B0ψ ∈ B0ψ ∈ B0 ∧∧∧ ψ2 �∈ B0ψ2 �∈ B0ψ2 �∈ B0

⇒⇒⇒ ψ ∈ B1ψ ∈ B1ψ ∈ B1 ∧∧∧ ψ2 �∈ B1ψ2 �∈ B1ψ2 �∈ B1

⇒⇒⇒ ψ ∈ B2ψ ∈ B2ψ ∈ B2 ∧∧∧ ψ2 �∈ B2ψ2 �∈ B2ψ2 �∈ B2
...
...
...


=⇒ ∀j ≥ 0=⇒ ∀j ≥ 0=⇒ ∀j ≥ 0. Bj �∈ FψBj �∈ FψBj �∈ Fψ where

Fψ = {B : ψ �∈ BFψ = {B : ψ �∈ BFψ = {B : ψ �∈ B or ψ2 ∈ B}ψ2 ∈ B}ψ2 ∈ B}
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Induction step: until (part “=⇒=⇒=⇒”) ltlmc3.2-64

Claim: If B0
A0→ B1

A1→ B2
A2→ ...B0

A0→ B1
A1→ B2

A2→ ...B0
A0→ B1

A1→ B2
A2→ ... is a path in GGG s.t.

∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F

then for all ψ ∈ cl(ϕ)ψ ∈ cl(ϕ)ψ ∈ cl(ϕ): ψ ∈ B0ψ ∈ B0ψ ∈ B0 iff A0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψ

Induction step for ψ = ψ1 Uψ2ψ = ψ1 Uψ2ψ = ψ1 Uψ2:

“=⇒=⇒=⇒” Suppose ψ ∈ B0ψ ∈ B0ψ ∈ B0. There exists j ≥ 0j ≥ 0j ≥ 0 with ψ2 ∈ Bjψ2 ∈ Bjψ2 ∈ Bj ,
since otherwise ∀j ≥ 0. ψ2 /∈ Bj∀j ≥ 0. ψ2 /∈ Bj∀j ≥ 0. ψ2 /∈ Bj and therefore:

ψ ∈ B0ψ ∈ B0ψ ∈ B0 ∧∧∧ ψ2 �∈ B0ψ2 �∈ B0ψ2 �∈ B0

⇒⇒⇒ ψ ∈ B1ψ ∈ B1ψ ∈ B1 ∧∧∧ ψ2 �∈ B1ψ2 �∈ B1ψ2 �∈ B1

⇒⇒⇒ ψ ∈ B2ψ ∈ B2ψ ∈ B2 ∧∧∧ ψ2 �∈ B2ψ2 �∈ B2ψ2 �∈ B2
...
...
...


=⇒ ∀j ≥ 0=⇒ ∀j ≥ 0=⇒ ∀j ≥ 0. Bj �∈ FψBj �∈ FψBj �∈ Fψ where

Fψ = {B : ψ �∈ BFψ = {B : ψ �∈ BFψ = {B : ψ �∈ B or ψ2 ∈ B}ψ2 ∈ B}ψ2 ∈ B}
Contradiction!

296 / 527



Induction step: until (part “=⇒=⇒=⇒”) ltlmc3.2-65
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Induction step: until (part “=⇒=⇒=⇒”) ltlmc3.2-65

Claim: If B0
A0→ B1

A1→ B2
A2→ ...B0

A0→ B1
A1→ B2

A2→ ...B0
A0→ B1

A1→ B2
A2→ ... is a path in GGG s.t.

∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F

then for all ψ ∈ cl(ϕ)ψ ∈ cl(ϕ)ψ ∈ cl(ϕ): ψ ∈ B0ψ ∈ B0ψ ∈ B0 iff A0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψ

Induction step for ψ = ψ1 Uψ2ψ = ψ1 Uψ2ψ = ψ1 Uψ2:

Let ψ ∈ B0ψ ∈ B0ψ ∈ B0 and j ≥ 0j ≥ 0j ≥ 0 minimal s.t. ψ2 ∈ Bjψ2 ∈ Bjψ2 ∈ Bj
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Induction step: until (part “=⇒=⇒=⇒”) ltlmc3.2-65

Claim: If B0
A0→ B1

A1→ B2
A2→ ...B0

A0→ B1
A1→ B2

A2→ ...B0
A0→ B1

A1→ B2
A2→ ... is a path in GGG s.t.

∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F

then for all ψ ∈ cl(ϕ)ψ ∈ cl(ϕ)ψ ∈ cl(ϕ): ψ ∈ B0ψ ∈ B0ψ ∈ B0 iff A0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψ

Induction step for ψ = ψ1 Uψ2ψ = ψ1 Uψ2ψ = ψ1 Uψ2:

Let ψ ∈ B0ψ ∈ B0ψ ∈ B0 and j ≥ 0j ≥ 0j ≥ 0 minimal s.t. ψ2 ∈ Bjψ2 ∈ Bjψ2 ∈ Bj

IH
=⇒=⇒=⇒ Aj Aj+1 . . .Aj Aj+1 . . .Aj Aj+1 . . . |= ψ2|= ψ2|= ψ2
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Induction step: until (part “=⇒=⇒=⇒”) ltlmc3.2-65

Claim: If B0
A0→ B1

A1→ B2
A2→ ...B0

A0→ B1
A1→ B2

A2→ ...B0
A0→ B1

A1→ B2
A2→ ... is a path in GGG s.t.

∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F

then for all ψ ∈ cl(ϕ)ψ ∈ cl(ϕ)ψ ∈ cl(ϕ): ψ ∈ B0ψ ∈ B0ψ ∈ B0 iff A0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψ

Induction step for ψ = ψ1 Uψ2ψ = ψ1 Uψ2ψ = ψ1 Uψ2:

Let ψ ∈ B0ψ ∈ B0ψ ∈ B0 and j ≥ 0j ≥ 0j ≥ 0 minimal s.t. ψ2 ∈ Bjψ2 ∈ Bjψ2 ∈ Bj

IH
=⇒=⇒=⇒ Aj Aj+1 . . .Aj Aj+1 . . .Aj Aj+1 . . . |= ψ2|= ψ2|= ψ2

¬ψ2 ∈ Bj−1¬ψ2 ∈ Bj−1¬ψ2 ∈ Bj−1

¬ψ2 ∈ Bj−2¬ψ2 ∈ Bj−2¬ψ2 ∈ Bj−2...
...
...

¬ψ2 ∈ B1¬ψ2 ∈ B1¬ψ2 ∈ B1

¬ψ2 ∈ B0¬ψ2 ∈ B0¬ψ2 ∈ B0
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Induction step: until (part “=⇒=⇒=⇒”) ltlmc3.2-65

Claim: If B0
A0→ B1

A1→ B2
A2→ ...B0

A0→ B1
A1→ B2

A2→ ...B0
A0→ B1

A1→ B2
A2→ ... is a path in GGG s.t.

∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F

then for all ψ ∈ cl(ϕ)ψ ∈ cl(ϕ)ψ ∈ cl(ϕ): ψ ∈ B0ψ ∈ B0ψ ∈ B0 iff A0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψ

Induction step for ψ = ψ1 Uψ2ψ = ψ1 Uψ2ψ = ψ1 Uψ2:

Let ψ ∈ B0ψ ∈ B0ψ ∈ B0 and j ≥ 0j ≥ 0j ≥ 0 minimal s.t. ψ2 ∈ Bjψ2 ∈ Bjψ2 ∈ Bj

IH
=⇒=⇒=⇒ Aj Aj+1 . . .Aj Aj+1 . . .Aj Aj+1 . . . |= ψ2|= ψ2|= ψ2

¬ψ2 ∈ Bj−1¬ψ2 ∈ Bj−1¬ψ2 ∈ Bj−1

¬ψ2 ∈ Bj−2¬ψ2 ∈ Bj−2¬ψ2 ∈ Bj−2...
...
...

¬ψ2 ∈ B1¬ψ2 ∈ B1¬ψ2 ∈ B1

¬ψ2, ψ ∈ B0¬ψ2, ψ ∈ B0¬ψ2, ψ ∈ B0 ←−←−←− by assumption
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Induction step: until (part “=⇒=⇒=⇒”) ltlmc3.2-65

Claim: If B0
A0→ B1

A1→ B2
A2→ ...B0

A0→ B1
A1→ B2

A2→ ...B0
A0→ B1

A1→ B2
A2→ ... is a path in GGG s.t.

∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F

then for all ψ ∈ cl(ϕ)ψ ∈ cl(ϕ)ψ ∈ cl(ϕ): ψ ∈ B0ψ ∈ B0ψ ∈ B0 iff A0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψ

Induction step for ψ = ψ1 Uψ2ψ = ψ1 Uψ2ψ = ψ1 Uψ2:

Let ψ ∈ B0ψ ∈ B0ψ ∈ B0 and j ≥ 0j ≥ 0j ≥ 0 minimal s.t. ψ2 ∈ Bjψ2 ∈ Bjψ2 ∈ Bj

IH
=⇒=⇒=⇒ Aj Aj+1 . . .Aj Aj+1 . . .Aj Aj+1 . . . |= ψ2|= ψ2|= ψ2

¬ψ2 ∈ Bj−1¬ψ2 ∈ Bj−1¬ψ2 ∈ Bj−1

¬ψ2 ∈ Bj−2¬ψ2 ∈ Bj−2¬ψ2 ∈ Bj−2...
...
...

¬ψ2 ∈ B1¬ψ2 ∈ B1¬ψ2 ∈ B1

¬ψ2, ψ1, ψ ∈ B0¬ψ2, ψ1, ψ ∈ B0¬ψ2, ψ1, ψ ∈ B0 ←←← local consistency w.r.t. UUU
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Induction step: until (part “=⇒=⇒=⇒”) ltlmc3.2-65

Claim: If B0
A0→ B1

A1→ B2
A2→ ...B0

A0→ B1
A1→ B2

A2→ ...B0
A0→ B1

A1→ B2
A2→ ... is a path in GGG s.t.

∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F Bi+1 ∈ δ(Bi ,Ai)Bi+1 ∈ δ(Bi ,Ai)Bi+1 ∈ δ(Bi ,Ai)

then for all ψ ∈ cl(ϕ)ψ ∈ cl(ϕ)ψ ∈ cl(ϕ): ψ ∈ B0ψ ∈ B0ψ ∈ B0 iff A0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψ

Induction step for ψ = ψ1 Uψ2ψ = ψ1 Uψ2ψ = ψ1 Uψ2:

Let ψ ∈ B0ψ ∈ B0ψ ∈ B0 and j ≥ 0j ≥ 0j ≥ 0 minimal s.t. ψ2 ∈ Bjψ2 ∈ Bjψ2 ∈ Bj

IH
=⇒=⇒=⇒ Aj Aj+1 . . .Aj Aj+1 . . .Aj Aj+1 . . . |= ψ2|= ψ2|= ψ2

¬ψ2 ∈ Bj−1¬ψ2 ∈ Bj−1¬ψ2 ∈ Bj−1

¬ψ2 ∈ Bj−2¬ψ2 ∈ Bj−2¬ψ2 ∈ Bj−2...
...
...

¬ψ2, ψ1, ψ ∈ B1¬ψ2, ψ1, ψ ∈ B1¬ψ2, ψ1, ψ ∈ B1

¬ψ2, ψ1, ψ ∈ B0¬ψ2, ψ1, ψ ∈ B0¬ψ2, ψ1, ψ ∈ B0 ←←← local consistency w.r.t. UUU
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Induction step: until (part “=⇒=⇒=⇒”) ltlmc3.2-65

Claim: If B0
A0→ B1

A1→ B2
A2→ ...B0

A0→ B1
A1→ B2

A2→ ...B0
A0→ B1

A1→ B2
A2→ ... is a path in GGG s.t.

∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F Bi+1 ∈ δ(Bi ,Ai)Bi+1 ∈ δ(Bi ,Ai)Bi+1 ∈ δ(Bi ,Ai)

then for all ψ ∈ cl(ϕ)ψ ∈ cl(ϕ)ψ ∈ cl(ϕ): ψ ∈ B0ψ ∈ B0ψ ∈ B0 iff A0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψ

Induction step for ψ = ψ1 Uψ2ψ = ψ1 Uψ2ψ = ψ1 Uψ2:

Let ψ ∈ B0ψ ∈ B0ψ ∈ B0 and j ≥ 0j ≥ 0j ≥ 0 minimal s.t. ψ2 ∈ Bjψ2 ∈ Bjψ2 ∈ Bj

IH
=⇒=⇒=⇒ Aj Aj+1 . . .Aj Aj+1 . . .Aj Aj+1 . . . |= ψ2|= ψ2|= ψ2

¬ψ2, ψ1, ψ ∈ Bj−1¬ψ2, ψ1, ψ ∈ Bj−1¬ψ2, ψ1, ψ ∈ Bj−1

¬ψ2, ψ1, ψ ∈ Bj−2¬ψ2, ψ1, ψ ∈ Bj−2¬ψ2, ψ1, ψ ∈ Bj−2...
...
...

¬ψ2, ψ1, ψ ∈ B1¬ψ2, ψ1, ψ ∈ B1¬ψ2, ψ1, ψ ∈ B1

¬ψ2, ψ1, ψ ∈ B0¬ψ2, ψ1, ψ ∈ B0¬ψ2, ψ1, ψ ∈ B0 ←←← local consistency w.r.t. UUU
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Induction step: until (part “=⇒=⇒=⇒”) ltlmc3.2-65

Claim: If B0
A0→ B1

A1→ B2
A2→ ...B0

A0→ B1
A1→ B2

A2→ ...B0
A0→ B1

A1→ B2
A2→ ... is a path in GGG s.t.

∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F

then for all ψ ∈ cl(ϕ)ψ ∈ cl(ϕ)ψ ∈ cl(ϕ): ψ ∈ B0ψ ∈ B0ψ ∈ B0 iff A0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψ

Induction step for ψ = ψ1 Uψ2ψ = ψ1 Uψ2ψ = ψ1 Uψ2:

Let ψ ∈ B0ψ ∈ B0ψ ∈ B0 and j ≥ 0j ≥ 0j ≥ 0 minimal s.t. ψ2 ∈ Bjψ2 ∈ Bjψ2 ∈ Bj

IH
=⇒=⇒=⇒ Aj Aj+1 . . .Aj Aj+1 . . .Aj Aj+1 . . . |= ψ2|= ψ2|= ψ2

¬ψ2, ψ1, ψ ∈ Bj−1¬ψ2, ψ1, ψ ∈ Bj−1¬ψ2, ψ1, ψ ∈ Bj−1 =⇒=⇒=⇒ Aj−1 Aj . . .Aj−1 Aj . . .Aj−1 Aj . . . |= ψ1|= ψ1|= ψ1

¬ψ2, ψ1, ψ ∈ Bj−2¬ψ2, ψ1, ψ ∈ Bj−2¬ψ2, ψ1, ψ ∈ Bj−2...
...
...

¬ψ2, ψ1, ψ ∈ B1¬ψ2, ψ1, ψ ∈ B1¬ψ2, ψ1, ψ ∈ B1

¬ψ2, ψ1, ψ ∈ B0¬ψ2, ψ1, ψ ∈ B0¬ψ2, ψ1, ψ ∈ B0 ←←← local consistency w.r.t. UUU
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Induction step: until (part “=⇒=⇒=⇒”) ltlmc3.2-65

Claim: If B0
A0→ B1

A1→ B2
A2→ ...B0

A0→ B1
A1→ B2

A2→ ...B0
A0→ B1

A1→ B2
A2→ ... is a path in GGG s.t.

∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F

then for all ψ ∈ cl(ϕ)ψ ∈ cl(ϕ)ψ ∈ cl(ϕ): ψ ∈ B0ψ ∈ B0ψ ∈ B0 iff A0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψ

Induction step for ψ = ψ1 Uψ2ψ = ψ1 Uψ2ψ = ψ1 Uψ2:

Let ψ ∈ B0ψ ∈ B0ψ ∈ B0 and j ≥ 0j ≥ 0j ≥ 0 minimal s.t. ψ2 ∈ Bjψ2 ∈ Bjψ2 ∈ Bj

IH
=⇒=⇒=⇒ Aj Aj+1 . . .Aj Aj+1 . . .Aj Aj+1 . . . |= ψ2|= ψ2|= ψ2

¬ψ2, ψ1, ψ ∈ Bj−1¬ψ2, ψ1, ψ ∈ Bj−1¬ψ2, ψ1, ψ ∈ Bj−1 =⇒=⇒=⇒ Aj−1 Aj . . .Aj−1 Aj . . .Aj−1 Aj . . . |= ψ1|= ψ1|= ψ1

¬ψ2, ψ1, ψ ∈ Bj−2¬ψ2, ψ1, ψ ∈ Bj−2¬ψ2, ψ1, ψ ∈ Bj−2 =⇒=⇒=⇒ Aj−2 Aj−1 . . .Aj−2 Aj−1 . . .Aj−2 Aj−1 . . . |= ψ1|= ψ1|= ψ1...
...
...

¬ψ2, ψ1, ψ ∈ B1¬ψ2, ψ1, ψ ∈ B1¬ψ2, ψ1, ψ ∈ B1

¬ψ2, ψ1, ψ ∈ B0¬ψ2, ψ1, ψ ∈ B0¬ψ2, ψ1, ψ ∈ B0 ←←← local consistency w.r.t. UUU
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Induction step: until (part “=⇒=⇒=⇒”) ltlmc3.2-65

Claim: If B0
A0→ B1

A1→ B2
A2→ ...B0

A0→ B1
A1→ B2

A2→ ...B0
A0→ B1

A1→ B2
A2→ ... is a path in GGG s.t.

∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F

then for all ψ ∈ cl(ϕ)ψ ∈ cl(ϕ)ψ ∈ cl(ϕ): ψ ∈ B0ψ ∈ B0ψ ∈ B0 iff A0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψ

Induction step for ψ = ψ1 Uψ2ψ = ψ1 Uψ2ψ = ψ1 Uψ2:

Let ψ ∈ B0ψ ∈ B0ψ ∈ B0 and j ≥ 0j ≥ 0j ≥ 0 minimal s.t. ψ2 ∈ Bjψ2 ∈ Bjψ2 ∈ Bj

IH
=⇒=⇒=⇒ Aj Aj+1 . . .Aj Aj+1 . . .Aj Aj+1 . . . |= ψ2|= ψ2|= ψ2

¬ψ2, ψ1, ψ ∈ Bj−1¬ψ2, ψ1, ψ ∈ Bj−1¬ψ2, ψ1, ψ ∈ Bj−1 =⇒=⇒=⇒ Aj−1 Aj . . .Aj−1 Aj . . .Aj−1 Aj . . . |= ψ1|= ψ1|= ψ1

¬ψ2, ψ1, ψ ∈ Bj−2¬ψ2, ψ1, ψ ∈ Bj−2¬ψ2, ψ1, ψ ∈ Bj−2 =⇒=⇒=⇒ Aj−2 Aj−1 . . .Aj−2 Aj−1 . . .Aj−2 Aj−1 . . . |= ψ1|= ψ1|= ψ1...
...
...

...

...

...
...
...
...

...

...

...
¬ψ2, ψ1, ψ ∈ B1¬ψ2, ψ1, ψ ∈ B1¬ψ2, ψ1, ψ ∈ B1 =⇒=⇒=⇒ A1 A2 A3 . . .A1 A2 A3 . . .A1 A2 A3 . . . |= ψ1|= ψ1|= ψ1

¬ψ2, ψ1, ψ ∈ B0¬ψ2, ψ1, ψ ∈ B0¬ψ2, ψ1, ψ ∈ B0
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Induction step: until (part “=⇒=⇒=⇒”) ltlmc3.2-65

Claim: If B0
A0→ B1

A1→ B2
A2→ ...B0

A0→ B1
A1→ B2

A2→ ...B0
A0→ B1

A1→ B2
A2→ ... is a path in GGG s.t.

∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F

then for all ψ ∈ cl(ϕ)ψ ∈ cl(ϕ)ψ ∈ cl(ϕ): ψ ∈ B0ψ ∈ B0ψ ∈ B0 iff A0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψ

Induction step for ψ = ψ1 Uψ2ψ = ψ1 Uψ2ψ = ψ1 Uψ2:

Let ψ ∈ B0ψ ∈ B0ψ ∈ B0 and j ≥ 0j ≥ 0j ≥ 0 minimal s.t. ψ2 ∈ Bjψ2 ∈ Bjψ2 ∈ Bj

IH
=⇒=⇒=⇒ Aj Aj+1 . . .Aj Aj+1 . . .Aj Aj+1 . . . |= ψ2|= ψ2|= ψ2

¬ψ2, ψ1, ψ ∈ Bj−1¬ψ2, ψ1, ψ ∈ Bj−1¬ψ2, ψ1, ψ ∈ Bj−1 =⇒=⇒=⇒ Aj−1 Aj . . .Aj−1 Aj . . .Aj−1 Aj . . . |= ψ1|= ψ1|= ψ1

¬ψ2, ψ1, ψ ∈ Bj−2¬ψ2, ψ1, ψ ∈ Bj−2¬ψ2, ψ1, ψ ∈ Bj−2 =⇒=⇒=⇒ Aj−2 Aj−1 . . .Aj−2 Aj−1 . . .Aj−2 Aj−1 . . . |= ψ1|= ψ1|= ψ1...
...
...

...

...

...
...
...
...

...

...

...
¬ψ2, ψ1, ψ ∈ B1¬ψ2, ψ1, ψ ∈ B1¬ψ2, ψ1, ψ ∈ B1 =⇒=⇒=⇒ A1 A2 A3 . . .A1 A2 A3 . . .A1 A2 A3 . . . |= ψ1|= ψ1|= ψ1

¬ψ2, ψ1, ψ ∈ B0¬ψ2, ψ1, ψ ∈ B0¬ψ2, ψ1, ψ ∈ B0 =⇒=⇒=⇒ A0 A1 A2 . . .A0 A1 A2 . . .A0 A1 A2 . . . |= ψ1|= ψ1|= ψ1
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Induction step: until (part “=⇒=⇒=⇒”) ltlmc3.2-65

Claim: If B0
A0→ B1

A1→ B2
A2→ ...B0

A0→ B1
A1→ B2

A2→ ...B0
A0→ B1

A1→ B2
A2→ ... is a path in GGG s.t.

∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F

then for all ψ ∈ cl(ϕ)ψ ∈ cl(ϕ)ψ ∈ cl(ϕ): ψ ∈ B0ψ ∈ B0ψ ∈ B0 iff A0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψ

Induction step for ψ = ψ1 Uψ2ψ = ψ1 Uψ2ψ = ψ1 Uψ2:

Let ψ ∈ B0ψ ∈ B0ψ ∈ B0 and j ≥ 0j ≥ 0j ≥ 0 minimal s.t. ψ2 ∈ Bjψ2 ∈ Bjψ2 ∈ Bj

IH
=⇒=⇒=⇒ Aj Aj+1 . . .Aj Aj+1 . . .Aj Aj+1 . . . |= ψ2|= ψ2|= ψ2

¬ψ2, ψ1, ψ ∈ Bj−1¬ψ2, ψ1, ψ ∈ Bj−1¬ψ2, ψ1, ψ ∈ Bj−1 =⇒=⇒=⇒ Aj−1 Aj . . .Aj−1 Aj . . .Aj−1 Aj . . . |= ψ1|= ψ1|= ψ1...
...
...

...

...

...
...
...
...

...

...

...
¬ψ2, ψ1, ψ ∈ B0¬ψ2, ψ1, ψ ∈ B0¬ψ2, ψ1, ψ ∈ B0 =⇒=⇒=⇒ A0 A1 A2 . . .A0 A1 A2 . . .A0 A1 A2 . . . |= ψ1|= ψ1|= ψ1

⇓⇓⇓
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Induction step: until (part “=⇒=⇒=⇒”) ltlmc3.2-65

Claim: If B0
A0→ B1

A1→ B2
A2→ ...B0

A0→ B1
A1→ B2

A2→ ...B0
A0→ B1

A1→ B2
A2→ ... is a path in GGG s.t.

∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F∀F ∈ F
∞
∃ j ≥ 0.Bj ∈ F

then for all ψ ∈ cl(ϕ)ψ ∈ cl(ϕ)ψ ∈ cl(ϕ): ψ ∈ B0ψ ∈ B0ψ ∈ B0 iff A0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψ

Induction step for ψ = ψ1 Uψ2ψ = ψ1 Uψ2ψ = ψ1 Uψ2:

Let ψ ∈ B0ψ ∈ B0ψ ∈ B0 and j ≥ 0j ≥ 0j ≥ 0 minimal s.t. ψ2 ∈ Bjψ2 ∈ Bjψ2 ∈ Bj

IH
=⇒=⇒=⇒ Aj Aj+1 . . .Aj Aj+1 . . .Aj Aj+1 . . . |= ψ2|= ψ2|= ψ2

¬ψ2, ψ1, ψ ∈ Bj−1¬ψ2, ψ1, ψ ∈ Bj−1¬ψ2, ψ1, ψ ∈ Bj−1 =⇒=⇒=⇒ Aj−1 Aj . . .Aj−1 Aj . . .Aj−1 Aj . . . |= ψ1|= ψ1|= ψ1...
...
...

...

...

...
...
...
...

...

...

...
¬ψ2, ψ1, ψ ∈ B0¬ψ2, ψ1, ψ ∈ B0¬ψ2, ψ1, ψ ∈ B0 =⇒=⇒=⇒ A0 A1 A2 . . .A0 A1 A2 . . .A0 A1 A2 . . . |= ψ1|= ψ1|= ψ1

⇓⇓⇓
A0 A1 A2 . . . |= ψ = ψ1 Uψ2A0 A1 A2 . . . |= ψ = ψ1 Uψ2A0 A1 A2 . . . |= ψ = ψ1 Uψ2
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Complexity: LTL ��� NBA ltlmc3.2-67
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Complexity: LTL ��� NBA ltlmc3.2-67

For each LTL formula ϕϕϕ, there is an NBA AAA s.t.

Lω(A)Lω(A)Lω(A) === Words(ϕ)Words(ϕ)Words(ϕ)
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Complexity: LTL ��� NBA ltlmc3.2-67

For each LTL formula ϕϕϕ, there is an NBA AAA s.t.

Lω(A)Lω(A)Lω(A) === Words(ϕ)Words(ϕ)Words(ϕ)

LTL formula ϕϕϕ

GNBA GGG

NBA AAA
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Complexity: LTL ��� NBA ltlmc3.2-67

For each LTL formula ϕϕϕ, there is an NBA AAA s.t.

Lω(A)Lω(A)Lω(A) === Words(ϕ)Words(ϕ)Words(ϕ)

LTL formula ϕϕϕ

GNBA GGG

NBA AAA size: size(G) · |F|size(G) · |F|size(G) · |F|
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Complexity: LTL ��� NBA ltlmc3.2-67

For each LTL formula ϕϕϕ, there is an NBA AAA s.t.

Lω(A)Lω(A)Lω(A) === Words(ϕ)Words(ϕ)Words(ϕ)

LTL formula ϕϕϕ

GNBA GGG

NBA AAA size: size(G) · |F|size(G) · |F|size(G) · |F|

|F||F||F| === number of
acceptance
sets in GGG
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Complexity: LTL ��� NBA ltlmc3.2-67

For each LTL formula ϕϕϕ, there is an NBA AAA s.t.

Lω(A)Lω(A)Lω(A) === Words(ϕ)Words(ϕ)Words(ϕ)

LTL formula ϕϕϕ

GNBA GGG

NBA AAA size: size(G) · |F|size(G) · |F|size(G) · |F|

|F||F||F| === number of
acceptance
sets in GGG

≤≤≤ |ϕ||ϕ||ϕ|
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Complexity: LTL ��� NBA ltlmc3.2-67

For each LTL formula ϕϕϕ, there is an NBA AAA s.t.

Lω(A)Lω(A)Lω(A) === Words(ϕ)Words(ϕ)Words(ϕ)

LTL formula ϕϕϕ

GNBA GGG

NBA AAA

size: 2|cl(ϕ)|2|cl(ϕ)|2|cl(ϕ)|

size: size(G) · |F|size(G) · |F|size(G) · |F|

|F||F||F| === number of
acceptance
sets in GGG

≤≤≤ |ϕ||ϕ||ϕ|
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Complexity: LTL ��� NBA ltlmc3.2-67

For each LTL formula ϕϕϕ, there is an NBA AAA s.t.

Lω(A)Lω(A)Lω(A) === Words(ϕ)Words(ϕ)Words(ϕ) and

size(A)size(A)size(A) ≤≤≤ 2|cl(ϕ)| · |ϕ|2|cl(ϕ)| · |ϕ|2|cl(ϕ)| · |ϕ|

LTL formula ϕϕϕ

GNBA GGG

NBA AAA

size: 2|cl(ϕ)|2|cl(ϕ)|2|cl(ϕ)|

size: size(G) · |F|size(G) · |F|size(G) · |F|

|F||F||F| === number of
acceptance
sets in GGG

≤≤≤ |ϕ||ϕ||ϕ|
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Complexity: LTL ��� NBA ltlmc3.2-67

For each LTL formula ϕϕϕ, there is an NBA AAA s.t.

Lω(A)Lω(A)Lω(A) === Words(ϕ)Words(ϕ)Words(ϕ) and

size(A)size(A)size(A) ≤≤≤ 2|cl(ϕ)| · |ϕ|2|cl(ϕ)| · |ϕ|2|cl(ϕ)| · |ϕ| = 2O(|ϕ|)= 2O(|ϕ|)= 2O(|ϕ|)

LTL formula ϕϕϕ

GNBA GGG

NBA AAA

size: 2|cl(ϕ)|2|cl(ϕ)|2|cl(ϕ)|

size: size(G) · |F|size(G) · |F|size(G) · |F|

|F||F||F| === number of
acceptance
sets in GGG

≤≤≤ |ϕ||ϕ||ϕ|
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Size of NBA for LTL formulas ltlmc3.2-68
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Size of NBA for LTL formulas ltlmc3.2-68

For the proposed transformation LTL��� NBA:

The constructed NBA for LTL formulas are often
unnecessarily complicated
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Size of NBA for LTL formulas ltlmc3.2-68

For the proposed transformation LTL��� NBA:

The constructed NBA for LTL formulas are often
unnecessarily complicated

NBA for©a©a©a

q0q0q0

q1q1q1

q2q2q2 true

true

aaa

constructed GNBA has
444 states and 888 edges
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Size of NBA for LTL formulas ltlmc3.2-68

For the proposed transformation LTL��� NBA:

The constructed NBA for LTL formulas are often
unnecessarily complicated

NBA for a U ba U ba U b

q0q0q0

q1q1q1

aaa

true

bbb

constructed (G)NBA has
555 states and 202020 edges
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Size of NBA for LTL formulas ltlmc3.2-68

For the proposed transformation LTL��� NBA:

The constructed NBA for LTL formulas are often
unnecessarily complicated

... but there exists LTL formulas ϕnϕnϕn such that

• |ϕn| = O(poly(n))|ϕn| = O(poly(n))|ϕn| = O(poly(n))

• each NBA for ϕnϕnϕn has at least 2n2n2n states
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LT-properties that have no “small” NBA ltlmc3.2-69
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LT-properties that have no “small” NBA ltlmc3.2-69

consider the following family of LT-properties (En)n≥1(En)n≥1(En)n≥1:

En =En =En =

{
set of all infinite words over 2AP2AP2AP of the form

A1 A2 A3. . .An A1 A2 A3. . .An B1 B2 B3 B4 . . .A1 A2 A3. . .An A1 A2 A3. . .An B1 B2 B3 B4 . . .A1 A2 A3. . .An A1 A2 A3. . .An B1 B2 B3 B4 . . .
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LT-properties that have no “small” NBA ltlmc3.2-69

consider the following family of LT-properties (En)n≥1(En)n≥1(En)n≥1:

En =En =En =

{
set of all infinite words over 2AP2AP2AP of the form

A1 A2 A3. . .An A1 A2 A3. . .AnA1 A2 A3. . .An A1 A2 A3. . .AnA1 A2 A3. . .An A1 A2 A3. . .An︸ ︷︷ ︸B1 B2 B3 B4 . . .B1 B2 B3 B4 . . .B1 B2 B3 B4 . . .︸ ︷︷ ︸
= xx= xx= xx

for some x ∈
(
2AP

)∗
x ∈

(
2AP

)∗
x ∈

(
2AP

)∗
of length nnn

∈
(
2AP

)ω∈
(
2AP

)ω∈
(
2AP

)ω
arbitrary
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LT-properties that have no “small” NBA ltlmc3.2-69

consider the following family of LT-properties (En)n≥1(En)n≥1(En)n≥1:

En =En =En =

{
set of all infinite words over 2AP2AP2AP of the form

A1 A2 A3. . .An A1 A2 A3. . .AnA1 A2 A3. . .An A1 A2 A3. . .AnA1 A2 A3. . .An A1 A2 A3. . .An︸ ︷︷ ︸B1 B2 B3 B4 . . .B1 B2 B3 B4 . . .B1 B2 B3 B4 . . .︸ ︷︷ ︸
= xx= xx= xx

for some x ∈
(
2AP

)∗
x ∈

(
2AP

)∗
x ∈

(
2AP

)∗
of length nnn

∈
(
2AP

)ω∈
(
2AP

)ω∈
(
2AP

)ω
arbitrary

LTL formula ϕnϕnϕn with Words(ϕn) = EnWords(ϕn) = EnWords(ϕn) = En

328 / 527



LT-properties that have no “small” NBA ltlmc3.2-69

consider the following family of LT-properties (En)n≥1(En)n≥1(En)n≥1:

En =En =En =

{
set of all infinite words over 2AP2AP2AP of the form

A1 A2 A3. . .An A1 A2 A3. . .AnA1 A2 A3. . .An A1 A2 A3. . .AnA1 A2 A3. . .An A1 A2 A3. . .An︸ ︷︷ ︸B1 B2 B3 B4 . . .B1 B2 B3 B4 . . .B1 B2 B3 B4 . . .︸ ︷︷ ︸
= xx= xx= xx

for some x ∈
(
2AP

)∗
x ∈

(
2AP

)∗
x ∈

(
2AP

)∗
of length nnn

∈
(
2AP

)ω∈
(
2AP

)ω∈
(
2AP

)ω
arbitrary

LTL formula ϕnϕnϕn with Words(ϕn) = EnWords(ϕn) = EnWords(ϕn) = En

ϕn =
∧

a∈AP

∧
0≤i<n

(
©ia↔©i+na

)
ϕn =

∧
a∈AP

∧
0≤i<n

(
©ia↔©i+na

)
ϕn =

∧
a∈AP

∧
0≤i<n

(
©ia↔©i+na

)
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LT-properties that have no “small” NBA ltlmc3.2-69

consider the following family of LT-properties (En)n≥1(En)n≥1(En)n≥1:

En =En =En =

{
set of all infinite words over 2AP2AP2AP of the form

A1 A2 A3. . .An A1 A2 A3. . .AnA1 A2 A3. . .An A1 A2 A3. . .AnA1 A2 A3. . .An A1 A2 A3. . .An︸ ︷︷ ︸B1 B2 B3 B4 . . .B1 B2 B3 B4 . . .B1 B2 B3 B4 . . .︸ ︷︷ ︸
= xx= xx= xx

for some x ∈
(
2AP

)∗
x ∈

(
2AP

)∗
x ∈

(
2AP

)∗
of length nnn

∈
(
2AP

)ω∈
(
2AP

)ω∈
(
2AP

)ω
arbitrary

LTL formula ϕnϕnϕn with Words(ϕn) = EnWords(ϕn) = EnWords(ϕn) = En

ϕn =
∧

a∈AP

∧
0≤i<n

(
©ia↔©i+na

)
ϕn =

∧
a∈AP

∧
0≤i<n

(
©ia↔©i+na

)
ϕn =

∧
a∈AP

∧
0≤i<n

(
©ia↔©i+na

)
←−←−←− length

O(poly(n))O(poly(n))O(poly(n))
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LT-property EnEnEn for n=1n=1n=1 ltlmc3.2-69a

E1 =E1 =E1 =

{
set of all infinite words over 2AP2AP2AP of the form

A A B1 B2 B3 B4 . . .A A B1 B2 B3 B4 . . .A A B1 B2 B3 B4 . . . where AAA,Bj ⊆ APBj ⊆ APBj ⊆ AP for j ≥ 0j ≥ 0j ≥ 0

331 / 527



LT-property EnEnEn for n=1n=1n=1 ltlmc3.2-69a

E1 =E1 =E1 =

{
set of all infinite words over 2AP2AP2AP of the form

A A B1 B2 B3 B4 . . .A A B1 B2 B3 B4 . . .A A B1 B2 B3 B4 . . . where AAA,Bj ⊆ APBj ⊆ APBj ⊆ AP for j ≥ 0j ≥ 0j ≥ 0

NBA for E1E1E1 if AP = {a}AP = {a}AP = {a}:

q0q0q0

q1q1q1

q2q2q2

q2q2q2

trueaaa aaa

¬a¬a¬a ¬a¬a¬a
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LT-property EnEnEn for n=1n=1n=1 ltlmc3.2-69a

E1 =E1 =E1 =

{
set of all infinite words over 2AP2AP2AP of the form

A A B1 B2 B3 B4 . . .A A B1 B2 B3 B4 . . .A A B1 B2 B3 B4 . . . where AAA,Bj ⊆ APBj ⊆ APBj ⊆ AP for j ≥ 0j ≥ 0j ≥ 0

NBA for E1E1E1 if AP = {a}AP = {a}AP = {a}:

q0q0q0

q1q1q1

q2q2q2

q2q2q2

trueaaa aaa

¬a¬a¬a ¬a¬a¬a

LTL-formula:
a↔©aa↔©aa↔©a
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LT-property EnEnEn for n=1n=1n=1 ltlmc3.2-69a

E1 =E1 =E1 =

{
set of all infinite words over 2AP2AP2AP of the form

A A B1 B2 B3 B4 . . .A A B1 B2 B3 B4 . . .A A B1 B2 B3 B4 . . . where AAA,Bj ⊆ APBj ⊆ APBj ⊆ AP for j ≥ 0j ≥ 0j ≥ 0

NBA for E1E1E1 if AP = {a, b}AP = {a, b}AP = {a, b}:

q0q0q0

q1q1q1

q2q2q2

q3q3q3

q4q4q4

q2q2q2

true
a ∧ ba ∧ ba ∧ b a ∧ ba ∧ ba ∧ b

a ∧ ¬ba ∧ ¬ba ∧ ¬b a ∧ ¬ba ∧ ¬ba ∧ ¬b

¬a ∧ b¬a ∧ b¬a ∧ b ¬a ∧ b¬a ∧ b¬a ∧ b

¬a ∧ ¬b¬a ∧ ¬b¬a ∧ ¬b ¬a ∧ ¬b¬a ∧ ¬b¬a ∧ ¬b
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LT-property EnEnEn for n=1n=1n=1 ltlmc3.2-69a

E1 =E1 =E1 =

{
set of all infinite words over 2AP2AP2AP of the form

A A B1 B2 B3 B4 . . .A A B1 B2 B3 B4 . . .A A B1 B2 B3 B4 . . . where AAA,Bj ⊆ APBj ⊆ APBj ⊆ AP for j ≥ 0j ≥ 0j ≥ 0

NBA for E1E1E1 if AP = {a, b}AP = {a, b}AP = {a, b}:

q0q0q0

q1q1q1

q2q2q2

q3q3q3

q4q4q4

q2q2q2

true
a ∧ ba ∧ ba ∧ b a ∧ ba ∧ ba ∧ b

a ∧ ¬ba ∧ ¬ba ∧ ¬b a ∧ ¬ba ∧ ¬ba ∧ ¬b

¬a ∧ b¬a ∧ b¬a ∧ b ¬a ∧ b¬a ∧ b¬a ∧ b

¬a ∧ ¬b¬a ∧ ¬b¬a ∧ ¬b ¬a ∧ ¬b¬a ∧ ¬b¬a ∧ ¬b

LTL-formula:

(a(a(a ↔↔↔ ©a)©a)©a) ∧∧∧
(b(b(b ↔↔↔ ©b)©b)©b)
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LT property EnEnEn for n=2n=2n=2 and AP = {a}AP = {a}AP = {a} ltlmc3.2-70

p0p0p0

q1q1q1

q0q0q0

q11q11q11

q10q10q10

q01q01q01

q00q00q00

q111q111q111

q101q101q101

q010q010q010

q000q000q000

qFqFqF

aaa

¬a¬a¬a

aaa

¬a¬a¬a

aaa

¬a¬a¬a

aaa

aaa

¬a¬a¬a

¬a¬a¬a

aaa

¬a¬a¬a

aaa

¬a¬a¬a

true

E2 =
{
A1A2A1A2σ : A1,A2 ⊆ AP , σ ∈

(
2AP)ω

}
E2 =

{
A1A2A1A2σ : A1,A2 ⊆ AP , σ ∈

(
2AP)ω

}
E2 =

{
A1A2A1A2σ : A1,A2 ⊆ AP, σ ∈

(
2AP)ω

}
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LT property EnEnEn for n=2n=2n=2 and AP = {a}AP = {a}AP = {a} ltlmc3.2-70

p0p0p0

q1q1q1

q0q0q0

q11q11q11

q10q10q10

q01q01q01

q00q00q00

q111q111q111

q101q101q101

q010q010q010

q000q000q000

qFqFqF

aaa

¬a¬a¬a

aaa

¬a¬a¬a

aaa

¬a¬a¬a

aaa

aaa

¬a¬a¬a

¬a¬a¬a

aaa

¬a¬a¬a

aaa

¬a¬a¬a

true

E2 =
{
A1A2A1A2σ : A1,A2 ⊆ AP , σ ∈

(
2AP)ω

}
E2 =

{
A1A2A1A2σ : A1,A2 ⊆ AP , σ ∈

(
2AP)ω

}
E2 =

{
A1A2A1A2σ : A1,A2 ⊆ AP, σ ∈

(
2AP)ω

}
LTL-formula: (a↔©©a) ∧ (©a↔©©©a)(a↔©©a) ∧ (©a↔©©©a)(a↔©©a) ∧ (©a↔©©©a)
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LT property EnEnEn for n=2n=2n=2 and AP = {a}AP = {a}AP = {a} ltlmc3.2-70

p0p0p0

q1q1q1

q0q0q0

q11q11q11

q10q10q10

q01q01q01

q00q00q00

q111q111q111

q101q101q101

q010q010q010

q000q000q000

qFqFqF

aaa

¬a¬a¬a

aaa

¬a¬a¬a

aaa

¬a¬a¬a

aaa

aaa

¬a¬a¬a

¬a¬a¬a

aaa

¬a¬a¬a

aaa

¬a¬a¬a

true

general case: each NBA for EnEnEn has ≥ 2n≥ 2n≥ 2n states
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LT property EnEnEn for n=2n=2n=2 and AP = {a}AP = {a}AP = {a} ltlmc3.2-70

p0p0p0

q1q1q1

q0q0q0

q11q11q11

q10q10q10

q01q01q01

q00q00q00

q111q111q111

q101q101q101

q010q010q010

q000q000q000

qFqFqF

aaa

¬a¬a¬a

aaa

¬a¬a¬a

aaa

¬a¬a¬a

aaa

aaa

¬a¬a¬a

¬a¬a¬a

aaa

¬a¬a¬a

aaa

¬a¬a¬a

true

general case: each NBA for EnEnEn has ≥ 2n≥ 2n≥ 2n states

En = Words(ϕn)En = Words(ϕn)En = Words(ϕn) where ϕn =
∧

a∈AP

∧
0≤i<n

(
©ia↔©n+ia

)
ϕn =

∧
a∈AP

∧
0≤i<n

(
©ia↔©n+ia

)
ϕn =

∧
a∈AP

∧
0≤i<n

(
©ia↔©n+ia

)
339 / 527



LT property EnEnEn for n=2n=2n=2 and AP = {a}AP = {a}AP = {a} ltlmc3.2-70

p0p0p0

q1q1q1

q0q0q0

q11q11q11

q10q10q10

q01q01q01

q00q00q00

q111q111q111

q101q101q101

q010q010q010

q000q000q000

qFqFqF

aaa

¬a¬a¬a

aaa

¬a¬a¬a

aaa

¬a¬a¬a

aaa

aaa

¬a¬a¬a

¬a¬a¬a

aaa

¬a¬a¬a

aaa

¬a¬a¬a

true

general case: each NBA for EnEnEn has ≥ 2n≥ 2n≥ 2n states

En = Words(ϕn)En = Words(ϕn)En = Words(ϕn) where ϕn =
∧

a∈AP

∧
0≤i<n

(
©ia↔©n+ia

)
ϕn =

∧
a∈AP

∧
0≤i<n

(
©ia↔©n+ia

)
ϕn =

∧
a∈AP

∧
0≤i<n

(
©ia↔©n+ia

)
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