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Basic idea of partial order reduction
LTL3.4-3

e for asynchronous systems
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e for asynchronous systems
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behavior up to the interleaving order
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Partial order reduction for LTL, -, specifications
LTL3.4-3

Tred
B

a7

(8%

B2

8/275



Partial order reduction for LTL, -, specifications
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requirement: for all LTL,~ formulas ¢:

TEe iff TegEe@
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Partial order reduction for LTL, -, specifications
LTL3.4-3

T:T1|‘|T2 Tred
B1

a7

(0]
B2

requirement: for all LTL,~ formulas ¢:

TEe iff TegEe@

hence: ensure that the reduction yields 7° 2 T red
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The ample set method [Peled '93]

LTL3.4-4

given: syntactical representation of processes of TS 7T

goal:  on-the-fly construction of a fragment 7 .4
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The ample set method [Peled '93]

LTL3.4-5

given: syntactical representation of processes of TS 7T

goal:  on-the-fly construction of a fragment 7 o4
by selecting action-sets ample(s) C Act(s)
and expanding only the a-successors of s
where o € ample(s)
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The ample set method [Peled '93]

LTL3.4-5

given: syntactical representation of processes of TS 7T

goal:  on-the-fly construction of a fragment 7 o4
by selecting action-sets ample(s) C Act(s)
and expanding only the a-successors of s
where o € ample(s)

requirements:

e stutter trace equivalence: 7 2 T red
hence: 7, T g are LTL, -, equivalent

o T .4 is smaller than 7

e efficient construction of 7 4 is possible
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The reduced transition system 7 4
LTL3.4-6

is a fragment of 7 that results from 7" by
e a DFS-based on-the-fly analysis and

e choosing ample sets ample(s) C Act(s) for each
expanded state,

e expanding only the a-successors of s where
a € ample(s)
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The reduced transition system 7 4
LTL3.4-6
is a fragment of 7 that results from 7" by

e a DFS-based on-the-fly analysis and

e choosing ample sets ample(s) C Act(s) for each
expanded state,

e expanding only the a-successors of s where
a € ample(s)

transition relation = of 7 o4 is given by:

s 55 A a€ample(s)

o,y
S — S
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The reduced transition system 7 4 LTL3.4-6

is a fragment of 7 that results from 7 by
... choosing ample sets ample(s) C Act(s)

transition relation = of 7 o4 is given by:

s %' A a€ample(s)

a /
S — S

S
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The reduced transition system 7 4 LTL3.4-6

is a fragment of 7 that results from 7 by
... choosing ample sets ample(s) C Act(s)

transition relation = of 7 o4 is given by:

s %' A a€ample(s)

a /
S — S

S
ample(s) = {a, 5}

state space S, Of T oq: all states that are reachable
from the initial states in 7 via =
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Action-determinism
LTL3.4-11A
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Action-determinism
LTL3.4-11A

Let 7 = (S, Act,—,So, AP, L) be a transition
system.

For state s:
Act(s) = {@ € Act : It€Sst.s—t}

T is called action-deterministic iff for all states s
and all actions a € Act(s):

{teS:s-SHt}]| <1
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Action-determinism
LTL3.4-11A

Let 7 = (S, Act,—,So, AP, L) be a TS.

For state s:
Act(s) = {@ € Act: Ft€Sst. s ——t}

T is called action-deterministic iff for all states s and
all actions a € Act(s):

{teS st} <1
notation: if a € Act(s) then

a(s) = unique state t s.t. s —— t
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Independence of actions
LTL3.4-11
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Independence of actions
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Independence of actions
LTL3.4-11

Let 7 be an action-deterministic transition system
with action-set Act, and a, 3 € Act.

a, 3 are called independent in T if for all states s
s.t. a, B € Act(s):

1. B € Act(a(s))
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Independence of actions
LTL3.4-11

Let 7 be an action-deterministic transition system
with action-set Act, and a, 3 € Act.

a, 3 are called independent in T if for all states s
s.t. a, B € Act(s):

1. B € Act(a(s))
2. a € Act(B(s))
3. Bla(s)) = a(B(s))

S)

S
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Independence of actions
LTL3.4-11

Let 7 be an action-deterministic transition system
with action-set Act, and a, 3 € Act.

a, 3 are called independent in T if for all states s
s.t. a, B € Act(s):

1. B € Act(a(s)) Qa I6;
2. o € Act(B(s)) a(s) B(s)
3. B(a(s)) = a(B(s)) Fre @
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Conditions for ample sets
LTL3.4-A12

(A1) nonemptiness condition

0 # ample(s) C Act(s)
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Conditions for ample sets
LTL3.4-A12

(A1) nonemptiness condition
0 # ample(s) C Act(s)
(A2) dependency condition

for each execution fragment in 7

B B2 Bi-1 Bi Bina Bn-1 B
such that 3, is from ample(s)

there is some i < n with

Bi € ample(s)
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Conditions for ample sets LTL3.4-A3

(A1) nonemptiness condition
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such that (3, is dependent from ample(s) there is
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Conditions for ample sets LTL3.4-A3

(A1) nonemptiness condition
0 # ample(s) C Act(s)
(A2) dependency condition

for each execution fragment in T
B1 B2 Bi—1 Bi Bit1 Bn-1 B

such that (3, is dependent from ample(s) there is
some i < n with 8; € ample(s)
(A3) stutter condition

if ample(s) # Act(s) then all actions in ample(s)
are stutter actions
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Example
LTL3.4-23

B1 B2 «
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Example
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Example
LTL3.4-23

=2-x; y=y+1l ||| y:=3-y
B1 B2 «

(A2) violated as 3, dependent
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Conditions (A2) and (A3)
Suppose

e a € ample(sy), B; ¢ ample(sp)
e (v stutter action

Bs
>

5n—4pn_]5n—1 IB” S

n
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Conditions (A2) and (A3)

LTL3.4-24A

Suppose

e a € ample(sy), B; & ample(sp)

e (¢ stutter action

B B2 Bs

S0 S1 S

o oo

B By By
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Conditions (A2) and (A3)
Suppose
e a € ample(sy), B; & ample(sp)
e « stutter action = L(s;) = L(s/), i=0,1,2,...

Py B o Bs o Pay B

ke o Ja o

s s/ s o s/ s/ s/
0 ,31 1 ,32 2 ,83 n Zﬂn—ln I,Bn n

n
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Conditions (A2) and (A3)

LTL3.4-24A

o o € ample(sp), B & ample(sp)
e « stutter action = L(s;) = L(s/), i=0,1,2,...
Br . B2 _ Bs

So 51 S e 5n—é8n_]5n—1 B Sn

@ o o o Ja o

s/ s s/ s s s
0 :81 ! 132 2 :83 5 Zﬂn—ln 1ﬂn "

case 1:
o :81 s1 ,B2 S ,83 .“,Bn—lsn_lﬂn s, « S

S o S{ 132 Sé :83 -_‘:Bn—25r/7213n—15r/71ﬂn s

5S> S~

60 /275



Conditions (A2) and (A3)

LTL3.4-24A

o o € ample(sp), B & ample(sp)
e « stutter action = L(s;) = L(s/), i=0,1,2,...

B1 B2

50

Bs ..

51 S

o o o

5,,_*8”_]5,,_1 B S

o o

/

% B1 1 B % B

case 1:

s \B1 s 132 5 B3

SOO! / 2 3

@QM s
""Bn_25,/72 {_15;71 \n Sn

la

s/ s' s
! Zﬁn—ln 1ﬂn "
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Conditions (A2) and (A3) UTL3.4-24

o o € ample(sp), B & ample(sp)
e « stutter action = L(s;) = L(s/), i=0,1,2,...
s B1 s B2 5 Bs Sn_éB"_]Sn_1 Bn_ .

@ o o o Ja o

s/ s s/ s s s
0 :81 ! 132 2 :83 5 Zﬁn—ln 1ﬂn "

n

case 2:

B1 B> B3 B4

50 51 52 53
a g B o B2 s Bs

S0
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Conditions (A2) and (A3) UTL3.4-24

o o € ample(sp), B & ample(sp)
e « stutter action = L(s;) = L(s/), i=0,1,2,...
s B1 s B2 5 Bs sn_ﬁn—]sn_l B s

o o o o o o

s/ s! s s s s/
0 :81 ! 132 2 :83 5 ZIBn—ln 1ﬂn

case 2:

\,31 Bs . Ba_

\sﬂ\ﬁ\sﬁ

0 51 2
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Conditions (A1), (A2), (A3) are not sufficient

LTL3.4-30
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Conditions (A1), (A2), (A3) are not sufficient

LTL3.4-30

There exists a finite, action-deterministic transition
system 7 and ample sets for 7 such that

T 7% Tred

. A .
remind: = stutter trace equivalence
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T=T.|||7T>
B

Q
O
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T, T, T =T.|||T>

B
booge Qe
O

(B, a; independent
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T, T, T =T.|||T>

(B, a; independent
a1, oy stutter actions
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T, T, T =T.|||T>

(B, a; independent
a1, oy stutter actions
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T, T, T =T.|||T>

P
b Qe Qe
B, a; independent T o4 satisfies (A1), (A2), (A3)

a1, oy stutter actions
aq @ag
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T, T, T =T.|||T>

B
boege Qe

T = O-blue

B, a; independent T g satisfies (A1), (A2), (A3)

a1, oy stutter actions
aq @ag

T req = O-blue
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T, T = Tl|\|’1'2
Q

b e el
O
T = O-blue

(B, a; independent T o4 satisfies (A1), A3)

a1, oy stutter actions
E

T req = O-blue
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transition system 7 reduced TS 7 g

B
a1 0!2 (03] @az
B

B oy cay o) oy L
O @ @ @ @ @ .
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transition system 7 reduced TS 7T g

NP
a1 0!2 (03] @az
7B

B _a _oap sy Lar Lo
O *—0—0—0

(0] (0 (0 (0] (0]
10//8. 2. 1. 2. 1
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transition system 7

(0] (0 (0
O/B 1 2.1

reduced TS 7 g

B
B

B

a1

ar _ (O
@

O O @

O & @

a1 (8%

ﬁ.al.
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transition system 7 reduced TS 7T g

NP
a1 0!2 (03] @az
7B

B oy cay o) oy L
O @ 3 @ @ @ @
aq a; ) _ Qr _ (]
O O @ ﬁ @ @ @
(AR %) a; _ Gy _ O
O O O @ @ @
Q] Q) Q7 B a; _ Q)
O O O O @ @
a; oy a1
§é O O O O
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transition system 7 reduced TS 7T g

NP
a1 0!2 (03] @az
7B

0F 00929 % g% g
000l g% g0 g% g
oMol gtgmga
oMot P gmga
:051 Q; a1 Q)
2+ o002 %

= the unique execution of T ¢4
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4 conditions for ample sets 13444

(A1) 0 #£ ample(s) C Act(s)
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4 conditions for ample sets 13444

(A1) 0 #£ ample(s) C Act(s)

(A2) for each execution fragment in T
B1 B> Bi-1 Bi Bit Bn-1 B,

such that (3, is dependent from ample(s) there is

some i < n with 3; € ample(s)
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4 conditions for ample sets 13444

(A1) 0 #£ ample(s) C Act(s)

(A2) for each execution fragment in T
B1 B> Bi-1 Bi Bit Bn-1 B,

such that (3, is dependent from ample(s) there is

some i < n with 3; € ample(s)

(A3) if ample(s) # Act(s) then all actions in ample(s)
are stutter actions
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4 conditions for ample sets 13444

(A1) 0 #£ ample(s) C Act(s)
(A2) for each execution fragment in T
B1 B> Bi-1 Bi Bit Bn-1 B,
such that (3, is dependent from ample(s) there is
some i < n with 3; € ample(s)
(A3) if ample(s) # Act(s) then all actions in ample(s)
are stutter actions

(A4) cycle condition

81/275



4 conditions for ample sets 13444

(A1) 0 #£ ample(s) C Act(s)

(A2) for each execution fragment in T
B1 B2 Bi-1 Bi Bit Bn-1 B,

such that (3, is dependent from ample(s) there is

some i < n with 3; € ample(s)

(A3) if ample(s) # Act(s) then all actions in ample(s)
are stutter actions

(A4) for each cyclesy = sy = ... = s, in T g and
each action
pBe U Act(si)
0<i<n
there is some i € {1,...,n} with 3 € ample(s;)
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4 conditions for ample sets 1343

(A1) 0 #£ ample(s) C Act(s)

(A2) for each execution fragment in T
B1 B2 Bi-1 Bi Bit Bn-1 B,

such that (3, is dependent from ample(s) there is

some i < n with 3; € ample(s)

(A3) if ample(s) # Act(s) then all actions in ample(s)
are stutter actions

(A4) for each cyclesy = sy = ... = s, in T g and
each action
pBe U Act(si)
0<i<n
there is some i € {1,...,n} with 3 € ample(s;)
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4 conditions for ample sets 1343

(A1) 0 #£ ample(s) C Act(s)

(A2) for each execution fragment in T
B1 B2 Bi-1 Bi Bit Bn-1 B,

such that (3, is dependent from ample(s) there is

some i < n with 3; € ample(s)

(A3) if ample(s) # Act(s) then all actions in ample(s)
are stutter actions

(A4) for each cyclesy = sy = ... = s, in Ty and
each action
Be U Act(si)
0<i<n
there is some i € {1,...,n} with 3 € ample(s;)
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Soundness of conditions (A1), (A2), (A3), (A4)

LTL3.4-35
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Soundness of conditions (A1), (A2), (A3), (A4)

LTL3.4-35

Let 7 be a finite, action-deterministic transition
system.
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Soundness of conditions (A1), (A2), (A3), (A4)

LTL3.4-35

Let 7 be a finite, action-deterministic transition
system.

If the ample sets ample(s) satisfy conditions (A1),
(A2), (A3), (A4) then

T é Tred

. A .
remind: = stutter trace equivalence
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Soundness of conditions (A1), (A2), (A3), (A4)

LTL3.4-35

Let 7 be a finite, action-deterministic transition
system.

If the ample sets ample(s) satisfy conditions (A1),
(A2), (A3), (A4) then

T é Tred
hence: for all LTL, formulas ¢:
TEe iff Teg =@
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